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MATHEMATICAL MODELING AND SIMULATION DYNAMICS OF POPULATIONS

MATEMATUYECKOE U UMUTAITMOHHOE MOAEJTUPOBAHUE
JUHAMMUKH NOIYJIALIUA
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IIpoBeneHO KauecTBEHHOE HCCIIEI0BAHUE KIACCHYECKON MO «XHIIHUK-KEePTBa», OCYIIECTBICHA KIacCU-
(uxanust 0co00i TOYKN CHCTEMBI M XapakTepa (a30BbIX TPACKTOPUIA, MOIydeH oOLMil HHTerpan cucteMsl. [1pu-
BOZIATCS MaTeMaTUUCCKUE MOAEIN ANHAMUKH MOMY/IAHI ¢ ydeToM d(¢dekTa HaChIIEHUS HX INIOTHOCTH Ha Oase
Joructdeckux GyHkiwit. IlomyueHs! GpopmanbHbie 3aBUCUMOCTH IJIs ONPEACICHNS] COOCTBEHHBIX YHMCEIT XapaKTe-
PHCTHYECKOTO YPABHEHUS, ONPEJEISIONIEr0 MapaMeTpbl MOBEAECHHUs CUCTEMbI IPU OTKJIOHEHHU OT CTallMOHApHO-
ro pexxuma. OCyIecTBICH CUHTE3 MOAEIHN U IPOBEJICH MOMHBI MaTeMaTHIEeCKHI aHAIN3 BIMSHUS TPO(PUICCKUX
(byHKIMI Ha TapaMeTphl B3auMozeiicTBus nomysiuid. Ilpeioxkena yHupuimupoBantas MeTOAMKa IIPOBEJICHHS UC-
CIICTIOBAHHUS U KJIACCU(HKALMN 0COOBIX TOUCK CHCTEM U HX (ha30BBIX TpaeKTopuil. I1omydeHsl ycioBus, onpenesns-
IOIIHE [TAPaMETPh! YCTONUMBOCTH UCCIICAYEMbBIX MOENCH MOy IAIMOHHON ANHAMUKH. BBIIOIHEHO NMUTAIIMOHHOE
MOJIEIMPOBAHMS HEKIACCUYECKOI MOJIENIN B3aUMOJICUCTBHUS MOMYJIsiui B cpene AnyLogic.
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A qualitative study of the classical model of the «predator-prey», we classify the singular point of the system
and the nature of the phase trajectories, obtained the general integral of the system. Mathematical models of
population dynamics, taking into account the saturation effect of density based on logistic functions. Obtained
according to the formal definition for the eigenvalues of the characteristic equation, which determines the behavior
of the system parameters when a deviation from the steady state. The synthesis model and carried out a complete
mathematical analysis of the effect of trophic functions of the parameters of the interaction of populations. A unified
methodology of the study and classification of singular points of the systems and their phase trajectories. The
conditions that determine the stability of the parameters investigated models of population dynamics. Achieved

simulation modeling populations of non-classical model of interaction in AnyLogic environment

Keywords: population dynamics, mathematical model, simulation

CoBpeMEHHBIN 3Tanm HAyYHOTO MHUPOBO3-
3pEHUs] XapaKTepeH CHHEPreTHYEeCKUM (-
(hekTOM pa3BUTHS, JOCTUTAEMBIM 3a CUET TPO-
HUKHOBCHHS METOJOJOTHH  HWCCIICIOBAHMIA,
XapakTepHBbIX JUISl OIpPEJEIeHHBIX OTpaciiei
Hay4yHbIX 3HAaHUM B cCMexHble. Takoll mojaxon
K TO3HAaHUIO 3Koc(hephl MPUBOAUT K B3aMM-
HOMY U OJHOBPEMECHHOMY OOOTaIl[CHHIO HC-
MOJIb3YEMBIX KJIACCUYECKUX OCHOB OTAEIBHBIX
Hay4yHBIX HaNpaBJICHUH, YTO MOXKET SIBISITHCS
rapaHToOM YMEHBUIEHUSI WM ONTUMU3ALUU
BO3JICiCTBUS TeXHOC(EpHBIX N3MEHEHUH, MHU-
UAPYEMBIX YEJIOBEYECKON NeATeITbHOCTBIO,
Ha o01IyI0 cpey OOUTaHMSsI.

[MonynsimuonHast fMHAMUKa — OJUH U3 pas-
JIETIOB MareMaTu4ecKoro MOJCIMPOBAHUS, KO-
TOpBIN Onaromapsi YHHUBEPCAIBHOCTH CBOETO
MOJIX0/Ia W WCTOIh3yEeMOT0 MaTEeMaTHIECKOTO
ammapara IIMPOKO HCIONB3YeTCsl MPU pellie-
HUU NPAKTUYECKHU U COLUATBHO 3HAUUMBIX 3a-
Jlad MaTeMaTH4YeCKOH JKOJOTHH, JAeMorpaduu
U 3KOHOMHKHU. OCHOBHAS ILIEIb MCCIEIOBAHUMI
JIMHAMUKHA TIOMYJISIIMA COCTOMT B aHaIU3€
U TPOTHO3UPOBAHUM YHCICHHOCTH W ILIOT-

HOCTUM  B3aUMOJCHCTBYIOIIMX  MOMYJISLUN
Ha OIPEJEIICHHOM apealle.
Hactosmee wuccrnenoBaHue IMOCBSIIEHO

KOMITJIEKCHOMY aHaJn3y TpoOieM IMOBeIeHUS
B3aUMOJICHCTBYIOIIUX TOMYJISIIUN C MO3UIUN
MareMaTu4eCKOIro 1 UMUTAITMOHHOTO MOACIN-
poBaHus.

MarepuaJbl H MeTOAbI HCCIeTOBAHMS

[IpoBenem kpaTkuii KaueCTBEHHBINH aHAJIN3 KJIacCHU-
YeCKOIl MOZICNTN «XMIITHUK-kepTBa» [1].

PaccmarpuBaeTcst 3akpbITBI apeai, B KOTOPOM
OOMTAIOT JKEPTBBI X W XHUIIHUKH Y. B3amMoneiicTue
TIOMYJISIIUH OTMCHIBAIOTCS CHCTEMOI IBYX OOBIKHOBEHHBIX
HEITMHEHHBIX TU(depeHInaIbHbIX YpaBHEHHH]:

X =Kk, X—0, yx
y=kxy-q,y, (1)

e X= X(t), y= Y(t) —  GyHKUIMM  W3MEHEHHs
IUIOTHOCTEH 0COOEl >KEepTB M XMIIHUKOB BO BPEMCHU
t; K.d, MaIbTy3HaHCKHe mapameTpsl, 0, K, —
KO3 GUIMEHTHI MEKBHIOBOTO B3aUMOICHCTBHUSL.

[paBble wactu cucremsl (1) oOpamarorcss B HOIb
B TOYKE
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O(XO’yo)zo K
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B Manoit OKpecTHOCTH 3Toi Toukn mpu X = X, + X
uy=Y,+ y MOy YHM:

XL:_qqu ~

K, )
. kk
y=—Lx

d,

Takum oOpa3oM, Touka O(XO; yo) SBJISETCS
HEBBIPOXKICHHON 0CO00# TOYKOW THIA «ICHTP», BCE
(a3oBBIE TPACKTOPUH CHCTEMBI 0O0pasylOT IHKIIBI,
a o0Iuii MHTErpa HaXOJUTCS TaK:

- —k
ykxe que YXXqY :C .

B cooTBeTcTBHH € cHCTeMOI (2) KoneOaHus IIIOTHO-
CTH HOMYJIALUN OylyT OCYLIECTBIATHCS 10 3aKOHY

f(t)= Asin(,fka,t+p,).

Ha 6a3e monmenu (1) moCTpOMM CHCTEMY C y4ETOM
€CTCCTBEHHON OIPaHMYEHHOCTH IUIOTHOCTH MOMYJISIUAK
JKEPTB:

X =K X—q,yX— p,XX
y=k,xy-q,y, 3)

rae P, —mapamMeTp BHYTPHBUI0OBON KOHKYPEHIIUH KEPTB.
B cucreme ypaBueHnmit (3) ecTb HEBBIPOKIECHHAS

ocobast Touka O (XO, yO) C KOOpAWHATaMH:

_&. _ kxky — b4y .
=2y, =——"""+
ky quy

Knaccudpuuupyem ocoOyro TOYKY U OIpENeTuM Xa-
pakTep MOBEACHUS CHCTEMbI IPH MAJIOM OTKJIOHECHHH
OT 9TOH TOYKH, JUISl 9TOTO C/ENIAEM ITOJCTAHOBKY

X

X=X +Xy=Y,+V

1 OJIyYnM:

Z[JIS{ JIAHHOW CHUCTEMBI COCTaBUM XapaKTepucTuic-
CKO€ YpaBHCHHUC!

2 2
X
(M p*X‘)j - {B%) = 0,0, Yo-

2 4
[Ipu BBHINOJTHEHNH YCIOBUS
2

psa,

Yo > 3

4q,k;

COOCTBEHHBIE YucIia OyayT KOMILIEKCHO-COMPSKEHHBIMU
C OTpULIATENILHON AeHCTBUTEIILHON YacThIO:

pa, 1 :
—Tyiquy (4a,k2y, - pZa, )i-

y

7"1,2 =

Takum 00pa3oM, TOUYKa O(XO, yo) SIBIISICTCS
«yCTOWYHBBIM (POKYCOM», a (pa30BbIC TPACKTOPHHU — «JI0-
FapVI(l)MPI'—lCCKI/IMI/I CHI/IpaﬂﬂMI/l»

Jomomaum Mozaens (3) moructuueckort (QyHKIuen
JUTSL XUITHUKA:

X= kxx_qux_ pxXX
y=kxXxy—a,y-p,yy,

IJe P, — NapaMeTp BHYTPHUBHIOBOH KOHKYPCHLMH XHIll-
HHKOB.

B nanHOM Citydae HEBBIPOKAEHHONW 0COOOW TOYKOI
SIBJISICTCS] TOUKA C KOOPJIMHATAMHU:

— qy + pyyO . — kxky - pqu .
ok T Akt Rp,

CoctaBuM cucteMy TuddepeHIaTbHBIX YPaBHCHAN
JUTSL BBISIBJICHUSI XapaKTepa MOBEACHUSI CUCTEMbI BOJIHM3H
HalICHHON 0CO00i TOUKH:

)L( = —pxX0)~(— qxxoy
Y =K, YoX=p, YoV .
XapaKkTepucTUYECKOE YpaBHEHHE
- pxXO -\ _quO
I(y YO - py yO - 7\'
=02+ (PX + PyYo ) A+ PPy %Yo +
+quyX0y0 = 0 =

2
j[xw] _

=0

2
(P%+ P, Yo)
= (p,py + ALK, ) % Yo
4
U3 XxapakTepucTHUeCKOTO YpaBHEHHS BUTHO, UTO JICH-
CTBHUTEIbHAS YaCTh COOCTBEHHBIX YHCEN OTPHUIIATEIIbHAS.
MoOKHO TOKa3aTh, 4YTO

kX
DX+ P, Yo =K, —(a, = P, ) Yo > 0= Yo < :
q, - py
Torna xapakTepucTUYeckoe ypaBHEHHE MOXKET ObITh
3aKCaHO CICAYIONIM 00pa3om:

2
ka—(qx—py)y0 _
2

(kx_(qx B pV)yO)Z

= 7 ~(k,p, +0,0, ) Yo-

Hcxons U3 TONYYCHHBIX COOTHOLICHUU MOMKHO
HOJIyYUTh OLEHKY Y, CHH3y @pU KOTOPOH KOpHH
XapaKTepPUCTUUECKOTO ypaBHEHUSI OyIyT KOMILIEKCHO-
CONPSHKCHHBIMU:
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k

Yo > :

q,-p,+2/kp,+0,0,

HpI/I BBITIOJIHEHUU TAKOT'O YCJIOBUSI KOPHU XaPAKTEPUCTUUCCKOI'O YPAaBHCHUS ONPEACIIATCS CIICAYIOIUM 06pa3OMZ

Mi%\/ﬂf( Py +quy)xoyo _( PiXo + pyyo)zi '

3HauyMT, 0c00ast TOUKA SBISETCS «yCTOHYMBBIM (OKYCOM», a (ha30BbIe TPACKTOPHHU — «JIOTapU(PMUUSCKHMH CITH-
pasIMIy
Hccenemyem Moziens B3aNUMOACHCTBUS OMYIAIHN ¢ TPOGHIECKUMH (yHKIHAMI:

K1,2 ==

X_kxx—quxy x:kxx+&-i—$y
. +ax — ak l+ax a ’

PN oy S Y

Y o Y=Y A MY

TJC a — MapaMeTp HACBIIICHMS, ky‘ qx — KOB(I)q)I/IHI/IeHT HU3MCHCHHUSA YHUCIICHHOCTH HOHy.IISIHI/Iﬁ OT JaBJICHUSA XMIITHUKA.
KOOpHI/IHaTBI HeBLIpO)KﬂeHHOﬁ 0c000# TOYKH CHCTEMBI 6yZ[yT CICAYOMUMU:

q K (L+ kK
Ly = (I+ax) y (4)

" :ky_aqy’ qx _qX(ky_aqy).

0

HcenenyeM ycTOiYMBOCTS CHCTEMBI B 0COO0OM TOUKE O(Xo1 yo) U1 4ero nepeiieM K nepeMeHHbIM

X=X+X,,Yy=Y+Y,.

Paznoxum dyskmuro B psizt Teiinopa B OKPECTHOCTH TOUKH X COXPAHSis JIMHEHHBIE YIICHBI:

L1 2 5 (5)

l+ax 1+ ax, (1+ax, )2

1+ax

Torz[a cucremMa I[I/I(b(bepeHHI/IaHI:HHX ypaBHeHI/If;I JUIA ONpEACIICHUA COOCTBEHHBIX YHCEI 6yI[eT HUMCETb BU/!

_ akqu )~(._ qqu y
K, k

K, Yo . kK, .
(L+ax)" 9. (1+ax)

X
~<

<
Il

CocTaBUM XapaKkTePUCTHYECKOE YPaBHEHUE CHCTEMBI:

ak,q, 94 2
k k ak k ak a’k2q? K
y y — O — }\‘2 _ qu }\,+ qu — O = }\‘_ qu _ quy . qu .
_ Kk 1+ax, 2k 4k?  1+ax,
X Y y y y
q, (1+ax,)

OueBUJIHO, ISHCTBUTENIBHAS YaCTh COOCTBEHHBIX YHCEI MOJIOKHUTENIbHA.
U3 (4) cnenyer, uto

ka, kda,(k, —aqy),
lrax, k

y
TOrJa MOKHO 3allMCaTh YCJIIOBUE, [IPU KOTOPOM IIpaBas 4aCTbhb XapaKTEPUCTHUCCKOT'O YPABHCHUS OTPpULATCIIbHA:
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B atom clrydae. COOCTBEHHBIC YHMCIIA SBIISIOTCS KOMIIJICKCHO-COIIPS)KEHHBIMU C MTOJIOKUTEIILHOM Z[eﬁCTBHTeHLHOﬁ
YHacCTbhIO:

:aquY+ k,d, _aqul'
M2k, \lvax, 4k

y

3HauuT, 0c00ask TOUKA SBIACTCS HEYCTOMYMBBIM (HOKYCOM, (ha30BbIe TPACKTOPHH — JIOTAPU(PMHUECKIE CITUPATIH
PaccMOTPHM HEKJIACCHYECKYIO MOJIENb THIIA «XHIIHUK-)KEPTBa» ¢ TpodudeckuMu GyHKIHAMH U ¢ QyHKIHEH Ha-
CBIILCHUS OMYJISIIUH JKePTB:

Oy YX

X =K X————p,XX
) 1+ax (6)
y l+ax 7

MoxHO 110Ka3aTb, YTO KOOPANHATHI HeBI:IpO)K,HBHHOfI 0Cc0001 TOYKHU 6y,IIyT CJICAYHOIMNMU:

e G (kepx)ara)_(kpx)k,
0 1 Yo
ky_aqy qX ( _aqy)

CnencrBus:

L <1 X, <£.
k, Py

Hcnone3ys Gopmyiy (5) uccnenyem ycTOHYUBOCTb CUCTEMbI B 0CO0O0OM TOYKE (Xo- yo). [Tonyuum cuenyrouryro
cucremMy TudpepeHINPOBaHHBIX YPABHCHUIA:

ak,q, — p,X, (aq, +k, ) o 04, ;

>
Il

ky ) ky
. k -
y_ y kx pxXo )"("
1+ax, q,

XapaKTepPUCTUUECKOE YPaBHEHHE JUIsl KOTOPOH:

k k

2 (ky +aqy) P.X, —ak,a, At (kx - pXXO)qy

’ ’ V=0 A%+ ” 0>
K, Kk, —pX . y 1+ax,
l+ax, q,
2 2
=| A+ (ky i aqy) PXo —akydy | _ <(ky " aqy) P —akqu) (k.= PXo) 9y
= . _
2k, 4k, 1+ax,
yCJ'IOBI/Ie, Ipu KOTOPOM HeﬁCTBHTeHLHaﬂ HacCThb XapaKTEPUCTUUCCKOI'0 YPAaBHCHUA OTPULATEIIbHA:
kX
xo>—k(px>0), (7)
P | 1+——

aq,

C y4eToM BEeIMYHH NPAKTHYECKUX UCXOAHBIX JAHHBIX BBHIIIOJHEHUE yCIoBHs (7) TapaHTHPYET, YTO ocodast TouKa
SABJISIETCS YCTOMYUBBIM (DOKYCOM, a (ha30BbIe TPACKTOPHUH — JIOTapU(PMUUECKUMH CIIUPAIISAMH.
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Pe3yJ'leaTbI HCCJICA0OBAHUSA
U UX 00Cy:KIeHne

[IpoBenem ucciienoBanme 0000IEHHOM He-
KJIACCMYECKOM MOJIETH THIMA «XHIIHUK-KEPT-
Ba» ¢ Tpoduyeckumu QyHKIUSIMH U C QYHK-
LUel HachILCHUS NOMyIsIuuu XKeprB (0)
B CpeAe MaKeTa MMUTAIMOHHOTO MOAEIMPO-
BaHus AnylLogic, KOTOpPBIH MOAEPKUBAET BCE
N3BECTHBIC B HACTOAIIEE BpPEMs NapagurMbl
MonenupoBanus [2]. VMccmenoBanue 4acTHBIX
MOJIEJIEN B3aMMOAEHCTBUS MOMYJSLMN TPOBeE-
JICHO, HarpuMep, B padorax [3, 4].

Ha puc. 1 npencrasnena npuHUMINAIbHAS
cxema Mozienu B cpezie AnyLogic.

Ecnmu ycnosue (7) HapyuieHo, 1o (oOKyc
CTaHOBUTCSl HEYCTOMUYUBBIM (CM pucC. 2 crpa-
Ba). B sToM ciyuae (a3oBble TpacKTOpUHU
IIPEACTABISAIOT COOOM CIMpalu, pacKpy4HuBaro-
1IKecs MPOTUB YaCOBOM CTPEIKU OT UCXOIHOU
TOYKH, TNIOTHOCTb MOMYJISAUN BO3pACcTaeT.

BriBoabI

[IpoBeneHHOE KayeCTBEHHOE W KOJIMYE-
CTBEHHOE HCCJIEIOBAaHUE 3aJ1au MPAKTUYECKOU
JIMHAMUKH TOMYJISIIANA TTO3BOJIMIIO CBSI3aTh BOE-
JIMHO KJIACCUYECKUU MaTeMaTUYECKUH anmnapar
aHAJIUTUYECKUX HCCIECHOBAHUN U BO3MOXKHO-
CTU COBPEMEHHBIX UJE0JIOTMH UMUTALIHOHHOTO

Mpvpoc TXMUWHMKOB
4.974

Tz A

Y6bIBaHNEXMILHWKOB

l A

7 el

ky /
1E-4
O x0
510

MpupocT¥epTs
52,655

YBeigaHme X epTs
526,554 2617

Puc. 1. Cxema mooenu

I[Tpu BHIOpaHHBIX HCXOTHBIX TaHHBIX
(X, =510; y, =100)
0cobast Touka ¢ KOOpANHATAMH
X, ®526,32; y, = 99,72

SIBISIETCS. yCTOWYMBBIM (hoKycoM (cM. puc. 2
cieBa). Pa3oBble TPACKTOPUM — CHHUPAIH, 3a-
KPY4MBAIOIIAECS IPOTUB YaCOBOM CTPEIKU
OT MCXOJIHOM TOYKH BHYTPbH K (DOKYCY.

MOJICTIMIPOBAHMsI, OCHOBAaHHbIC Ha Iapajurme
CHCTEMHO-IMHAMUYECKOT0 aHAJIN3A.
[IpencraBnennsie B paboTe Maremaru-
YecKre MOJENH, (opMallbHbIE 3aBHCUMOCTH
U OLEHKU YCTOWYMBOCTH IOJIy4a€MBIX perlle-
HUI anpoOMpOBaHBl M TOATBEPXKICHBI B pe-

3yAbTaTe WMHUTANUOHHBIX  AKCIICPHMEHTOB,
BBITIOJTHEHHBIX Ha 0a3e¢ aHAINTHYECKOH IuIar-
dopmsr AnyLogic.

IIpennokeHHass METOJOJIOTHUS HAYYHOTO
HCCIICIOBAHUS SIBISICTCS  YHU(DUIUPOBAHHON

sey=fx)
102
101 +
100 1
99 4
a8 4
97 T * -+ -

500 510 520 530 540 550

oo y=F(x)
130 yvvwwy
.°....:oo000 n:.....‘.

g 0 et atastensay, "%,
120 T " o Gees ettt e .._\._.
110 '{

100 1

- -..
90 A = inr, n-l::‘:':...“
80 + + -

400 500 600 700 800

Puc. 2. @azosvie nopmpemul cucmemvl ¢ yCMOUUUGbIM U HEYCTNOUYUBLIM POKYCOM
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U TO3BOJISIET CTPOUTH CTPATETUUCCKUE MOACTH
HEOOXOAMMBIE JIJIsl TIPUHSTHSI YIIPABICHUECKUX
pelIeHU: C TeNbl0 MUHUMHU3AIUN BO3MOXK-
HBIX HETaTWBHBIX BO3JEHCTBHU Ha JKOC(hepy
1 pemarh KOMIUIEKCHBIE BOTIPOCHI OIIEHKH Xa-
pakrepa B3aMMOACUCTBUS KOHKYPHUPYHOLIUX
COOOIIECTB M CIIOKHBIX COIMAILHO-)KOHOMHU-
YECKUX OOBEKTOB.
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