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Àííîòàöèÿ�Ðàññìîòðåíà ñèñòåìà îáñëóæèâàíèÿ òèïà Mθ
2/G/1/m ñ ãðóïïîâûì ïîñòóïëå-

íèåì çàÿâîê, â êîòîðîé ïðèìåíÿåòñÿ ïîðîãîâûé ìåõàíèçì óïðàâëåíèÿ äëèòåëüíîñòüþ îá-
ñëóæèâàíèÿ è èíòåíñèâíîñòüþ âõîäÿùåãî ïîòîêà. Â ñèñòåìó ïîñòóïàþò íåçàâèñèìûå ïî-
òîêè çàÿâîê äâóõ òèïîâ, îäèí èç êîòîðûõ áëîêèðóåòñÿ â ðåæèìå ïåðåãðóçêè (âî âðåìÿ
ïðåâûøåíèÿ ÷èñëà çàÿâîê â ñèñòåìå çàäàííîãî ïîðîãîâîãî çíà÷åíèÿ h). Ïîëíàÿ áëîêèðîâ-
êà âõîäÿùåãî ïîòîêà îñóùåñòâëÿåòñÿ ñ ìîìåíòà äîñòèæåíèÿ äëèíû î÷åðåäè ÷èñëà m äî
ìîìåíòà íà÷àëà îáñëóæèâàíèÿ òîé ïåðâîé çàÿâêè, äëÿ êîòîðîé ÷èñëî çàÿâîê â ñèñòåìå íå
ïðåâûøàåò h. Ñ ìîìåíòà íà÷àëà îáñëóæèâàíèÿ ïåðâîé çàÿâêè âî âðåìÿ ïîëíîé áëîêèðîâ-
êè è äî å¼ çàâåðøåíèÿ âðåìÿ îáñëóæèâàíèÿ êàæäîé çàÿâêè ðàñïðåäåëåíî ïî çàêîíó F̃ (x)
(ïðèìåíÿåòñÿ ïîâûøåííàÿ èíòåíñèâíîñòü îáñëóæèâàíèÿ). Â îñòàëüíîå âðåìÿ ðàáîòû ñèñ-
òåìû ïðèìåíÿåòñÿ íîðìàëüíàÿ èíòåíñèâíîñòü îáñëóæèâàíèÿ ñ ôóíêöèåé ðàñïðåäåëåíèÿ
F (x) âðåìåíè îáñëóæèâàíèÿ. Íàéäåíû ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ ðàñïðåäåëåíèÿ ÷èñëà
çàÿâîê â ñèñòåìå íà ïåðèîäå çàíÿòîñòè è äëÿ ôóíêöèè ðàñïðåäåëåíèÿ ïåðèîäà çàíÿòî-
ñòè, îïðåäåëåíà ñðåäíÿÿ ïðîäîëæèòåëüíîñòü ïåðèîäà çàíÿòîñòè, ïîëó÷åíû ôîðìóëû äëÿ
ñòàöèîíàðíîãî ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê â ñèñòåìå, âåðîÿòíîñòè îáñëóæèâàíèÿ è ñòà-
öèîíàðíûõ õàðàêòåðèñòèê î÷åðåäè. Ïîëó÷åííûå ðåçóëüòàòû ïðîâåðåíû ñ ïîìîùüþ èìè-
òàöèîííîé ìîäåëè, ïîñòðîåííîé ñ ïðèâëå÷åíèåì èíñòðóìåíòàëüíûõ ñðåäñòâ GPSS World.
ÊËÞ×ÅÂÛÅ ÑËÎÂÀ: ñèñòåìà îáñëóæèâàíèÿ, ïîòîêè çàÿâîê äâóõ òèïîâ, ãðóïïîâîå ïî-
ñòóïëåíèå çàÿâîê, ïîðîãîâîå óïðàâëåíèå, ïåðèîä çàíÿòîñòè, ðàñïðåäåëåíèå ÷èñëà çàÿâîê.

1. ÂÂÅÄÅÍÈÅ
Äëÿ ïðåäîòâðàùåíèÿ ïåðåãðóçîê â èíôîðìàöèîííî-òåëåêîììóíèêàöèîííûõ ñèñòåìàõ èñ-

ïîëüçóåòñÿ óïðàâëåíèå êàê âõîäÿùèì ïîòîêîì è åãî ïàðàìåòðàìè, òàê è èíòåíñèâíîñòüþ îá-
ñëóæèâàíèÿ. Ñîãëàñíî [1�3] ñèñòåìû îáñëóæèâàíèÿ ñ ïîðîãîâûì óïðàâëåíèåì ìîãóò ñëóæèòü
àäåêâàòíûìè ìîäåëÿìè äëÿ îöåíêè êà÷åñòâà ôóíêöèîíèðîâàíèÿ SIP-ñåðâåðîâ â óñëîâèÿõ ïå-
ðåãðóçîê.

Èññëåäîâàíèþ ñèñòåì îáñëóæèâàíèÿ ñ ïîðîãîâûìè ñòðàòåãèÿìè ôóíêöèîíèðîâàíèÿ ïîñâÿ-
ùåíî áîëüøîå ÷èñëî ïóáëèêàöèé, â ÷àñòíîñòè ñòàòüè [4�8]. Â áîëüøèíñòâå ðàáîò ðàññìàòðè-
âàþòñÿ îäíîêàíàëüíûå ñèñòåìû ñ ïðîèçâîëüíûì ðàñïðåäåëåíèåì âðåìåíè îáñëóæèâàíèÿ.

Â íàñòîÿùåé ðàáîòå èçó÷åíà ñèñòåìà îáñëóæèâàíèÿ Mθ
2/G/1/m ñ íåçàâèñèìûìè ïîòîêàìè

çàÿâîê äâóõ òèïîâ, â êîòîðîé îñóùåñòâëÿåòñÿ óïðàâëåíèå íå òîëüêî ïàðàìåòðàìè ýòèõ ïîòîêîâ,
à è èíòåíñèâíîñòüþ îáñëóæèâàíèÿ çàÿâîê.

Ñðåäè óïîìÿíóòûõ âûøå ðàáîò íàèáîëåå áëèçêèå ê ðàññìàòðèâàåìîé ñèñòåìå êîíñòðóêöèè
ñèñòåì îáñëóæèâàíèÿ ðàññìîòðåíû â ñòàòüÿõ [4, 5, 8]. Â ðàáîòàõ [4, 8], êàê è â íàñòîÿùåé ñòàòüå,
èçó÷åíû ñèñòåìû ñ ïîòîêàìè çàÿâîê äâóõ òèïîâ, à â [5] ïðèìåíÿåòñÿ àíàëîãè÷íûé ìåõàíèçì
ïîëíîé áëîêèðîâêè ïîòîêà çàÿâîê è ïåðåêëþ÷åíèÿ èíòåíñèâíîñòè îáñëóæèâàíèÿ.



ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÑÈÑÒÅÌÛ Mθ
2/G/1/m Ñ ÏÎÐÎÃÎÂÛÌ ÓÏÐÀÂËÅÍÈÅÌ 65

Â îòëè÷èå îò [4], â èçó÷àåìîé íàìè ñèñòåìå ïðåäóñìîòðåíî ãðóïïîâîå ïîñòóïëåíèå çàÿâîê,
ïðèìåíÿåòñÿ ïåðåêëþ÷åíèå èíòåíñèâíîñòè îáñëóæèâàíèÿ è èñïîëüçóåòñÿ äðóãîé ìåõàíèçì ïî-
ðîãîâîãî óïðàâëåíèÿ. Â îòëè÷èå îò íàñòîéùåé ñòàòüè, â ðàáîòå [5] íå ðàññìàòðèâàåòñÿ ðåæèì
÷àñòè÷íîé áëîêèðîâêè âõîäÿùåãî ïîòîêà, à â ñòàòüå [8] ïðèìåíÿåòñÿ ãèñòåðåçèñíûé ìåõàíèçì
óïðàâëåíèÿ èíòåíñèâíîñòüþ âõîäÿùåãî ïîòîêà äëÿ ìíîãîêàíàëüíîé ñèñòåìû MX

2 /M/n.

2. ÎÏÈÑÀÍÈÅ ÑÈÑÒÅÌÛ
Ñèñòåìó îáñëóæèâàíèÿ Mθ

2/G/1/m, â êîòîðóþ ïîñòóïàþò äâà íåçàâèñèìûìûõ ïîòîêà ãðóïï
çàÿâîê, ôîðìàëüíî îïèøåì ñëåäóþùèì îáðàçîì. Ïóñòü çàäàíû ïîñëåäîâàòåëüíîñòè ñëó÷àé-
íûõ âåëè÷èí {α1n}, {α2n}, {θn}, {βn}, {β̃n} ( n ≥ 1 ), ãäå αin ïðåäñòàâëÿåò âðåìÿ ìåæäó
ïîñòóïëåíèåì (n − 1)�îé è n�îé ãðóïïû i-ãî ïîòîêà (i = 1, 2), θn � ÷èñëî çàÿâîê â n�îé
ãðóïïå, à βn è β̃n � âðåìÿ îáñëóæèâàíèÿ n�îé çàÿâêè â íîðìàëüíîì ðåæèìå îáñëóæèâàíèÿ
è â ðåæèìå ïîëíîé áëîêèðîâêè ñîîòâåòñòâåííî. Âñå ïåðå÷èñëåííûå âåëè÷èíû íåçàâèñèìû,
ïðè÷¼ì P{αin < x} = 1 − e−λix ( λi > 0; i = 1, 2); P{θn = k} = ak ( k ≥ 1 ),

∞∑
k=1

ak = 1;

P{βn < x} = F (x) ( x ≥ 0 ), F (0) = 0 è P{β̃n < x} = F̃ (x) ( x ≥ 0 ), F̃ (0) = 0. Åñëè
P{θn = 1} = a1 = 1, òî çàÿâêè â ñèñòåìó ïîñòóïàþò ïî îäíîé (îðäèíàðíûé ïîòîê).

Èòàê, ïðîìåæóòêè âðåìåíè ìåæäó ìîìåíòàìè ïîñòóïëåíèÿ ãðóïï çàÿâîê i-ãî ïîòîêà �
íåçàâèñèìûå ñëó÷àéíûå âåëè÷èíû, ðàñïðåäåë¼ííûå ïî ïîêàçàòåëüíîìó çàêîíó ñ ïàðàìåòðîì λi

(i = 1, 2). Â îáùåì ïîòîêå, ÿâëÿþùèìñÿ ñóïåðïîçèöèåé ïîòîêîâ ïåðâîãî è âòîðîãî òèïà, ïðî-
ìåæóòêè âðåìåíè ìåæäó ìîìåíòàìè ïîñòóïëåíèÿ ãðóïï çàÿâîê èìåþò ïîêàçàòåëüíîå ðàñïðå-
äåëåíèå ñ ïàðàìåòðîì λ = λ1 + λ2 [9, c. 83].

Çàÿâêè îáñëóæèâàþòñÿ ïî îäíîé, îáñëóæåííàÿ çàÿâêà ïîêèäàåò ñèñòåìó, à îáñëóæèâàþ-
ùåå óñòðîéñòâî íåìåäëåííî íà÷èíàåò îáñëóæèâàòü çàÿâêó èç î÷åðåäè ïðè å¼ íàëè÷èè èëè æå
æä¼ò ïîñòóïëåíèÿ î÷åðåäíîé ãðóïïû çàÿâîê. Ïðèìåíÿåòñÿ äèñöèïëèíà îáñëóæèâàíèÿ FIFO.
Î÷åðåäü âíóòðè îäíîé ãðóïïû çàÿâîê ìîæåò áûòü îðãàíèçîâàíà ïðîèçâîëüíî, ïîñêîëüêó èçó-
÷àåìûå íàìè õàðàêòåðèñòèêè íå çàâèñÿò îò ñïîñîáà å¼ îðãàíèçàöèè.

Ïóñòü m � ìàêñèìàëüíîå ÷èñëî çàÿâîê, êîòîðûå îäíîâðåìåííî ìîãóò íàõîäèòüñÿ â î÷åðåäè.
Èòàê, åñëè â ñèñòåìó, â êîòîðîé óæå íàõîäèòñÿ k ∈ [0, m + 1] çàÿâîê, ïîñòóïàåò ãðóïïà èç θn

çàÿâîê, òî òîëüêî min{θn, m+1−k} èç íèõ ïðèñîåäèíÿþòñÿ ê î÷åðåäè, à îñòàëüíûå òåðÿþòñÿ.
Èñïîëüçóþòñÿ òðè ðåæèìà óïðàâëåíèÿ èíòåíñèâíîñòüþ âõîäÿùåãî ïîòîêà: íîðìàëüíûé,

ðåæèì ÷àñòè÷íîé áëîêèðîâêè è ðåæèì ïîëíîé áëîêèðîâêè. Â íîðìàëüíîì ðåæèìå â ñèñòå-
ìó äîïóñêàþòñÿ çàÿâêè ïåðâîãî è âòîðîãî ïîòîêîâ, à ôóíêöèÿ ðàñïðåäåëåíèÿ äëèòåëüíîñòè
îáñëóæèâàíèÿ êàæäîé çàÿâêè ðàâíà F (x). Â ðåæèìå ÷àñòè÷íîé áëîêèðîâêè ïðåêðàùàåòñÿ
ïðè¼ì çàÿâîê âòîðîãî ïîòîêà, òî åñòü ïðèíèìàþòñÿ ëèøü çàÿâêè ïåðâîãî ïîòîêà, à ðàñïðåäå-
ëåíèå äëèòåëüíîñòè îáñëóæèâàíèÿ íå èçìåíÿåòñÿ. Â ðåæèìå ïîëíîé áëîêèðîâêè ïðåêðàùàåòñÿ
ïðè¼ì âñåõ çàÿâîê, à äëèòåëüíîñòü îáñëóæèâàâíèÿ çàÿâêè ðàñïðåäåëåíà ïî çàêîíó F̃ (x).

Îïèøåì ìåõàíèçì ïåðåêëþ÷åíèÿ ðåæèìîâ. Ïóñòü h � çàäàííîå ÷èñëî (2 ≤ h ≤ m − 2),
ξ(t) � ÷èñëî çàÿâîê â ñèñòåìå â ìîìåíò âðåìåíè t, à tb � ìîìåíò íà÷àëà îáñëóæèâàíèÿ çà-
ÿâêè. Åñëè ξ(tb) ≤ h, òî âî âðåìÿ îáñëóæèâàíèÿ äàííîé çàÿâêè ïðèìåíÿåòñÿ íîðìàëüíûé
ðåæèì ðàáîòû ñèñòåìû. Ïåðåêëþ÷åíèå íà ðåæèì ÷àñòè÷íîé áëîêèðîâêè îñóùåñòâëÿåòñÿ â
ìîìåíò tb íà÷àëà îáñëóæèâàíèÿ òîé ïåðâîé çàÿâêè, äëÿ êîòîðîé âûïîëíÿþòñÿ íåðàâåíñòâà
h + 1 ≤ ξ(tb) ≤ m. Ðåæèì ïîëíîé áëîêèðîâêè âêëþ÷àåòñÿ ñ ìîìåíòà äîñòèæåíèÿ äëèíû î÷å-
ðåäè ÷èñëà m è äëèòñÿ äî ìîìåíòà tb íà÷àëà îáñëóæèâàíèÿ òîé çàÿâêè, äëÿ êîòîðîé âûïîë-
íèòñÿ ðàâåíñòâî ξ(tb) = h. Ïåðåêëþ÷åíèå íà ðåæèì îáñëóæèâàíèÿ ñ ôóíêöèåé ðàñïðåäåëåíèÿ
äëèòåëüíîñòè îáñëóæèâàíèÿ F̃ (x) îñóùåñòâëÿåòñÿ íå â ìîìåíò íà÷àëà ôóíêöèîíèðîâàíèÿ ðå-
æèìà ïîëíîé áëîêèðîâêè, à â ìîìåíò íà÷àëà îáñëóæèâàíèÿ ïåðâîé çàÿâêè âî âðåìÿ äåéñòâèÿ
ýòîãî ðåæèìà.
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Îãðàíè÷åíèÿ 2 ≤ h ≤ m − 2 ââåäåíû òîëüêî äëÿ òîãî, ÷òîáû íå ðàññìàòðèâàòü ñëó÷àè,
ðàñ÷¼òíûå ôîðìóëû äëÿ êîòîðûõ íåñêîëüêî îòëè÷àþòñÿ îò ïðèâîäèìûõ íèæå, è íèñêîëüêî íå
óìàëÿþò îáùíîñòè ïîëó÷åííûõ ðåçóëüòàòîâ.

Äëÿ èññëåäîâàíèÿ âåðîÿòíîñòíûõ õàðàêòåðèñòèê îïèñàííîé ñèñòåìû îáñëóæèâàíèÿ ìû ïðè-
ìåíÿåì ïîäõîä, áàçèðóþùèéñÿ íà ìåòîäå ïîòåíöèàëà Â.Ñ. Êîðîëþêà [10], êîòîðûé ðàíåå èñ-
ïîëüçîâàëñÿ íàìè, â ÷àñòíîñòè, â ðàáîòàõ [5, 6, 11].

3. ÎÑÍÎÂÍÛÅ ÎÁÎÇÍÀ×ÅÍÈß È ÂÑÏÎÌÎÃÀÒÅËÜÍÛÅ ÐÅÇÓËÜÒÀÒÛ

Îáîçíà÷èì ÷åðåç Pn óñëîâíóþ âåðîÿòíîñòü ïðè óñëîâèè, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè â
ñèñòåìå ïðåáûâàåò n ≥ 0 çàÿâîê, è ÷åðåç E (P) óñëîâíîå ìàòåìàòè÷åñêîå îæèäàíèå (óñëîâíóþ
âåðîÿòíîñòü) ïðè óñëîâèè, ÷òî ñèñòåìà íà÷èíàåò ðàáîòàòü â ìîìåíò ïðèáûòèÿ ïåðâîé ãðóïïû
çàÿâîê. Áóäåì èñïîëüçîâàòü ñëåäóþùèå îáîçíà÷åíèÿ: η(x, λ) � ÷èñëî çàÿâîê, ïîñòóïèâøèõ â
ñèñòåìó íà îòðåçêå âðåìåíè [0; x) ïðè óñëîâèè, ÷òî ïðîìåæóòêè âðåìåíè ìåæäó ìîìåíòàìè
ïîñòóïëåíèÿ ãðóïï çàÿâîê ïîêàçàòåëüíî ðàñïðåäåëåíû ñ ïàðàìåòðîì λ; ak∗

i � k�êðàòíàÿ
ñâ¼ðòêà ïîñëåäîâàòåëüíîñòè ai; a(s, z) = s + λ

(
1− α(z)

)
; a1(s, z) = s + λ1

(
1− α(z)

)
. Ïóñòü

f(s) =

∞∫

0

e−sxdF (x), f̃(s) =

∞∫

0

e−sxdF̃ (x);

M =

∞∫

0

x dF (x) < ∞; M̃ =

∞∫

0

x dF̃ (x) < ∞; ea =
∞∑

k=1

kak < ∞;

F (x) = 1− F (x), F̃ (x) = 1− F̃ (x); α(z) =
∞∑

k=0

zkak;

an =
∞∑

k=n

ak, pn(s) =
∞∑

k=n

pk(s), qn(s) =
∞∑

k=n

qk(s).

Çàäàäèì ïîñëåäîâàòåëüíîñòè pi(s), p1i(s) (Re s ≥ 0) â âèäå

pi(s) =
1

f(s)

∞∫

0

e−sx P{η(x, λ) = i + 1} dF (x) =
1

f(s)

i+1∑

k=0

ak∗
i+1

∞∫

0

e−(λ+s)x (λx)k

k!
dF (x);

p1i(s) =
1

f(s)

∞∫

0

e−sx P{η(x, λ1) = i + 1} dF (x)

=
1

f(s)

i+1∑

k=0

ak∗
i+1

∞∫

0

e−(λ1+s)x (λ1x)k

k!
dF (x), i ≥ −1.

(1)

Ïîñëåäîâàòåëüíîñòè ôóíêöèé Rk(s) è R1k(s) (k ≥ 1) îïðåäåëèì ðàâåíñòâàìè

∞∑

k=1

zkRk(s) =
z

f
(
a(s, z)

)− z
, |z| < ν(s);

∞∑

k=1

zkR1k(s) =
z

f
(
a1(s, z)

)− z
, |z| < ν1(s), (2)

ãäå ν(s) è ν1(s) � åäèíñòâåííûå íà ïðîìåæóòêå [0; 1] êîðíè óðàâíåíèé f
(
a(s, z)

)
= z è f

(
a1(s, z)

)
= z

ñîîòâåòñòâåííî.
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Ïîñëåäîâàòåëüíîñòè qi(s), q1i(s) (i ≥ 0) çàäàäèì â âèäå

qi(s) =

∞∫

0

e−sx P{η(x, λ) = i }F (x) dx =
i∑

k=0

ak∗
i

∞∫

0

e−(λ+s)x (λx)k

k!
F (x) dx;

q1i(s) =

∞∫

0

e−sx P{η(x, λ1) = i }F (x) dx =
i∑

k=0

ak∗
i

∞∫

0

e−(λ1+s)x (λ1x)k

k!
F (x) dx.

(3)

Ââåäÿ îáîçíà÷åíèÿ

pi = lim
s→+0

pi(s), Ri = lim
s→+0

Ri(s), qi = lim
s→+0

qi(s),

p1i = lim
s→+0

p1i(s), R1i = lim
s→+0

R1i(s), q1i = lim
s→+0

q1i(s),
(4)

ñ ïîìîùüþ ðàâåíñòâ (1)�(4) ïîëó÷èì ñîîòíîøåíèÿ:

pi =
i+1∑

k=0

ak∗
i+1

∞∫

0

e−λx (λx)k

k!
dF (x), p1i =

i+1∑

k=0

ak∗
i+1

∞∫

0

e−λ1x (λ1x)k

k!
dF (x), i ≥ −1;

R1 =
1

p−1
, Rk+1 =

1
p−1

(
Rk −

k−1∑

i=0

piRk−i

)
, k ≥ 1;

R1,1 =
1

p1,−1
, R1,k+1 =

1
p1,−1

(
R1k −

k−1∑

i=0

p1iR1,k−i

)
, k ≥ 1;

q0 =
1− f(λ)

λ
, qk =

k∑

i=1

aiqk−i − pk−1

λ
, k ≥ 1;

q1,0 =
1− f(λ1)

λ1
, q1k =

k∑

i=1

aiq1,k−i −
p1,k−1

λ1
, k ≥ 1.

(5)

4. ÐÀÑÏÐÅÄÅËÅÍÈÅ ×ÈÑËÀ ÇÀßÂÎÊ Â ÑÈÑÒÅÌÅ ÍÀ ÏÅÐÈÎÄÅ ÇÀÍßÒÎÑÒÈ

Ïóñòü τ(m) = inf{ t ≥ 0 : ξ(t) = 0 } îáîçíà÷àåò ïåðâûé ïåðèîä çàíÿòîñòè äëÿ ðàññìàòðèâà-
åìîé ñèñòåìû îáñëóæèâàíèÿ è

ϕn(t, k) = Pn{ ξ(t) = k, τ(m) > t }, 1 ≤ n, k ≤ m + 1,

Φn(s, k) =

∞∫

0

e−stϕn(t, k) dt, Re s > 0.

Ââåä¼ì îáîçíà÷åíèÿ:

gn(s, k) = g(s, k)pm−n(s) + qk−n(s) + I{k = m + 1}qm−n+2(s),
g1n(s, k) = g(s, k)p1,m−n(s) + q1,k−n(s) + I{k = m + 1}q1,m−n+2(s),

g(s, k) = I{h + 1 ≤ k ≤ m}f(s)f̃m−k(s)
1− f̃(s)

s
.
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Çäåñü I{A} ðàâíî 1 ëèáî 0, â çàâèñèìîñòè îò òîãî, ñîñòîÿëîñü ñîáûòèå A èëè íåò. Ïóñòü òàêæå

Ln(s) = ph−n(s) + f̃m−h(s)pm−n(s)− f(s)f̃m−h(s)
m−1−n∑

i=h+1−n

pi(s)
m−n−i∑

j=1

R1,j(s)p1,m−n−i−j(s);

∆h(s, k) =
h∑

i=1

Ri(s)
(

gi(s, k) + f(s)
m−1−i∑

j=h+1−i

pj(s)
(

R−1
1,m−h(s)R1,m−i−j(s)

×
m−h∑

l=1

R1l(s)g1,h+l(s, k)−
m−i−j∑

l=1

R1l(s)g1,i+j+l(s, k)
))

;

∆(s) = Rh(s)− f(s)
h∑

i=1

Ri(s)Li(s)− f(s)R−1
1,m−h(s)

h∑

i=1

Ri(s)

×
m−1−i∑

j=h+1−i

pj(s)R1,m−i−j(s)
(

1 + f(s)f̃m−h(s)
m−h∑

i=1

R1i(s)p1,m−h−i(s)
)

.

Òåîðåìà 1. Äëÿ 1 ≤ k ≤ m + 1 è Re s > 0 âûïîëíåíû ðàâåíñòâà
∞∫

0

e−st Pn{ ξ(t) = k, τ(m) > t } dt =
(

Rh−n(s)− f(s)
h−n∑

i=1

Ri(s)Ln+i(s)
)

Φh(s, k)

−
h−n∑

i=1

Ri(s)
(

f(s)
m−1−n−i∑

j=h+1−n−i

pj(s)
(
Φm(s, k)R1,m−n−i−j(s)

−
m−n−i−j∑

l=1

R1l(s)g1,n+i+j+l(s, k)
)

+ gn+i(s, k)
)

, 1 ≤ n ≤ h− 1;

∞∫

0

e−st Pn{ ξ(t) = k, τ(m) > t } dt = R1,m−n(s)Φm(s, k)− f(s)f̃m−h(s)Φh(s, k)

×
m−n∑

i=1

R1i(s)p1,m−n−i(s)−
m−n∑

i=1

R1i(s)g1,n+i(s, k), h + 1 ≤ n ≤ m− 1,

(6)

ãäå

Φh(s, k) =
∆h(s, k)

∆(s)
, Φm(s, k) =

1
R1,m−h(s)

((
1 + f(s)f̃m−h(s)

×
m−h∑

i=1

R1i(s)p1,m−h−i(s)
)

Φh(s, k) +
m−h∑

i=1

R1i(s)g1,h+i(s, k)
)

.

(7)

Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî ϕ0(t, k) = 0. Èñïîëüçóÿ ôîðìóëó ïîëíîé âåðîÿòíîñòè, äëÿ
1 ≤ n ≤ m ïîëó÷èì ñîîòíîøåíèÿ

ϕn(t, k) =
m−n∑

i=0

t∫

0

P{η(x, λ(n)) = i }ϕn+i−1(t− x, k) dF (x)

+

t∫

0

P{η(x, λ(n)) ≥ m + 1− n }
t−x∫

0

P
{m−h∑

i=1

β̃i ∈ dv

}
ϕh(t− x− v, k) dF (x)
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+I{h + 1 ≤ k ≤ m}
t∫

0

P{η(x, λ(n)) ≥ m + 1− n }P
{m−k∑

i=1

β̃i < t− x ≤
m+1−k∑

i=1

β̃i

}
dF (x)

+
(
P{η(t, λ(n)) = k − n }+ I{k = m + 1}P{η(t, λ(n)) ≥ m + 2− n })F (t),

(8)

ãäå

λ(n) =

{
λ, 1 ≤ n ≤ h;
λ1, h + 1 ≤ n ≤ m.

Îáúÿñíèì âåðîÿòíîñòíûé ñìûñë ñëàãàåìûõ â ïðàâûõ ÷àñòÿõ ðàâåíñòâ (8). Ïåðâîå ñëàãàåìîå
ñîîòâåòñòâóåò ñèòóàöèè, êîãäà ïåðâîå îáñëóæèâàíèå çàâåðøèëîñü êî âðåìåíè t (âêëþ÷àÿ t), è
çà âðåìÿ îáñëóæèâàíèÿ ïåðâîé çàÿâêè äëèíà î÷åðåäû íå ïðåâûñèëà m− 1. Âòîðîå ñëàãàåìîå
ñîîòâåòñòâóåò ñèòóàöèè, â êîòîðîé ïåðâîå îáñëóæèâàíèå çàâåðøèëîñü äî ìîìåíòà t, è çà âðåìÿ
îáñëóæèâàíèÿ ïåðâîé çàÿâêè äëèíà î÷åðåäû äîñòèãëà m, íî ïîñëå çàâåðøåíèÿ îáñëóæèâàíèÿ
ïåðâîé çàÿâêè (â ìîìåíò x) äëèíà î÷åðåäè äîñòèãëà çíà÷åíèÿ h− 1 ïåðåä ìîìåíòîì t. Òðåòüå
ñëàãàåìîå ñîîòâåòñòâóåò ñèòóàöèè, â êîòîðîé ïåðâîå îáñëóæèâàíèå çàâåðøèëîñü äî ìîìåíòà
t, è çà âðåìÿ îáñëóæèâàíèÿ ïåðâîé çàÿâêè äëèíà î÷åðåäû äîñòèãëà m, à ïîñëå çàâåðøåíèÿ
îáñëóæèâàíèÿ ïåðâîé çàÿâêè äëèíà î÷åðåäè íå óìåíüøèëàñü äî çíà÷åíèÿ h− 1 ïåðåä ìîìåí-
òîì t.

Ïîñëåäíåå ñëàãàåìîå â (8) ñîîòâåòñòâóåò ñèòóàöèè, â êîòîðîé ïåðâîå îáñëóæèâàíèå çàâåðøè-
ëîñü ïîñëå âðåìåíè t. Äëÿ òîãî, ÷òîáû ýòî ñëàãàåìîå íå ðàíÿëîñü íóëþ, íåîáõîäèìî, âî-ïåðâûõ,
÷òîáû âûïîëíÿëîñü óñëîâèå k ≥ n, è, âî-âòîðûõ, åñëè n ≤ k ≤ m, òî íà ïðîìåæóòêå [0; t] ïî-
ñòóïÿò òîëüêî k − n çàÿâîê, à åñëè k = m + 1, òî íà ïðîìåæóòêå [0; t] ìîæåò ïîñòóïèòü íå
ìåíåå m + 1− n çàÿâîê.

Ïåðåéäÿ â ðàâåíñòâàõ (8) ê ïðåîáðàçîâàíèÿì Ëàïëàñà, ñ ïîìîùüþ ñîîòíîøåíèé (1)�(3)
ïîëó÷àåì ñèñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ ôóíêöèé Φn(s, k) (1 ≤ n ≤ m)

Φn(s, k) = f(s)
m−n−1∑

i=−1

pi(s)Φn+i(s, k) + f(s)f̃m−h(s)pm−n(s)Φh(s, k) + gn(s, k), 1 ≤ n ≤ h; (9)

Φn(s, k) = f(s)
m−n−1∑

i=−1

p1i(s)Φn+i(s, k)

+ f(s)f̃m−h(s)p1,m−n(s)Φh(s, k) + g1n(s, k), h + 1 ≤ n ≤ m,

(10)

ñ ãðàíè÷íûì óñëîâèåì

Φ0(s, k) = 0. (11)

Èñïîëüçóÿ ëåììó 1 ðàáîòû [6], ðåøåíèÿ ñèñòåìû óðàâíåíèé (10) ïðåäñòàâèì â âèäå

Φn(s, k) = R1,m−n(s)Φm(s, k)− f(s)f̃m−h(s)Φh(s, k)
m−n∑

i=1

R1i(s)p1,m−n−i(s)

−
m−n∑

i=1

R1i(s)g1,n+i(s, k), h ≤ n ≤ m− 1.

(12)
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Ñ ïîìîùüþ ðàâåíñòâ (12) óðàâíåíèÿ (9) ïðèâîäèì ê âèäó

Φn(s, k) = f(s)
h−n−1∑

i=−1

pi(s)Φn+i(s, k) + f(s)Ln(s)Φh(s, k) + f(s)
m−1−n∑

i=h+1−n

pi(s)

×
(

Φm(s, k)R1,m−n−i(s)−
m−n−i∑

j=1

R1,j(s)g1,n+i+j(s, k)
)

+ gn(s, k), 1 ≤ n ≤ h,

ïîçâîëÿþùåìó ñíîâà ïðèìåíèòü ëåììó 1 [6] è íàéòè ðåøåíèÿ ýòîé ñèñòåìû:

Φn(s, k) =
(

Rh−n(s)− f(s)
h−n∑

i=1

Ri(s)Ln+i(s)
)

Φh(s, k)−
h−n∑

i=1

Ri(s)
(

f(s)
m−1−n−i∑

j=h+1−n−i

pj(s)

×
(
Φm(s, k)R1,m−n−i−j(s)−

m−n−i−j∑

l=1

R1l(s)g1,n+i+j+l(s, k)
)

+ gn+i(s, k)
)

, 0 ≤ n ≤ h− 1.

(13)

Ïîëîæèâ â (12) n = h, à â (13) n = 0, ñ ó÷¼òîì óñëîâèÿ (11) ïîëó÷èì ñèñòåìó äâóõ ëèíåéíûõ
óðàâíåíèé äëÿ îïåðåäåëåíèÿ Φh(s, k) è Φm(s, k) :

(
1 + f(s)f̃m−h(s)

m−h∑

i=1

R1i(s)p1,m−h−i(s)
)

Φh(s, k)

−R1,m−h(s)Φm(s, k) = −
m−h∑

i=1

R1i(s)g1,h+i(s, k);

(
Rh(s)− f(s)

h∑

i=1

Ri(s)Li(s)
)

Φh(s, k)− f(s)Φm(s, k)
h∑

i=1

Ri(s)
m−1−i∑

j=h+1−i

pj(s)R1,m−i−j(s)

= −f(s)
h∑

i=1

Ri(s)
m−1−i∑

j=h+1−i

pj(s)
m−i−j∑

l=1

R1l(s)g1,i+j+l(s, k) +
h∑

i=1

Ri(s)gi(s, k).

Å¼ ðåøåíèÿ îïðåäåëÿþòñÿ â âèäå (7), à ðàâåíñòâà (6) âûòåêàþò èç ñîîòíîøåíèé (12) è (13).
Òåîðåìà äîêàçàíà. ¤

5. ÏÅÐÈÎÄ ÇÀÍßÒÎÑÒÈ È ÑÒÀÖÈÎÍÀÐÍÎÅ ÐÀÑÏÐÅÄÅËÅÍÈÅ
Åñëè ñèñòåìà íà÷èíàåò ðàáîòàòü â ìîìåíò ïîñòóïëåíèÿ ïåðâîé ãðóïïû çàÿâîê, òî

∞∫

0

e−st P{ ξ(t) = k, τ(m) > t } dt =
m∑

n=1

anΦn(s, k) + am+1Φm+1(s, k). (14)

Ïîñòàâèâ öåëü ïîëó÷åíèÿ âûðàæåíèÿ äëÿ Φm+1(s, k), ïî ôîðìóëå ïîëíîé âåðîÿòíîñòè íàéä¼ì
ϕm+1(t, k) :

ϕm+1(t, k) =

t∫

0

t−x∫

0

P
{m−h∑

i=1

β̃i ∈ dv

}
ϕh(t− x− v, k) dF̃ (x)

+I{h + 1 ≤ k ≤ m}
t∫

0

P
{m−k∑

i=1

β̃i < t− x ≤
m+1−k∑

i=1

β̃i

}
dF̃ (x) + I{k = m + 1}F̃ (t).
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Ïðåîáðàçîâàíèå Ëàïëàñà îò ϕm+1(t, k) ïðåäñòàâëÿåòñÿ â âèäå

Φm+1(s, k) = f̃m−h+1(s)Φh(s, k) + I{h + 1 ≤ k ≤ m + 1}f̃m−k+1(s)
1− f̃(s)

s
. (15)

Èñïîëüçóÿ ñîîòíîøåíèÿ (12), (13) è (15), ìîæåì ïîäðîáíî ðàñïèñàòü ðàâåíñòâî (14)

∞∫

0

e−st P{ ξ(t) = k, τ(m) > t } dt =
( h−1∑

n=1

an

(
Rh−n(s)− f(s)

h−n∑

i=1

Ri(s)Ln+i(s)
)

+ ah

− f(s)f̃m−h(s)
m−1∑

n=h+1

an

m−n∑

i=1

R1i(s)p1,m−n−i(s) + am+1f̃
m+1−h(s)

)
Φh(s, k)

−A(s)Φm(s, k) +
h−1∑

n=1

an

h−n∑

i=1

Ri(s)
(

f(s)
m−1−n−i∑

j=h+1−n−i

pj(s)

×
m−n−i−j∑

l=1

R1l(s)g1,n+i+j+l(s, k)− gn+i(s, k)
)
−

m−1∑

n=h+1

an

m−n∑

i=1

R1i(s)g1,n+i(s, k)

+ am+1I{h + 1 ≤ k ≤ m + 1}f̃m−k+1(s)
1− f̃(s)

s
,

(16)

ãäå

A(s) = f(s)
h−1∑

n=1

an

h−n∑

i=1

Ri(s)
m−1−n−i∑

j=h+1−n−i

pj(s)R1,m−n−i−j(s)−
m−1∑

n=h+1

anR1,m−n(s)− am.

Äëÿ îïðåäåëåíèÿ
∞∫
0

e−st P{ τ(m) > t } dt íåîáõîäèìî ïåðåéòè â ðàâåíñòâå (16) ê ñóììèðîâà-
íèþ ïî k îò 1 äî m + 1. Óáåäèâøèñü, ÷òî

gn(s) =
m+1∑

k=1

gn(s, k) = f(s)
1− f̃m−h(s)

s
pm−n(s) +

1− f(s)
s

;

g1n(s) =
m+1∑

k=1

g1n(s, k) = f(s)
1− f̃m−h(s)

s
p1,m−n(s) +

1− f(s)
s

;

∆h(s) =
m+1∑

k=1

∆h(s, k) =
h∑

i=1

Ri(s)
(

gi(s) + f(s)
m−1−i∑

j=h+1−i

pj(s)
(

R−1
1,m−h(s)R1,m−i−j(s)

×
m−h∑

l=1

R1l(s)g1,h+l(s)−
m−i−j∑

l=1

R1l(s)g1,i+j+l(s)
))

; Φh(s) =
m+1∑

k=1

Φh(s, k) =
∆h(s)
∆(s)

;

Φm(s) =
m+1∑

k=1

Φm(s, k) =
1

R1,m−h(s)

((
1 + f(s)f̃m−h(s)

m−h∑

i=1

R1i(s)p1,m−h−i(s)
)

Φh(s)

+
m−h∑

i=1

R1i(s)g1,h+i(s)
)

,
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èç (16) ïîëó÷àåì âûðàæåíèå äëÿ ïðåîáðàçîâàíèÿ Ëàïëàñà îò ôóíêöèè ðàñïðåäåëåíèÿ ïåðèîäà
çàíÿòîñòè

∞∫

0

e−st P{ τ(m) > t } dt =
( h−1∑

n=1

an

(
Rh−n(s)− f(s)

h−n∑

i=1

Ri(s)Ln+i(s)
)

+ ah

− f(s)f̃m−h(s)
m−1∑

n=h+1

an

m−n∑

i=1

R1i(s)p1,m−n−i(s) + am+1f̃
m+1−h(s)

)
Φh(s)

−A(s)Φm(s) +
h−1∑

n=1

an

h−n∑

i=1

Ri(s)
(

f(s)
m−1−n−i∑

j=h+1−n−i

pj(s)

×
m−n−i−j∑

l=1

R1l(s)g1,n+i+j+l(s)− gn+i(s)
)
−

m−1∑

n=h+1

an

m−n∑

i=1

R1i(s)g1,n+i(s)

+ am+1
1− f̃m+1−h(s)

s
.

(17)

Ïåðåéäÿ â ðàâåíñòâå (17) ê ïðåäåëó ïðè s → +0, ïîëó÷èì âûðàæåíèå äëÿ ñðåäíåé ïðî-
äîëæèòåëüíîñòè ïåðèîäà çàíÿòîñòè èçó÷àåìîé ñèñòåìû îáñëóæèâàíèÿ. Äëÿ âû÷èñëåíèÿ ýòîãî
ïðåäåëà èñïîëüçóåì ïîñëåäîâàòåëüíîñòè, îïðåäåë¼ííûå ðàâåíñòâàìè (4), (5), è ó÷ò¼ì ïðåäåëü-
íûå ñîîòíîøåíèÿ

lim
s→+0

1− f(s)
s

= M ; lim
s→+0

1− f̃n(s)
s

= nM̃ (n ≥ 1); lim
s→+0

∆(s) = 1;

lim
s→+0

gn(s) = M + (m− h)M̃pm−n; lim
s→+0

g1n(s) = M + (m− h)M̃p1,m−n;

A = lim
s→+0

A(s) =
h−1∑

n=1

an

h−n∑

i=1

Ri

m−1−n−i∑

j=h+1−n−i

pjR1,m−n−i−j −
m−1∑

n=h+1

anR1,m−n − am .

Òàêèì îáðàçîì, äîêàçàíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ñðåäíÿÿ ïðîäîëæèòåëüíîñòü ïåðèîäà çàíÿòîñòè ñèñòåìû îïðåäåëÿåòñÿ
â âèäå

E τ(m) =
h∑

i=1

Ri

(
M + (m− h)M̃pm−i + R−1

1,m−h

m−1−i∑

j=h+1−i

pj

(
M

(
R1,m−i−j

m−h−1∑

l=1

R1l

−R1,m−h

m−i−j−1∑

l=1

R1l

)
+ (m− h)M̃(R1,m−h −R1,m−i−j)

))

− ChAR−1
1,m−h +

h−1∑

n=1

an

h−n∑

i=1

Ri

( m−1−n−i∑

j=h+1−n−i

pjCn+i+j −M − (m− h)M̃pm−n−i

)

−
m−1∑

n=h+1

anCn + (m + 1− h)M̃am+1,

(18)

ãäå

Cn = M
m−n∑

i=1

R1i + (m− h)M̃(R1,m−n − 1).

ÈÍÔÎÐÌÀÖÈÎÍÍÛÅ ÏÐÎÖÅÑÑÛ ÒÎÌ 14 � 1 2014



ÕÀÐÀÊÒÅÐÈÑÒÈÊÈ ÑÈÑÒÅÌÛ Mθ
2/G/1/m Ñ ÏÎÐÎÃÎÂÛÌ ÓÏÐÀÂËÅÍÈÅÌ 73

Ðàññóæäàÿ òàê æå, êàê â ðàáîòå [11, c. 169�170] è ïîëüçóÿñü óçëîâîé òåîðåìîé âîññòàíîâëå-
íèÿ [12, c. 46], ïðèõîäèì ê ðàâåíñòâàì

lim
t→∞P{ ξ(t) = k } =

λ

1 + λE τ(m)

∞∫

0

P{ ξ(u) = k, τ(m) ≥ u } du, 1 ≤ k ≤ m + 1;

lim
t→∞P{ ξ(t) = 0 } =

λ

1 + λE τ(m)

∞∫

0

P{ τ(m) < u, τ(m) + ξ1 ≥ u } du.

(19)

Ïîñêîëüêó P{ τ(m) < u, τ(m) + ξ1 ≥ u } = P{ τ(m) + ξ1 ≥ u } −P{ τ(m) ≥ u }, òî

∞∫

0

P{ τ(m) < u, τ(m) + ξ1 ≥ u } du =
1
λ

. (20)

Ïåðåéäÿ â ðàâåíñòâå (16) ê ïðåäåëó ïðè s → +0, ïîëó÷èì ñîîòíîøåíèå

∞∫

0

P{ ξ(t) = k, τ(m) > t } dt = δh(k)−AR−1
1,m−h

m−h∑

i=1

R1i G1,h+i(k) +
h−1∑

n=1

an

h−n∑

i=1

Ri

×
( m−1−n−i∑

j=h+1−n−i

pj

m−n−i−j∑

l=1

R1l G1,n+i+j+l(k)−Gn+i(k)
)
−

m−1∑

n=h+1

an

m−n∑

i=1

R1i G1,n+i(k)

+ M̃am+1I{h + 1 ≤ k ≤ m + 1},

(21)

ãäå

δh(k) =
h∑

i=1

Ri

(
Gi(k) +

m−1−i∑

j=h+1−i

pj

(
R−1

1,m−hR1,m−i−j

m−h∑

l=1

R1lG1,h+l(k)

−
m−i−j∑

l=1

R1lG1,i+j+l(k)
))

;

Gi(k) = qk−i + I{h + 1 ≤ k ≤ m}M̃pm−i + I{k = m + 1}qm+2−i;

G1i(k) = q1,k−i + I{h + 1 ≤ k ≤ m}M̃p1,m−i + I{k = m + 1}q1,m+2−i.

Ââåä¼ì îáîçíà÷åíèÿ: ρk(m) = lim
t→∞P{ ξ(t) = k }, 0 ≤ k ≤ m + 1;

Bn(k) =
h−n∑

i=1

RiGn+i(k) =
h−n∑

i=1

Riqk−n−i + M̃
h−n∑

i=1

Ripm−n−i ;

Dn(k) =
m−n∑

i=1

R1iG1,n+i(k) =
k−n∑

i=1

R1iq1,k−n−i + M̃(R1,m−n − 1).

Ó÷èòûâàÿ ñîîòíîøåíèÿ (19), (20) è ðàâåíñòâî
n∑

i=1
R1ip1,n−i = R1n − 1, ñëåäóþùåå èç (5), ñ ïî-

ìîùüþ (21) ïîëó÷àåì ñëåäóþùåå óòâåðæäåíèå.

ÈÍÔÎÐÌÀÖÈÎÍÍÛÅ ÏÐÎÖÅÑÑÛ ÒÎÌ 14 � 1 2014



74 Þ.Â.ÆÅÐÍÎÂÛÉ, Ê.Þ.ÆÅÐÍÎÂÛÉ

Òåîðåìà 3. Ñòàöèîíàðíîå ðàñïðåäåëåíèå ÷èñëà çàÿâîê â ñèñòåìå îïðåäåëÿåòñÿ â âèäå:

ρ0(m) =
1

1 + λE τ(m)
;

ρk(m) = λρ0(m)
( k∑

i=1

Riqk−i −
k−1∑

n=1

an

k−n∑

i=1

Riqk−n−i

)
, 1 ≤ k ≤ h;

ρk(m) = λρ0(m)
(

B0(k)−
h−1∑

n=1

anBn(k) +
h∑

i=1

Ri

m−1−i∑

j=h+1−i

pj

(
R−1

1,m−hR1,m−i−jDh(k)

−Di+j(k)
)−AR−1

1,m−hDh(k) +
h−1∑

n=1

an

h−n∑

i=1

Ri

m−1−n−i∑

j=h+1−n−i

pjDn+i+j(k)

−
m−1∑

n=h+1

anDn(k) + M̃am+1

)
, h + 1 ≤ k ≤ m;

ρm+1(m) = λρ0(m)
( h∑

i=1

Ri

(
qm+1−i +

m−1−i∑

j=h+1−i

pj

(
R−1

1,m−hR1,m−i−j

m−h∑

l=1

R1l q1,m+1−h−l

−
m−i−j∑

l=1

R1l q1,m+1−i−j−l

))
−

m−1∑

n=h+1

an

m−n∑

i=1

R1i q1,m+1−n−i

−AR−1
1,m−h

m−h∑

i=1

R1i q1,m+1−h−i + M̃am+1

+
h−1∑

n=1

an

h−n∑

i=1

Ri

( m−1−n−i∑

j=h+1−n−i

pj

m−n−i−j∑

l=1

R1l q1,m+1−n−i−j−l − qm+1−n−i

))
.

(22)

6. ÎÏÐÅÄÅËÅÍÈÅ ÑÒÀÖÈÎÍÀÐÍÛÕ ÕÀÐÀÊÒÅÐÈÑÒÈÊ

Ïîëüçóÿñü ðàâåíñòâîì (18), âûðàæåíèå äëÿ ñðåäíåé ïðîäîëæèòåëüíîñòè ïåðèîäà çàíÿòîñòè
ìîæíî ïðåäñòàâèòü â âèäå E τ(m) = MT (m) + M̃T̃ (m). Òîãäà ñðåäíåå âðåìÿ îáñëóæèâàíèÿ
îäíîé çàÿâêè íàéä¼ì ïî ôîðìóëå

M =
E τ(m)

T (m) + T̃ (m)
.

Ôîðìóëó äëÿ âåðîÿòíîñòè îáñëóæèâàíèÿ Psv(m) ïîëó÷èì êàê îòíîøåíèå ñðåäíåãî ÷èñëà
îáñëóæåííûõ çàÿâîê ê ñðåäíåìó ÷èñëó ïðèáûâøèõ çà åäèíèöó âðåìåíè

Psv(m) =

(
1− ρ0(m)

)(
T (m) + T̃ (m)

)

λeaE τ(m)
=

ρ0(m)
(
T (m) + T̃ (m)

)

ea
. (23)

Ñòàöèîíàðíûå õàðàêòåðèñòèêè î÷åðåäè � ñðåäíþþ äëèíó î÷åðåäè EQ(m) è ñðåäíåå âðåìÿ
îæèäàíèÿ îáñëóæèâàíèÿ Ew(m) íàõîäèì ïî ôîðìóëàì

EQ(m) =
m∑

k=1

kρk+1(m); Ew(m) =
EQ(m)

λeaPsv(m)
. (24)
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7. ÏÐÈÌÅÐ ÂÛ×ÈÑËÅÍÈß ÑÒÀÖÈÎÍÀÐÍÎÃÎ ÐÀÑÏÐÅÄÅËÅÍÈß
È ÕÀÐÀÊÒÅÐÈÑÒÈÊ ÑÈÑÒÅÌÛ

Ïðåäïîëîæèì, ÷òî m = 9, h = 5, çàÿâêè ìîãóò ïðèáûâàòü òîëüêî ïî îäíîé èëè ïî äâå
(a1 = 0, 75, a2 = 0, 25), λ1 = λ2 = 1, âðåìÿ îáñëóæèâàíèÿ â íîðìàëüíîì ðåæèìå ðàâíîìåðíî
ðàñïðåäåëåíî íà îòðåçêå [1/3; 1] ñî ñðåäíèì çíà÷åíèåì M = 2/3, à ðàñïðåäåëåíèå âðåìåíè
îáñëóæèâàíèÿ äëÿ ðåæèìà ïîëíîé áëîêèðîâêè ïðîèçâîëüíî ñî ñðåäíèì çíà÷åíèåì M̃ = 1/3.
Òîãäà ñðåäíÿÿ ïðîäîëæèòåëüíîñòü ïåðèîäà çàíÿòîñòè E τ(m), íàéäåííàÿ ïî ôîðìóëå (18), ñî-
ñòàâëÿåò 171,518. Âî âòîðîé ñòðîêå òàáëèöû 1 ïðåäñòàâëåíû âåðîÿòíîñòè ρk(m), âû÷èñëåííûå
ïî ôîðìóëàì (22). Â äâóõ íèæíèõ ñòðîêàõ ýòîé òàáëèöû äëÿ ñðàâíåíèÿ ïðèâåäåíû çíà÷åíèÿ
ñîîòâåòñòâóþùèõ âåðîÿòíîñòåé, ïîëó÷åííûå ñ ïîìîùüþ ñèñòåìû èìèòàöèîííîãî ìîäåëèðîâà-
íèÿ GPSS World [13] äëÿ çíà÷åíèÿ âðåìåíè ìîäåëèðîâàíèÿ t = 106 è äâóõ ðàçíûõ ðàñïðåäå-
ëåíèé âðåìåíè îáñëóæèâàíèÿ â ðåæèìå ïîëíîé áëîêèðîâêè: ðàâíîìåðíîãî ðàñïðåäåëåíèÿ íà
îòðåçêå [0; 2/3] (ðàñïðåäåëåíèå I) è äåòåðìèíèðîâàííîãî çíà÷åíèÿ 1/3 (ðàñïðåäåëåíèå II) ñî-
îòâåòñòâåííî. Çíà÷åíèÿ ñòàöèîíàðíûõ õàðàêòåðèñòèê ñèñòåìû, íàéäåííûå ïî ôîðìóëàì (23)
è (24), à òàêæå âû÷èñëåííûå ñ ïîìîùüþ GPSS World, ïðèâåäåíû â òàáëèöå 2.

Òàáëèöà 1. Ñòàöèîíàðíîå ðàñïðåäåëåíèå ÷èñëà çàÿâîê â ñèñòåìå

×èñëî çàÿâîê (k) 0 1 2 3 4 5
ρk(m) ñîãëàñíî (22) 0,00291 0,00734 0,01676 0,03662 0,07964 0,17297

ρk(m) (GPSS World, ðàñïð. I) 0,00301 0,00740 0,01709 0,03681 0,07959 0,17320
ρk(m) (GPSS World, ðàñïð. II) 0,00292 0,00744 0,01718 0,03687 0,08003 0,17284

×èñëî çàÿâîê (k) 6 7 8 9 10
ρk(m) ñîãëàñíî (22) 0,24521 0,21010 0,14106 0,06553 0,02187

ρk(m) (GPSS World, ðàñïð. I) 0,24488 0,21026 0,14086 0,06515 0,02175
ρk(m) (GPSS World, ðàñïð. II) 0,24541 0,20926 0,14080 0,06557 0,02186

Òàáëèöà 2. Ñòàöèîíàðíûå õàðàêòåðèñòèêè ñèñòåìû

Õàðàêòåðèñòèêà Psv(m) EQ(m) Ew(m)

Àíàëèòè÷åñêîå çíà÷åíèå 0,66326 5,21598 3,14566
Çíà÷åíèå ñîãë. GPSS World (ðàñïð. I) 0,663 5,212 3,143
Çíà÷åíèå ñîãë. GPSS World (ðàñïð. II) 0,664 5,212 3,142

8. ÇÀÊËÞ×ÅÍÈÅ
Ïðåèìóùåñòâî ïðåäëîæåííîãî àëãîðèòìà âû÷èñëåíèÿ ñòàöèîíàðíûõ õàðàêòåðèñòèê ñîñòî-

èò â òîì, ÷òî ðåêóððåíòíûå ñîîòíîøåíèÿ (5), ñëóæàùèå äëÿ îïðåäåëåíèÿ ïîñëåäîâàòåëüíîñòåé
{pk}, {p1k}, {qk}, {q1k}, {Rk}, {R1k}, ÿâíî íå çàâèñÿò îò îáú¼ìà íàêîïèòåëÿ m è çíà÷åíèÿ ïî-
ðîãà h, à çàâèñÿò òîëüêî îò ïàðàìåòðîâ âõîäÿùåãî ïîòîêà è ôóíêöèè ðàñïðåäåëåíèÿ âðåìåíè
îáñëóæèâàíèÿ F (x). Ïîýòîìó â ñëó÷àå èçìåíåíèÿ çíà÷åíèé ïàðàìåòðîâ m è h íåò íåîáõîäèìî-
ñòè âû÷èñëÿòü çàíîâî çíà÷åíèÿ ýòèõ ïîñëåäîâàòåëüíîñòåé. Îòìåòèì, ÷òî äëÿ ðàññìîòðåííîé
ñèñòåìû îáñëóæèâàíèÿ ñòàöèîíàðíûå õàðàêòåðèñòèêè íå çàâèñÿò îò âèäà ðàñïðåäåëåíèÿ âðå-
ìåíè îáñëóæèâàíèÿ â ðåæèìå áëîêèðîâêè (ôóíêöèè F̃ (x)), à òîëüêî îò ñðåäíåãî çíà÷åíèÿ
ýòîãî ðàñïðåäåëåíèÿ M̃. Ýòî ñâîéñòâî ïîäòâåðæäàåòñÿ è ðåçóëüòàòàìè èìèòàöèîííîãî ìîäå-
ëèðîâàíèÿ, ïðåäñòâëåííûìè â òàáëèöàõ 1 è 2.
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9. ÏÐÈËÎÆÅÍÈÅ. ÏÐÎÃÐÀÌÌÀ ÄËß GPSS WORLD

Lam1 EQU 1 ; çíà÷åíèå λ1

Lam2 EQU 1 ; çíà÷åíèå λ2

Em EQU 9 ; îáú¼ì íàêîïèòåëÿ
AH EQU 5 ; çíà÷åíèå ïîðîãà
PSV VARIABLE N$LB6/(N$LB02) ; âåðîÿòíîñòü îáñëóæèâàíèÿ
TSIM EQU 1000000 ; âðåìÿ ìîäåëèðîâàíèÿ
DISTR TABLE (F$KAN+Q$QUE) 0,1,11 ; ãèñòîãðàììà ðàñïðåäåëåíèÿ ÷èñëà çàÿâîê
GENERATE 1
TABULATE DISTR ; âû÷èñëÿòü ðàñïðåäåëåíèå ÷èñëà çàÿâîê
TERMINATE
LB5 GENERATE (Exponential(5,0,(1/Lam1))) ; ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ1

TRANSFER 750½LB01 ; çàäàíèå âåðîÿòíîñòåé a1 è a2 äëÿ ïåðâîãî ïîòîêà
SPLIT 2,LB01 ; ïîñòóïëåíèå çàÿâîê ïàðàìè
TRANSFER ,OUT
GENERATE (Exponential(5,0,(1/Lam2))) ; ïîêàçàòåëüíîå ðàñïðåäåëåíèå ñ ïàðàìåòðîì λ2

TRANSFER 750½LB02 ; çàäàíèå âåðîÿòíîñòåé a1 è a2 äëÿ âòîðîãî ïîòîêà
SPLIT 2,LB02 ; ïîñòóïëåíèå çàÿâîê ïàðàìè
TRANSFER ,OUT
LB02 TEST L Q$QUE,Em,OUT ; óñëîâèå îãðàíè÷åíèÿ äëèíû î÷åðåäè
GATE LS KEY1,LB3 ; âêëþ÷¼í ëè ïåðâûé êëþ÷ áëîêèðîâêè âõîäà?
GATE LS KEY2,LB3 ; âêëþ÷¼í ëè âòîðîé êëþ÷ áëîêèðîâêè âõîäà?
TRANSFER ,LBQ
LB0 TEST L Q$QUE,Em,OUT ; óñëîâèå îãðàíè÷åíèÿ äëèíû î÷åðåäè
GATE LS KEY1,LB3 ; âêëþ÷¼í ëè ïåðâûé êëþ÷ áëîêèðîâêè âõîäà?
LBQ QUEUE QUE ; çàíÿòü ìåñòî â î÷åðåäè
TEST E Q$QUE,Em,LB2 ; ðàâíà ëè äëèíà î÷åðåäè ÷èñëó m?
SPLIT 1,LB1 ; çàáëîêèðîâàòü âõîä
LB2 SEIZE KAN
DEPART QUE
TEST E Q$QUE,(AH-1),LB4 ; ðàâíà ëè äëèíà î÷åðåäè h− 1?
LOGIC S KEY1 ; âêëþ÷èòü ïåðâûé êëþ÷
LOGIC S KEY2 ; âêëþ÷èòü âòîðîé êëþ÷
ADVANCE (Uniform(5,(1/3),1)) ; ðàâíîìåðíîå ðàñïðåäåëåíèå (ôóíêöèÿ F (x))
TRANSFER ,LB6
LB4 GATE LS KEY1,LB7 ; âêëþ÷¼í ëè ïåðâûé êëþ÷?
TEST G (F$KAN+Q$QUE),AH,LADV ; óñëîâèå ïåðåêëþ÷åíèÿ íà ðåæèì ÷àñòè÷íîé áëîêèðîâêè
LOGIC R KEY2 ; âûêëþ÷èòü âòîðîé êëþ÷
LADV ADVANCE (Uniform(5,(1/3),1))
TRANSFER ,LB6
LB7 (Uniform(5,0,(2/3))) ; ðàâíîìåðíîå ðàñïðåäåëåíèå (ôóíêöèÿ F̃ (x))
;LB7 ADVANCE (1/3) ; ñëó÷àé äåòåðìèíèðîâàííîãî âðåìåíè îáñëóæèâàíèÿ
LB6 RELEASE KAN
TERMINATE
LB1 LOGIC R KEY1 ; âûêëþ÷èòü ïåðâûé êëþ÷
LOGIC R KEY2 ; âûêëþ÷èòü âòîðîé êëþ÷
TERMINATE
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LB3 TERMINATE
OUT TERMINATE
GENERATE ½,1
LOGIC S KEY1 ; âêëþ÷èòü ïåðâûé êëþ÷
LOGIC S KEY2 ; âêëþ÷èòü âòîðîé êëþ÷
TERMINATE
GENERATE TSIM ; ðåàëèçîâàòü âðåìÿ ìîäåëèðîâàíèÿ
SAVEVALUE PSV,V$PSV ; çàïèñàòü âåðîÿòíîñòü îáñëóæèâàíèÿ
TERMINATE 1
START 1
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Probabilistic characteristics of the Mθ
2/G/1/m queue

with threshold control of service time and arrival rate
Zhernovyi Yu.V., Zhernovyi K.Yu.

We consider an Mθ
2/G/1/m queuing system with arrival of customers batches, which uses a threshold

control mechanism of service time and arrival rate. The system receives two independent �ows of customers,
one of which is blocked in an overload mode (under the condition that the number of customers in the system
exceeds a given threshold value h). Complete blocking of the input �ow is carried out from the moment when
the queue length reaches the number of m until the beginning of the service of the �rst customer, for which
the number of customers in the system does not exceed h. From the beginning of service of the �rst customer
during complete blocking until its ends the time of service of customer is distributed under the law of
F̃ (x) (an increased service rate is used). Rest of the time the system applies the normal service rate with
the distribution function F (x) of service time. Laplace transforms for the distributions of the number of
customers in the system during the busy period and for the distribution function of the busy period are
found. The average duration of the busy period is obtained. Formulas for the stationary distribution of the
number of customers in the system, for the probability of service and for the stationary characteristics of
the system are established. The obtained results are veri�ed with the help of simulation model constructed
with the assistance of GPSS World tools.

KEYWORDS: queueing system, �ows of two types of customers, batch arrival of customers,
threshold control, busy period, distribution of the number of customers.

ÈÍÔÎÐÌÀÖÈÎÍÍÛÅ ÏÐÎÖÅÑÑÛ ÒÎÌ 14 � 1 2014


