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ABSTRACT

Bayesian optimization (BO) is a popular simulation optimization approach. Despite its many successful
applications, there remain several practical issues that have to be addressed. These includes the non-trivial
optimization of the inner acquisition function (search criterion) to find the future evaluation points and the
over-exploitative behavior of some BO algorithms. These issues can cause BO to select inferior points or
get trapped in local optimal regions before exploring other more promising regions. This work proposes a
new partition-based BO algorithm where the acquisition function is optimized over a representative set of
finite points in each partition instead of the whole design space to reduce the computational complexity.
Additionally, to overcome over-exploitation, the algorithm considers regions of different sizes simultaneously
in each iteration, providing focus on exploration in larger regions especially at the start of the algorithm.
Numerical experiments show that these features help in faster convergence to the optimal point.

1 INTRODUCTION

Computer models that simulate the stochastic behaviors of real systems are often used to help determine
the optimal settings of such systems. This decision process, which utilizes the computer models, is called
simulation optimization (SimOpt, or optimization via simulation). In SimOpt problems (we consider
minimization problems for illustration in this paper), as the computer models capture real complex systems,
the response function has no closed form and its value at each input location can only be observed
via simulations. The simulations considered in this work have heteroscedastic noise, i.e., the noise of
the simulations at different locations can be different. This type of problem has various applications in
simulations in areas including operations research, transportation, manufacturing, supply chain management,
etc (Hong and Nelson 2009; Pasupathy and Ghosh 2013). Furthermore, since no structure on the response
function is assumed (e.g., non-convex, non-smooth), traditional mathematical programming techniques that
require gradient information are often not suitable to solve these problems. Instead, the response function
is often treated as a black-box and the typical way to solve it is to generate multiple candidate inputs
iteratively and evaluate them with simulations of the computer model.

The particular SimOpt approach studied in this work, Bayesian optimization (BO), is a popular approach
for black-box function optimization and has seen extensive applications in engineering design and computer
science (see Shahriari et al. (2015) and Frazier (2018) for reviews). BO is a type of metamodel-based
optimization algorithm, where a Gaussian process (GP) model is built with the existing observations to
guide the iterative search. Such algorithms are very popular especially when each run of the simulation is
expensive and the total computational budget is limited. For the stochastic SimOpt problems considered
in this work, we utilize a similar two-stage procedure in our BO algorithm as in Quan et al. (2013), Jalali
et al. (2017) and Pedrielli et al. (2020). The first stage is to select the next design point to evaluate and
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the second stage is to allocate additional replications of simulations to existing design points to reduce
the noise. In each iteration, BO first builds a GP model as an approximation of the true response (see
Figure 1).
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Figure 1: Illustration of BO.

Algorithm 1 Standard BO Framework of Stochastic Simulations

1: forr =1,2... do
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Searching Stage:

X; = argmaxye 2° a(x)

Evaluate response at x;

Allocation Stage:

Allocate additional replications to existing design points
Update the GP model.

. end for

Although BO has many successful applications, there are a few challenges that may hinder its wider
usage. Here, we highlight two key challenges.

1.

Firstly, optimizing the acquisition function in the continuous design space is not a trivial task.
This function is typically non-convex and highly non-linear. To optimize the acquisition function,
some prior works suggest discretizing the design space (converting a continuous design space to a
discrete one) (Jalali et al. 2017). This approach runs the risk of missing the optimal result when an
improper or not-fine-enough discretization is applied. Others choose to use some direct optimization
algorithms, such as DIRECT (Jones et al. 1993), random search (Bergstra and Bengio 2012) and
adaptive grids (Bardenet and Kégl 2010), and gradient-based algorithms such as the multi-start
gradient-based optimization algorithms (Snoek et al. 2012). Although these practical approaches
are feasible, it can be expensive (like the DIRECT algorithm) or difficult to be assessed in terms
of the accuracy (i.e, it is hard to tell whether the global optimizer of the acquisition function is
found), which can then lead to unreliable choices of next design points in constrained time. These
inferior choices will further influence the convergence results of the BO algorithm, since almost
all the convergence guarantees of BO are established assuming that a(x) is accurately optimized
(Wang et al. 2014).
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2. The second challenge of BO is its over-exploitation characteristic with some acquisition functions.
Although many BO algorithms are designed to balance exploitation (search the current promising
region) and exploration (search less explored regions for potentially better solutions) such as the EI
function, when used in practice, they tend to overly exploit the current best regions before jumping
out for exploration (Ranjan et al. 2011). As a result, when the budget is limited, we may lose the
best solution when it spends too much time in sub-optimal regions.

To address these issues, we propose a partition-based stochastic BO (pStoBO) algorithm. In a traditional
partition-based algorithm, each region in the current partition has a performance index to evaluate the
performance of the points in that region. This can be the function value(s) at one or a few representative
points from this region (Valko et al. 2013; Shi and Olafsson 2000). The partition-based algorithms
generally have two key stages: Expansion Stage and Evaluation Stage. The Expansion Stage is to choose
the best region (with the best performance index) and then further expand it into smaller regions. Then, the
Evaluation Stage is to compute the performance indices in the new regions obtained from this expansion
so that these regions can be considered for expansion in the following iterations. We introduce a similar
partition scheme to BO to try to address the aforementioned challenges. First, we choose the center of each
region as the representative point and, different from traditional partition-based algorithms, the acquisition
function value of the center as the performance index of the region. As a result, in the Expansion Step, we
only optimize a(x) over the region centers in the current partition, which is a finite set. This largely reduces
the computational burden and addresses challenge 1. As the algorithm iterates, the design space will be
partitioned into regions of different sizes. There is also the risk that the algorithm continues to focus on
partitioning a specific region into finer and finer subregions, resulting in over-exploitation in that region
and leaving some larger regions unexplored. To address challenge 2, in each iteration, we simultaneously
consider the best region of each size to partition, enabling larger regions, that are less explored, to be
explored at every iteration. Figure 2 illustrates this idea. Here we see that the best region (the one optimizing
a(x)) of each size is partitioned in this iteration.
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Figure 2: An example of the partitioned space in one iteration. There are two sizes of regions at the
beginning of this iteration and one from each size (253 and 27 3) was expanded.

As mentioned above, the performance index of each region is chosen as the a(x) value at the center
instead of the true function values from the points within the region. As a result, in the Evaluation Stage,
there is no need to evaluate points from the newly obtained regions to compute their indices as the indices
can be easily computed from the acquisition function. However, we still need to decide if some “potentially
good” points should be evaluated in each iteration to update our knowledge about the global optimal as well
as the response surface. We therefore keep the Evaluation Stage of traditional partition-based algorithms to
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decide whether to evaluate some design points. With these two ‘Expansion’ and ‘Evaluation Stage’ from
the partition-based algorithm, we replace the ‘Searching Stage’ in the traditional stochastic BO algorithm
in Algorithm 1.

The rest of this article is organized as follows. In Section 2, we review some basics for the stochastic
GP model and traditional partition-based algorithms. In Section 3, we propose the pStoBO algorithm. In
Section 4, some numerical examples are provided to show the efficiency of the method. In Section 5, we
outline some unsolved key issues.

2 REVIEWS OF THE STOCHASTIC GP MODEL AND PARTITION-BASED APPROACHES

In this section, we first review the Stochastic GP model in Section 2.1 which is used as the metamodel in
the proposed algorithms to guide the search. In Section 2.2, we review the general partition-based approach
in optimization algorithms

2.1 Stochastic GP Model Basics

The standard stochastic GP model assumes that the response of stochastic simulation can be represented
in the following form:
Y(x) = Z(x) +e(x) = v(x)' B+n(x)+e(),

where Z(x) represents the noise-free response which can be further decomposed into the mean function, v(x),
and a second-order stationary GP, n(x). v(x) is a vector of known functions representing our belief of the
mean performance of Z(x). Without loss of generality, we assume little prior knowledge of v(x) and choose
a zero mean of the GP with v(x) = 0, which is a common practice in BO. In this model, 1 (x) is assumed

to be zero-mean with covariance c(x1,x2) := cov(n(x1),1(x2)) = 6Zcorr(x;,x2), where 62 = var(n(x)). A

popular choice of corr(xy, x;) is the Gaussian correlation function: corr(x,x;) = exp {Z?: 10(x1,j —x2, j)z} ,

where x; j is the jth coordinate of x; and 6 is the sensitivity parameter. €(x) is the random noise with mean
zero and variance 62 (x). This noise is assumed to be independent of 7 (x).
The predictor Z(xp) and the associated predictive variance at an unknown input point xo can be derived

as: .
Z(x0) = ¢(xo)"R™'%,

$(x0) := var(Z(xo)) = 62 — c(x0)" R 'e(xo),

where % = (3(x1), ..., 7(xm))" is the observations vector at design points xi ..., Xp. J(x;) = nL,Z?i:ly(xia i
i=1,..,m. c(xp) is the m x 1 covariance vector of xo with existing design points whose ith entry is ¢(xo,x;),
R = R, + R, is the covariance matrix of the design points, where R, is the m X m covariance matrix for
the spatial process whose (i, j)th entry is c(x;,x;) and Re is the m x m diagonal covariance matrix for the
noises whose ith diagonal entry is var(€(x;)).

When used in practice, the inputs to the model is the design set D, the observation vector % and the
noise variance matrix Re, and typically, % and R, are estimated with sample mean and sample variance
from the simulation results. With these inputs, the hyperparameter 8 can be obtained by maximizing the
likelihood of %'.

2.2 Review of the Partition-Based Approach in Optimization Algorithms

In parallel with BO, direct algorithms have also been developed for global black-box optimization, and
the partition-based approach (Jones et al. 1993; Kleinberg et al. 2008; Pinter 1997; Munos 2011; Wang
et al. 2017; Valko et al. 2013) is one of the promising ones among them. Generally, this type of algorithm
assumes either global smoothness of z(x) (Pinter 1997; Jones et al. 1993) or local smoothness around its
global optimum (Kleinberg et al. 2008; Munos 2011). Most typically, the functions are assumed to be
global or local Lipschitz (Valko et al. 2013).
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A partition-based algorithm divides the input space into regions. Each region can be represented by
i (see Figure 2 for an example), where the first index £ is a size index, indicating that the size of the
region is 1/k" (the size of the whole design space 2" is assumed to be 1 and it is represented as 20,1
After one partition, 2 ; will be divided into k new equal-sized subregions 2}, | (i_1)is1:---» Zn+1,ik- Here,
i is called the parent region of the k subregions. In Figure 2, for example, after one partition, 27 3
was partitioned into 257, Z>3, and 2> 9.

As introduced in Section 1, in a traditional partition-based algorithm, each region is given a promising
index to measure the performance of this region. For example, in DIRECT, this index is chosen as the lower
bound of the region center under global Lipschitz condition (Jones et al. 1993). In the nested partition
algorithm (Shi and Olafsson 2000), in each new obtained region, a few randomly picked points will be
evaluated and the performance index is chosen as the minimum value of the responses at these points. In
SOO (Valko et al. 2013), the performance index is chosen as the response value at the region center. Then,
the region with the best performance index will be selected to partition in the Expansion Stage and then
the indices of the newly obtained regions will be computed in the Evaluation Stage. In pStoBO, we follow
the work of DIRECT and SOO to choose the region center as the representative point. Specifically, from
region 2}, ;, the center point x,; is the representative point. The representative points of all the regions in
the current partition constitute the current center points set, denoted as .. For example, in Figure 2 right,
S ={X12,X2,1,%22,X27,X2,8,X2,9,X37,X3 8,X39 }.

The partitioned-based approaches systematically partition the design space based on the simulation
results and gradually concentrate on the regions potentially containing optimal solutions. It typically utilizes
the information from global and local searches and can be shown to converge under mild conditions (Shi
and Olafsson 2000). In pStoBO, we borrow this sequential partitioning approach and optimize the relevant
acquisition function over the set .# to reduce the computational burden.

3 pStoBO ALGORITHM

In this section, we present the new algorithm, pStoBO. The parameters used are listed in Table 1 and the
algorithm is summarized in Algorithm 2. In pStoBO, we call the operation “dividing one region into k&
sub-regions” as region expansion and parameter n (defined in Table 1) denotes the total number of region
expansions so far. In each iteration, as introduced before, we simultaneously consider expand and evaluate
regions with different size indices. However, to keep pStoBO from partitioning into too small regions, as
suggested by Valko et al. (2013), we limit the largest index with which a region can be expanded in each
iteration as /(1) (here n is the number of expansions at the beginning of one iteration). An example of
hmax(n) suggested by Valko et al. (2013) is y/n and this is used in our work.

Our proposed approach utilizes two new partition-based stages, the Evaluation Stage and Expansion
Stage, to replace the Searching Stage in BO (Algorithm 1) as a new sampling technique. Similar to some of
the partition-based algorithms like DIRECT and SOO, the representative point x;, ; for region 2, ; is chosen
as its center point and the number of sub-regions of each region is odd. Specifically, these subregions are
obtained by dividing .2} ; into k parts evenly along its longest edge. Before introducing the three stages
in detail in Sections 3.2 to 3.4, an overview of the pStoBO is provided in Section 3.1.

3.1 Overview of pStoBO

As introduced in Algorithm 2, there are three stages in pStoBO, where the Expansion Stage and Evaluation
Stage are partition-based to select design points. We use the example in Figure 2 to better illustrate them.
In each iteration (the while loop from Line 5 in Algorithm 2), pStoBO searches from the largest region to
the smallest region for the current partition configuration (note that larger regions have smaller size indexes
h). The Expansion Stage is to choose the promising regions by optimizing the acquisition function over the
representative points in set .%. After that, the region where this point lies in will be further expanded. In
the Evaluation Stage, as introduced before, we decide whether to evaluate some “potentially good” points
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Algorithm 2 pStoBO Framework

Input: evaluation criterion, allocation rule

e e e e e
D A A Tl e =

DN NN NN NN
R e T e

30:

R A T e

)
L

Initialization:
Fit a initial GP model with initial design set D
Set .Z = {xo,1} and allocate budget to xo; with given allocation rule
Setn=1,T=0
while true do
Set gy = —o, T =T +1
Set p1 =min{h|3j, s.t. x5 € L}, pp = min{max{h|3j, s.t. xp; € L}, hpax(n)}
for h=p;:p, do

Expansion Stage:
Select (h, j) = argmax ;, jc ¢ a(xn i)
if a(xy,j) > Umax then
Set Mimax = a(xh,j)a Iexpansion =1
Add the k sub-regions’ representative points to .’; Remove x; ; from .
Setn=n+1
else
Set Iexpansion =0
end if
Evaluation Stage:
if Iexpansion =1 then
if a(x j) > C(h,xp j), DN {xp ;} =0 then
Set Loyatuare =1, D=DU {xh,j}
end if
end if
Allocation Stage:
if Lovajuare = 1 then
Allocate budget with selected allocation rule and update % and Re.
x; = argmingep ¥(x), 3, = ¥(%).
Update the stochastic GP model with D, % and Rq.
end if

end for

31: end while
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Table 1: Algorithm parameters list for pStoBO.

Parameter Definition
k number of sub-regions for each region
n current total number of region expansions
hmax(n)  the largest size index of the regions we explore with n expansions
S the current center points set
D1 the smallest size index in the current partition
223 the largest size index in the current partition
Lexpansion indicator of the Expansion Stage
Lovaiuate indicator of the Evaluation Stage
C(h,x) the evaluation criterion in the evaluation test
Xy the current best design point
D current design set
T the iteration number

to enhance our understanding of the global optimal. Straightforwardly, we can choose the centers of the
region just expanded (centers of 2> 3 and 2] 3 in Figure 2) as these “potentially good” points as they have
the best a(x) values among other centers. In this stage, we conduct an evaluation test to each candidate
point and only when it passes this test, we will evaluate it. The intuition of this test is to see if this point
is a good proxy of the other points in that region (recall that this center is used to build the performance
index of the region to represent the performance of points in this region). Since the effectiveness and utility
of sampling a point are measured by a(x) in BO, to check if this point is reasonably good compared to
other points in the region, we compare the a(x) value at this point with an evaluation criterion C built
with the average value of a(x) at a few randomly selected points from the region, which is an estimate
of the average a(x) value across the whole region (Line 20 in Algorithm 2). Only if the selected center
point has a larger a(x) value than that criterion, we deem it as a “good point to evaluate” from that region
(i.e., passes the evaluation test), and be evaluated. If not, it may be more prudent to save the budget to
expense later on better points from the region. As a result, there can be some partitioned regions whose
representative points do not pass the evaluation test, and thus not evaluated. See the example in Figure 1,
the center in the third region has a better a(x) value compared with the other two regions. However, most
of the points in this region have better a(x) values than this center and it fails the evaluation test. We thus
won’t evaluate it and save the budget to evaluate other possibly much better points from this region. In
Figure 2, ‘@’ and ‘o’ represent center points that have been/not been evaluated, respectively. Finally, in the
Allocation Stage, we decide the number of replications assigned to each design point to reduce the noise.

3.2 Expansion Stage

The Expansion Stage is to expand the regions containing the best representative points.

By optimizing the acquisition function over ., the regions containing the selected points are recognized
as the current most promising regions. With good potential points in these regions, we further partition
these regions into smaller subregions, providing more potential points from these regions to be considered
in the next iteration, and hence, facilitating more exploitation in these promising regions.

This partitioning is done to the most promising regions regardless of whether their representative points
will be evaluated (in the Evaluation Stage) for the following reasons. Firstly, if the representative points
were evaluated, this indicates that the points fall in good promising regions, with good potential points.
Hence, we should further partition these regions to add more potential points into . from these regions to
be considered, further facilitating exploitation in these regions. Secondly, if the representative points were
not evaluated, the identification (as the best from .#’) still indicates that they are regarded as the current
most promising points and regions. Moreover, the failure of the evaluation test indicates that there exist at
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least a few better points (w.r.t the acquisition function) than the representative point, and hence, we should
further partition this region into smaller subregions whose center points may yield better results.

The partitioning strategy facilitates further exploitation in the most promising regions. To avoid over
exploitation (especially at the beginning), the algorithm will by design enable the user to select the evaluation
and expansion based on the region sizes. For each iteration, at the Expansion and also the Evaluation
Stages of that iteration, regions of different sizes are considered separately. Hence, for each iteration, one
region of every region size will be partitioned (although not all will be evaluated). This ensures that each
region size will be considered, enabling larger regions, which are less explored, to be explored at every
iteration. For example, in Figure 2, we choose one region with size index & =1 and another with size
index h = 2 to partition.

3.3 Evaluation Stage

The Evaluation Stage is to decide whether to evaluate the best center points.

As introduced before, to build the performance index of each region, we use the center point as a
proxy to the points in the region. As a result, the best point in .% indicates that the region it represents is
likely to be better than the regions represented by the inferior points in .. However, when the region is
large, the center point may not be a good proxy. Hence, to test if it is a reasonably good point to expense
simulation efforts to evaluate, we propose an evaluation test in the Evaluation Stage, and only points that
pass this evaluation test will be evaluated.

The evaluation test (Line 20 in Algorithm 2) is to compare the acquisition function value at the point
just selected, a(xy, ;), with an evaluation criterion (a threshold) C(h,xj, ;). This is to determine if a promising
point is worthy to evaluate in comparison to the other points in its region. If not, it may be more prudent
to save the simulation budget and expense it later on better points in that region. Therefore, the evaluation
criteria should reflect potential function values of points in that region. Only the point with a(x ;) larger
than the region’s criterion will then be evaluated. In pStoBO, the criterion C(#,x) is chosen as the averaged
acquisition function value at a few randomly selected points from the considered region, which is an estimate
of the averaged a(x) value across the region. In this case, if a(xp ;) is smaller than C(h,x), it means that
there exists a few better points (w.r.t. a(x)) than x;, ;j and we deem that x; ; is not sufficiently better than
other points in the region, and thus x; ; is not evaluated. The budget will then be saved to evaluate better
points from this region.

3.4 Allocation Stage

The Allocation Stage is to add simulation replications to existing design points to better fit the model and
recognize the best from them.

Once a point is decided to be evaluated, we add it to the current design set D. pStoBO then adds
simulation replications to the existing design points in each iteration. The purpose is to reduce the noise of
the response estimates at the design points, which are used to build the GP model that guides the search.
Moreover, as pStoBO returns the design point with the best empirical mean as its recommendation, adding
replications to these points helps to more accurately identify this recommendation more accurately. As
the main focus of this paper is to improve the future points selection, we do not put restrictions on the
allocation schemes used in pStoBO. In the numerical study, we apply a simple equal allocation scheme to
test the algorithm.

4 NUMERICAL TEST

In this section, we illustrate with a 2d example how pStoBO can address the issues of BO mentioned in
Section 1. This example is taken from (Xu et al. 2010).

sin®(57x;) 410 sin®(57x,)

2(x) = 102((100x1 -90)/50)2 2((100x,—-90)/50)2 *
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It is originally a maximization problem and here we minimize the negative z over [0, 1]? instead. It has 25
local optima with the global optimum z(0.9,0.9) = —20 and two second-best optima z(0.7,0.9) = —18.95
and z(0.9,0.7) = —18.95. Sun et al. (2014) added a small noise with zero mean and variance 1 to this
function and here, we add a larger noise with variance 10 for illustration.

To test pStoBO, we build a specific algorithm, pStoBO-EI. This algorithm follows Algorithm 2 with
EI as the acquisition function. In pStoBO-EI, the evaluation criterion in the Evaluation Stage is chosen as:

110

C(h,x) = 0 Za(x,-),

i=1

where xj,..x]0 are randomly selected points from the region x falls in. The allocation rule applied here is
the equal allocation rule, i.e., when |D| =7 (total number of design points), each design point is assigned
with 0.257 replications.

Another two algorithms are chosen for comparison. We select eTSSO as a representative traditional
stochastic BO algorithm to compare with, as, to the best of our knowledge, this is the only one with
convergence guarantee for stochastic simulations. For eTSSO, we follow the recommendation of Jalali et al.
(2017) to discretize [0, 1] with 1000 points chosen by the Latin Hypercube sampling technique. In addition,
we also include StoSOO in the test, which is a pure partition-based algorithm that also simultaneously
searches regions with multiple sizes. We note that StoSOO is a direct optimization algorithm in that no
metamodel is used to enhance the search. For each of the three algorithms, we repeat the optimization process
for 30 macro-replications and each macro-replication has a total budget with 10000 function evaluations.
After averaging over the 30 macro-replications, we plot the gap between the current best input and the
true best input w.r.t the number of function evaluations in Figure 3, and the best function value found by
these algorithms at the end of the search process in Figure 4. In Figure 3, we indicate the gap between
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Figure 3: |x;, —x*| v.s. function evaluations.
the second optimum and the global optimum 0.2. Moreover, as in eTSSO, the space is discretized with

1000 sampling points. We also include the minimum distance between a point in the discretization with the
global optimal averaged over 30 macro-replications, 0.0177. Therefore, this is the best eT'SSO can get with
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Figure 4: The function values of the best points found by the three algorithms.

the discretization. We observe that, pStoBO-EI and eTSSO perform almost equally when ¢ < 7000. After
that, pStoBO-EI becomes better. When ¢ is about 6000, the |x; —x*| line for pStoBO-EI decreases slower
and more time is spent near 0.2, i.e., it searches the second-best regions for a while. However, owing to
its expansion and evaluation mechanism, pStoBO-EI explores more regions and successfully goes to the
global optimal regions. On the other hand, eTSSO seems stuck in suboptimal regions, even until the end.
In summary, due to the expansion and evaluation mechanism of pStoBO, pStoBO-EI is better than eTSSO
in exploring more regions and finding the true global optimal faster. In addition, we observe that without
the help of the GP model, StoSOO takes a longer time to find the optimal regions (when ¢ < 6000), which
highlights the efficiency of BO algorithms. As the budget increases, the StoSOO is able to converge to
the global promising regions due to its ability to search regions with multiple sizes, as does pStoBO, and
performs almost the same as eTSSO but is still clearly worse than pStoBO-EL

Comparing the final optimal values returned by these algorithms (Figure 3), we find that through further
statistical tests, the function values of the best solutions found by pStoBO-EI are statistically better than
eTSSO and StoSOO at a significance level of 0.05 , These observations are similar to those from Figure 3.
We also observe that the variability of the results found by StoSOO is typically much larger than the
remaining ones. This can be due to the lack of the guidance of the GP model in the search and without
this model, StoSOO does not find the optimal regions quickly and the search of StoSOO is somewhat
more ‘random’ compared with the others. As a result, StoSOO and can return much worse results from
sub-optimal regions, increasing the variability. Moreover, the variability of pStoBO-EI is the smallest,
indicating that this algorithm is more efficient in finding the optimal regions within constrained time and
more consistent in its performance.

From this example, we can see that pStoBO can address the two issues highlighted for BO. First, it does
not rely on a discretization to solve the acquisition function optimization problem. As seen in Figure 3, the
best eTSSO is possible to find within the discretized points (|x;, —x*| = 0.0177) has already been achieved
by pStoBO-EI at the end (note that with given budget, eTSSO didn’t find this best point). Second, pStoBO
with the new Expansion and Evaluation stages can help the algorithm explore more promising regions. In
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this example. pStoBO jumps out of local optimal regions faster than eTSSO and converges to the global
optimal.

S CONCLUSION

In this paper, we propose a new partition-based stochastic BO algorithm, pStoBO. This new algorithm
optimizes the acquisition function on a finite set to reduce the computational burden and considers partitioning
multiple regions with different sizes to reduce over-exploitation. With a numerical test, we observe that
pStoBO can perform much better than the traditional stochastic BO algorithms for functions with multiple
local optimal points.

We list several future research directions for pStoBO. First, the current pStoBO is general in terms
of the acquisition functions as well as the allocation schemes that can be adopted. The impact of these
functions and schemes on the algorithm performance can be further investigated. Second, the asymptotic
convergence of pStoBO algorithm as well as its finite-time performance should be studied. Third, to
better understand the advantages of pStoBO, a more thorough comparative study with other standard BO
algorithms such as KG (Wang et al. 2020), Thompson Sampling and GP-UCB (Srinivas et al. 2010) is
required. These algorithms are mainly designed for deterministic problems or problems with homogeneous
noise and have been shown to be very efficient. However, adaption will be required to apply them for the
stochastic simulations considered in this work.
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