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BBEJIEHUE

Meton MonTe-Kapio — 3T0 4hCIEHHBIA METO PEIICHUSI TPU MOMOIIM MOJIEITH-
POBaHHUS CIy4allHbIX BEJIMYUH C LIEJIbIO BBIYMCICHUS XAPAKTEPUCTUK UX pacrpese-
JICHUM.

Bo3HukHOBEHHE WU HMCHOJB30BaHUS CIy4alHBIX SIBJICHUH B 00JacTH MpH-
OJIMKEHHBIX BBIYHUCICHUN TIPUHATO OTHOCUTH K 1878 roy, Korma mosiBuiach paboTa
Biobdona 06 ompeeleHHH YnCia T ¢ TTOMOIIBI0 CIyJaiHBIX OPOCAHMH WUIIBI Ha
napaJijiesibHble JUHUM, HAHECEHHbIEC HAa OyMare.

B 1949 r. nosBunace nepBas pabora H.Merpononuca u C.Ynama «Metoj
MonTe-Kapo» [2], B KOTOpoil OBUIM M3JI0KEHBI OCHOBBI 3TOM TEOPHH Ha MpUMeEpe
oTmpeJeeHs Yncia 7, MOCcie Yero mouuia JaBuHooOpa3Has cepusi padoT 1o npume-
HEHHIO 3TOT0 METOJa B Pa3IMYHbIX 00JIaCTAX HAyKu M TeXHUKHU. Hanbonblee yucio
paboT MO MPUMEHEHHIO JAaHHOTO METOJa IPUXOAUTCS Ha cepeauny S0-X roJoB.

OtedecTBEHHbIE PAGOTHI” MOABHIHCH B 1955-1956 romax. B HacTosimee Bpems
nMeeTcst 0oJiee JBYX ThICSY pa60T3 , TIe UCCleAyeTcsl TeopeTnuueckas 0aza mMeToaa
WM paccMaTpHUBAETCS €ro MPUMEHEHUE K KOHKPETHbIM 3ajadaM. llepBoHauanbHO
Meroa Monrte-Kapio rcnonp3oBaiics riaaBHbIM 00pa3oM JUisl pelIeHus 3a7ad MoJjie-
KYJISIpHOM, HEUTPOHHOU (DU3UKH, T/I€ TPAJUIIUOHHBIC YUCICHHBIE METO/IbI OKA3aJIUCh
Majio IPUTOJHBIMU. [lanee ero BIMSHUE PaCIHpPOCTPAHWIOCH HA IIUPOKUN KJIACC 3a-
Ja4 CTaTUCTUYECKON (DU3MKH, T€0(PU3UKHU, TEOPUU MACCOBOrO0 OOCITYKUBaHUS, TE€O-
pUU UTP, MATEMAaTUYECKOW IKOHOMHKH, TEOPUH Tepeaadyn COOOIIEHUN NPy HATHMYUU
MOMeX.

Meton Monte-Kapiio TecHO CBsi3aH C 3ajayaMu TEOPUM BEPOSITHOCTEM, MaTe-
MAaTUYECKOM CTATUCTHKH W BBIYMCIUTEIBLHON MaTeMaTUKU. B CBs3M ¢ 3amadeit moe-
JUPOBAHUS CIYYalHBIX BEJIUYMH (B OCOOCHHOCTH PABHOMEPHO paclpe/eiICHHBIX)
CYLIECTBEHHYIO POJIb UTPAIOT TAKKE METObI TEOPUU YUCEIL.

Meron Monte-Kapino Beiaensiercs cpeiy Mpovyux CBOEW MPOCTOTOM U OOIIHO-
CThI0. MeUIeHHas! CXOAUMOCTb SIBJISIETCSI CYLIECTBEHHBIM HEJOCTATKOM METOJA, OJI-
HAaKO MOTYT OBITh yKa3aHbl €ro MOAM(PHUKALNH, KOTOPbIE O0ECHEYMBAIOT BBICOKHIA
NOPAIOK CXOAMMOCTH TIPH OIPENEICHHBIX MpeanoyioxkeHusx. IlpaBma, Beuucau-
TeJIbHAs MPOLEypa MPU ITOM YCIOKHSAETCA U MPUOJIMKAETCS 11O CBOEH CII0KHOCTH K
OPYTUM IpOLEAYypaM BBIYUCIUTEIBHON MaTeMaTUKA. MEMJIEHHYI0 CXOOUMOCTh Me-
tona Monte-Kapio Bpsia i ciaenyeT OTHOCUTD K YHCITy €r0 HeJIOCTaTKOB, HOO Bepo-
ATHOCTHBIE METOJIbl B IOCTATOYHOI Mepe OMpaB/AbIBAIOT ce0s B MPAKTHUYECKUX MPHU-
JIOKEHHUSIX.

Bo mHorux ¢usmyeckux 3agavyax MPUXOAMUTCS YUUTHIBATh PE3yJIbTaT B3aUMO-
JIEHUCTBUS OOJIBIIIOTO YKCJIa YACTHI]. 3aKOHBI DJIEMEHTAPHBIX B3aUMOJICUCTBUIN (MHK-

' Uirna Broddona.
2 Yacto ZIaHHBIﬁ METOA HAa3bIBAKOT METOAOM CTATUCTHUYCCKHUX HUCITBITAaHUI
? Crimcok pabort 1o Meroxy Monre-Kapio cm., Hanpumep, B kaurax [2,5,13,23]
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POCKOIIMYECKUE 3aKOHBI) M3BECTHBI M3 OMbBITA WM ONPEEISIIOTCs TeopeTndecku. Og-
HAKO ISl TIPAKTHYECKHUX IIeJIeH HY)KHO 3HATh MaKPOCKOMUYECKHE XapaKTEPUCTHKHU
BellleCcTBa (HarpuMep, TIIOTHOCTD).

Kiaccnuecknii myTh pelieHus OCHOBAaH HAa YPaBHEHUSX, KOTOPBIM YIOBJIETBO-
PSAIOT MaKpOCKOIHMYECKHE XapaKTEPUCTHKU. HacTo IUIsi MOJENIMPOBAHUS PEATBbHBIX
MIPOLIECCOB MCIONB3YIOTCS ypaBHEHUS AU(PPy3nn, YNCIEHHBIE METObI PEIICHUS KO-
TOPBIX JTOBOJBHO XOPOILIO pa3BUTHL. B NIpyrux 3agadax NpUXOJUTCS HCIIOJIB30BaTh
YpaBHEHUS MEPEHOCA WM KHUHETUYECKUE YPaBHEHHUS, ISl KOTOPBIX YHCIICHHBIE Me-
TOJABI pELIEHUs pa3paboTaHbl TOJBKO B MPOCTEHIINX ciydasx. Hakonen, Hemano 3a-
1ad, JAJis1 KOTOPhIX MaKpOCKOIIMYECKHE YPABHEHHSI BOBCE HE BBIBE/ICHBI.

MeTo/1o0M MaKpOCKOMMYECKUX YpaBHEHHM, BOOOIIE TOBOPS, MOKHO MOJYYUTh
MHOT'O Pa3JIUYHBIX CBEACHUN 00 HCCIeyeMON 3a/1aue: aCUMITTOTUKY, TPUOITUKEHHBIC
cooTHomieHuss U T. . Meron Monte-Kapio mo3BosisieT NpuOIMKEHHO BBIYUCTSTH
HY>XHBIE XapaKTePUCTUKHU, HE MpuOeras K MOMOIIM MaKpOCKOIMYECKUX YpPaBHEHUM.
Meton MonTe-Kapiio — 3T0 4HCIICHHBIM METOM U €ro CIIEYET CPAaBHUBATh HE C Me-
TOJAOM MAaKpOCKOIIMYECKUX YPABHEHHH, & C YUCICHHBIMU METOIAMU PELICHUS MAKPO-
CKOMMYECKUX ypaBHEHUW. OAHAKO HANO Pa3INYaTh KJIACCUYECKUE YUCIECHHBIE METO-
JIbl, HAIIPABJICHHBIC HA PELICHUE JUCKPETHBIX aHAJIOIOB MATEMATUYECKUX MOJEIEH, U
Metor MonTe-Kapiio, OpueHTUpOBaHHBIM HA CO3/ITaHUE BEPOATHOCTHBIX UMHUTALIMOH-
HBIX Mojienell. Bo MHOTMX ClIOXHBIX 3agadax meroa Monte-Kapno umeer psan mpe-
MMYIIECTB OTHOCUTEJIBHO KJIACCUUYECKUX YHCICHHBIX METOJIOB, OCOOEHHO B PEIICHUU
TEX 3a/a4, AJIs1 KOTOPhIX MAKPOCKONMYECKNE YPABHECHHS] HEU3BECTHBI.

Meton MonTte-Kapiio CylecTBeHHO BIMSET Ha Pa3BUTHE METOAOB BBIYMCIIH-
TEILHOM MaTeMaTUKH (HampuMep, Ha pa3BUTHE METOJ0B YUCJIECHHOIO MHTETPUPOBa-
HUA) U [IPU PEIICHUU MHOTUX 33724 YCIICIIHO COYETAETCS C APYTUMU BBIYUCIUTEb-
HBIMM METOJIAMU U JAOMNOJIHAET UX. ET0o mpuMeHeHre onpaBIaHo B MEPBYIO OUEPEIb B
TeX 3a7a4ax, KOTOPbIE IOMYCKAIOT BEPOSITHOCTHOE OMHCAHUE. ITO OOBSICHSAETCSA Kak
€CTECTBEHHOCTBIO TTOJTyUY€HUS OTBETA C HEKOTOPOW 3aJaHHOW BEPOSTHOCTHIO B 3a]1a-
4ax C BEPOSITHOCTHBIM COJIEP/KAHUEM, TAK U CYLIECTBEHHBIM YIIPOIIEHUEM MPOLIEAY-
pel pereHusi. Haubomnee ClOXHBIMH 3TanmiaMu B ipuMeHeHnn metona Mounte-Kapio
MPUHATO CYUTATh MAaTEMATUUYECKOE OMHCAHUE HCCIEyeEMOTro 00OBbEKTAa WIIN SIBJICHUS,
HEOOXOMMBIC YIPOIICHHSI TIPU MOCTAHOBKE 3aJ1a4M, BHIOOP MOIXOSIIETO YHCIICH-
HOT'O0 METO/A, UCCIIEIOBAHNUE MOTPEIIHOCTH TPUMEHSEMOT0 aJITOPUTMA.

B cBsi3u ¢ OypHBIM pa3BUTHEM BBIYMCIUTENBHON TEXHUKH U MHPOPMAIIMOHHBIX
TEXHOJIOTUM, C TMOSIBIEHUEM ObIcTpoaeicTByOmMUX 9BM mnosBuIack BO3MOKHOCTh
peIIeHus 3a/1ay CTATUCTUYECKON (M3UKU, HEUTPOHHOU (PU3UKH, Teo()U3UKH, KBAH-
TOBOW (DM3HUKH, MOJEKYJIAPHON (HU3MKU, TA30BOM TUHAMUKH, (UIBTPAINH, 33724
TEOPUU TIepeladl U 3alUThl HHPOPMAIHH, TEOPHUH MAcCCOBOTO OOCITY>KWBAaHUS, WT-
POBBIX CUTYyallMi, TJI€ HEBO3MOXHO MOCTPOUTH AECTEPMUHHUPOBAHHBIE MaKPOCKOIH-
yeckue ypaBHeHus: (Monenu). OcoObie mpoOIeMbl UMEIOTCA B PEUIEHUH 3a7a4 B 00-
JacTSIX CTATUCTHUYECKOrO OICHMBAHMS M TPOTHO3UPOBAHUS, KOPPEISILIMOHHO-
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PErpecCUOHHOIO U MHOTOMEPHOI'O CTATUCTUYECKOr0 aHaIM3a; IKOHOMUYECKUX, KO-
JIOTUYECKHUX, IICUXOJIOTUYECKUX, IEAATOTHYECKUX IKCIIEPUMEHTOB U CUTYAaIUH, B KO-
TOPBIX MPU MATEMATUYECKOM ONMMCAHUM PEATU3YIOTCA 3a/1aud C OOJBIIMM YHCIOM
nepeMeHHbIX. ONTUMHU3AIUS CUCTEM, OIIpeieJICHHE KCTpeMyMa QYHKIHI O0IbIIOTO
Yucia MepeMEHHBIX, pacno3HaBaHue o0pa3oB, 0OOy4eHHUS] U CaMOOOYUYEHUsI HE MOTYT
OBITH pElIeHBI B paMKaX METOJIa MAaKPOCKOMUYECKUX yPaBHEHUH.

[ToaToMy HEOOXOAMMOCTh MPUMEHEHUS TEXHOJOTUU KOMIIBIOTEPHOTO MOJENIH-
poBaHUs (PU3NYECKUX SBJICHUN U MPOIECCOB METOJAOM CTATUCTHUECKUX MCIBITAHUHN
(MonTe-Kapmo) onpeienieHo BpeMEHEM.

B nanHOM mocoOuu paccMOTpEHbl OCHOBBI TEOPHUM CIIyYalHBIX MPOLIECCOB, HA
3a/a4ax HEUTPOHHOM M KBAaHTOBOW (DM3MKH MOKA3aHbI TEXHOJIOTHH MPUMEHEHUS Me-
tona Monre-Kapno. IloHMMaHne MeTona CTaTUCTUYECKMX HCIIBITAHUN IPUXOIUT
TOJIBKO MPHU UX PELICHUU U OOILIEHUU C KOMIBIOTEPOM, IO3TOMY JUIsl HEKOTOPBIX 3a-
Jla4 B Ka4e€CTBE NPUMEPA MPUBEICHBI TAK)KE aAJITOPUTMBI, IPOIPaMMBbI PELICHUS U pe-
3yJIbTaThl MOAEIUPOBAHUS.

B mepBo# rnaBe naHbl KpaTKUME CBEACHUS U3 TEOPUM BEPOSATHOCTH M METOAA
Momnte-Kapuo. IIpoBenena YCIJIOBHAs KJIacCU(PUKAIUA BEPOSITHOCTHO-
CTaTUCTUYECKOTO MOJEIUPOBAHUS IO TUIy PEIIAEMbIX 3a]a4, aHAIU3 JOCTOMHCTB U
HEJ0CTaTKOB MaTEMAaTHYECKUX METOJOB, IPUMEHSAEMBIX IIPU PEIICHUHA MaTeMaTuye-
CKMX 3a7ad4.

Bo BTOpoM riaBe INpUBEACHBI TEXHOJOTMM  PELICHHUs  JIMHEMHBIX,
OOBIKHOBEHHBIX AU (EepeHIMaIbHbIX YpPaBHEHUW, BBIYUCICHHE HWHTEIpajoB,
muddepeHInanbHbIX YPaBHEHH B YACTHBIX MPOU3BOAHBIX JJUIUINTUYECKOTO U
napaboJNYeCKUX TUIIOB METOOM BEPOSTHOCTHOTO MOJEIUPOBAHMUS.

B tperbeil — paccMOTpeHBI 3a/1aud HEUTPOHHOM, CTaTUCTHYECKOM, KBAHTOBOMU
¢u3uku, a Takke TreoU3MKW, pelaeMble  METOJaMU  HWMUTAIMOHHOTO
MOZCIINPOBAHUS.

B yerBepTol 1y1aBe 1aHbl TEXHOJIOTMU PELICHUS 3a7a4 TEPMOJNHAMUKHA METO-
JaMU MOJIEKYJIIPHOM, OPOYHOBCKOM TMHAMUKU U METOJOM UMUTAIMOHHOTO MOJIEIIU-
pOBaHUs.

B npunoxeHun npeAcTaBieHbl NPOTPAMMBbl PELIEHUST HEKOTOPBIX 3a7ad Ha
SI3bIKaX MPOTPAMMHUPOBAHUS.



FMABA I. METO MOHTE-KAPJ1I0 U MOHATUA
TEOPUU BEPOATHOCTEN

Co cnydailHBIMU TIPOIIECCAMU U SIBJICHUSMH MBI 4acTO CTAJIKHMBAeMCs B TOBCE-
JTHEBHOM >KM3HU, OHU HAOJIIOJJaeMbl B Pa3JIMYHBIX 00JIACTAX HAYKH, TEXHUKU U TPO-
W3BO/JICTBA, HAIPUMED:

e [poiiecc Opocanus KyOuKa ¢ HAHECEHHBIMM Ha €T0 rpaHsaX Hudpamu;

® [pOLIECC ABUKEHUSA U MOINAJaHUs IIapuKa B ONPEACIICHHYIO SYEUKY B UTPO-

BOU PYJIETKE;

e [polecC MPUXOAa NOCETUTEEH B Mara3uH;

e [polecc 00CITyKUBaHU 3alPABKA aBTOMOOMIIEH Ha 3alpaBOYHON CTAHIINH;

® [Ipoliecc 0OCITyKUBaHUS 3asBOK Ha TeJIC(OHHOU CTAHIIUU;

® [IpolieCcC perucTpanuu Opaka AeTajid Ha KOHBeWepe;

® SBJICHUE JIBXKCHUSI OPOYHOBCKOM YaCTHIIHI;

® BJICHUE JICIICHUS PAJUOAKTUBHOTO s/1pa;

® SBJICHUE JBUKCHUSI HEUTPOHA B HEKOTOPOU CPEJIE;

® BJICHUE POXKICHHUS JCBOUYKHU WJIM MaJlbYMKa U MHOTHE JIPyTHE.

B ocHOBEe MaTeMaTHYECKOTO ONMHUCAHUS 3TUX NPOLIECCOB U SIBICHUM JIEXKAT TEO-
pUsl BEpOATHOCTEN, MATEMATUYECKAsA CTATUCTUKA U METOJ CTATUCTUYECKUX HUCIIBITA-
Huit (Metoq Monte-Kapno). B nanHoit riaBe paccMOTpUM HEKOTOpPbHIE TOHATHS TEO-
pUU BEPOSITHOCTEHN, KIacCU(DUKALMIO U WUCOJIOTHUIO TPUMEHEHUSI TEOPUU CTATUCTH-
YyecKux ucneiTanuii (Merogaa Mounre-Kapio).

1.1. Knaccudukaumsa BepoATHOCTHO-CTaTUCTUYECKUX MEeTOAO0B
peweHna NpUKNagHbIX 3apad

[ToHsATHE UMUTALMOHHOTO MOJEIUPOBAHUS (COOTBETCTBEHHO M UIMHUTALIMOHHBIX
MoJeliel) TpaKTyeTcsl HeoJHO3HauyHO. Hano paznuyaTe Mo1eTu UMUTAIMOHHO-
BEPOSITHOCTHBIE 1 UMUTALIUOHHO-KOMITBIOTEPHBIE. OTIIMYNE 3aKI0YAETCS B peajin3a-
IIUU CITy4aitHOro (hakTopa.

e Eciu peanbHOMY SIBJICHUIO WJIM ONMCBIBAIOIIKMM €0 YPAaBHEHUAM COIIOCTaBIISA-
€TCSl aHAJOTUYHBIM MM (MHOTJA COBEPILICHHO HEMOXO0XHUH) BEPOSITHOCTHBIN
IIPOIIECC, TO B ATOM CiIy4ae Mbl UMUTUPYEM mpouecc. Co3naHue BEpOSTHOCT-
HOW MOJIeNIA, pUMeHEeHUe Metoa MonTe-Kapno s «uMuATanum» Uiy UHO-
r71a TOBOPAT CUMYJISIIMU U €ro peumieHne Ha OBM 11s onpeneneHust XapakTe-
PUCTHK U MapaMeTPOB UCCIEAYEMOIO PEAIBHOIO SIBJICHUS HA3BIBAIOT BEPOSAT-
HOCTHO-UMUTALIMOHHBIM MOZEIUPOBAHUEM. Hns UMHTAIMOHHO-
BEPOSTHOCTHBIX MOJIEJIEN CTOXAaCTUYHOCTD, CIIy4alHOCTb CBA3aHA C CAMUM SIB-
JIeHUEM, MpOoIEeccOM 0e3 BHEIIHEro BO3AecTBUs. B KoHEeUHOM cuere, omnuca-
HUE OOBEKTa MPOBOAMUTCS B BUIE HEKOTOPOrO alrOPUTMA, OTPAKAIOLIETO
CTPYKTYpY M Tpouecchl (pyHKIHOHUPOBAHUS OOBEKTa BO BPEMEHH, YUUTHIBA-
IOIIIETO BO3JICUCTBUE CIyUYalHBIX (PAKTOPOB B MOJIEIH.



o Jlysi *MUTAITMOHHO-KOMITBIOTEPHBIX MOJIENICH CIIy9aifHOCTh CBsI3aHA C CyOBeK-
TOM MOJICTUPOBAHUSI. DTO MOXET OBITh OTACIBHON IPOrpaMMON WU MPO-
rPaMMHBIM KOMILIEKCOM, HEKOTOPOW CPEON MPOTrPaMMUPOBAHUS UIIM MOJIEIIH-
POBaHMS, B YACTHOCTH TPEHAXEPHI, B KOTOPOM BO3MOKHO UMUTHPOBATH MPO-
1ecchl (DYHKIIMOHUPOBAHUSI PEAIbBHOTO O0BEKTa (BOXKICHHE BOIAUTEIEM aBTO-
MOOWJIS TI0 Tpacce, BOKIEHUE TOJIETOM CaMoJieTa M JIp.), B KOTOPOM CyIIIe-
CTBYIOT AJIEMEHTHI CIy4allHOCTH, BHECEHHBIE CaMUM CyOBeKTOM. [IpuueM Kax-
TIBIA CYOBEKT, KTO paboTaeT ¢ JaHHOW MOJIENIbIO, BHOCHUT Pa3HBIA 3JIEMEHT CIY-
yallHOCTH. K MMHMTallMOHHO-KOMIBIOTEPHBIM MOJIECNIIM MO>KHO OTHECTH, BCE
UTPOBBIE KOMIBIOTEPHBIE MOJICNIH, B TOM YUCJIE O0yYaroiie-KOHTPOJIUPYIOLIUE
MIPOTPAMMBI.

B nanHoM mocobuu Mbl OyJieM paccMaTpUBaTh UMUTAIIMOHHO-BEPOSTHOCTHBIE
Mojiesid. Pa3BuTHe TeOpUH CTAaTUCTHYECKUX MCIBITAHUM B SIBICHUSAX C MPUCYTCTBU-
€M DJIEMEHTOB CIIYJYaWHOCTH WJIM TOJTHOCTBIO CIyYallHBIX MPOIeCCOB (TI0J OOITUM
Ha3BaHMEM METOJAa CTAaTUCTUYECKUX HUCIbITaHuUd uiau Monte-Kapiio) mo3Bossier B
HACTOSIIEe BpeMsl IMOpa3/IeIUTh 3a1a4i U B KaKOH TO Mepe KJIacCU(PUIIMPOBAThH Be-
POSATHOCTHO-CTaTUCTUYECKUE METOABI PEIICHUS NPUKIIAJIHBIX 33724 110 UX THILY.

Teoprto BEPOSTHOCTH MOXKHO HCHOJIB30BATh JJISI BBIUYHUCIICHHUS PA3IMYHOIO
THIIA UHTETPAJIOB M PEIICHUS MaTEeMaTUYECKUX ypaBHEHMH (JIMHEHHBIX, nuddepeH-
LUAJbHBIX, UHTETPAIbHBIX, UHTErPO-Iu(PepeHInanibHbIX) OE30THOCUTEIBHO K Ka-
KUM-JIMOO0 BHJIaM PEAbHBIX SBJICHUN W IMPOIECcCOB. MoJeIupoBaHus TaKOTO THIIA
3a/1a4 C MOMOIIbIO BEPOSITHOCTHOW MOJIEH B JajbHEWIleM Oy/1eM Ha3bIBaTh BEPOST-
HOCTHBIM MOJEITMPOBAHUEM.

Ecnu peanbHOMY SIBIIGHHIO WJIM €r0 MaTeMaTU4YecKol Mojenu B Buae audde-
PEHIIMAJILHOTO YPaBHEHHUS COINOCTABIISAECTCS aHAJOTHMYHBIN (MHOTJa COBEPIIEHHO He-
MOXO0KUI ) BEPOSITHOCTHBIA MPOIIECC, TO B 3TOM ClTydae Mbl UMUTHPYeM Tiporiecc. Co-
371aHUE BEPOSITHOCTHOW MOJENU, MpuMeHeHne Metona Moure-Kapno g «umuTa-
IUW», WA UHOT/Ia TOBOPSAT CUMYJISILIMK, U €ro pemieHre Ha OBM niisa onpeneneHust
XapaKTEPUCTHK W MapaMETPOB HCCIEAYEMOr0 PEANbHOTO SIBJICHUS HA3bIBAIOT BEPO-
SITHOCTHO-MMUTAIIMOHHBIM MOJICJIMPOBAaHUEM. 3aJladyd TaKOro pojia 4acTO BCTpeda-
IOTCSI B MOJIEKYJISIPHOM, CTATUCTUYECKON, HEUTPOHHOW, KBAHTOBOU (pu3nke, reodpu-
3WKe, ra30BOM JUHAMHKE, a TAK)KE B TCOPHUAX (PUIbTparuu, epeadu U 3aliuThl HH-
dbopmarm, MaccoBOro 00CITy>KMUBaHUS U T.1I.

Pemenue 3agau MaTeMaTHYeCKOM CTAaTUCTUKHM CTAaTUCTUYECKOI'O OICHUBAHUS U
MPOTHO3UPOBAHUS, KOPPEIAIMOHHO-PETPECCUOHHOTO 1 MHOIOMEPHOI'O CTAaTUCTHUYE-
CKOT'0 aHaJlu3a, ONTUMHU3AIUN CUCTEM, ONPEACIICHUS SKCTpeMyMa (PYyHKIIUM OOJIbIIO-
ro 4Yuciia MEePEMEHHBIX, PAClO3HaBaHUS 00pa30B B JalIbHEHIIEM OyJeM Ha3bIBaTh
CTaTUCTUYECKUM MOJAECITUPOBAHUEM.

OTMeTuM, 4TO pacCMOTpPEHHAs KJIaCCU(PUKAIIUS SBISICTCS YCITOBHOM.
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METOAbI MOHTE-KAPJIO

A 4

BeposarnoctHOE —> HNmuranuonHoe PEEN CraTuctudeckoe
MOJCJINPOBAHUE MOACINPOBAHNC MOJICTIUPOBAHNE
l A 4 A 4
JIMHEHBIX anreGpan- 3a/1a4 MOJIEKYJISIPHOM, 3a/la4y MaTeMaTH4eCKOn
YeCKHX YpaBHEHHIL, CTaTHCTUYECKOH, CTaTUCTUKH, CTATUCTHYE-
KPaeBBIX 33124 (ypaB- KBaHTOBOM, HEUTPOHHOM CKOT'O OLICHMBAaHMS U MPO-
HEHUH 3JUIUITHYECKO- busnku, reopuznKu THO3UPOBAHUs, KOPPEAIH-
T0, TapabOIHIECKOrO (bu3HKHU, Ta30BOH OHHO-PETPECCUOHHOTO U
THIIA), UHTETPAJIOB, JTUHAMWKH, (UIBTpAIUU, MHOTOMEPHOI'O CTaTUCTHYE-
HHTErPaTbHBIX U HHTE- 3aJ1a4 TEOpUHU NepeIavu u CKOT'0 aHaJIM3a,
TPAIbHO 3amuThl KHpOpMaIH, ONITUMHU3AINHI CUCTEM,
- bepeHIHATbHBIX TEOPUU MACCOBOTO OTpeJIeNIEHUs SKCTpEMyMa
ypaBHEHHIA 00CITyXKUBaHUs1, UTPOBBIX (GyHKIMI OONBIIOTO YKCa
crrm oo NIEPEMEHHBIX, pacrlo3HaBa-
HUs 00pa30B, OOyUCHUS U
caMo00y4YeHusl.

Puc.1.1. Knaccudukarus metonoB Mounte-Kapio o tuny 3amau

§1.2. HekoTopble NOHATUSA N TeoOpeMbl TEOPUM BEPOATHOCTEN

OO0beKT M OCHOBHAs 3aa4ya Teopuu BeposiTHOCTeil. O0beKTaMu MaTeMaTH-
YECKOM TEOPUH BEPOATHOCTEH SBIISIIOTCSI ONBITHI U HAOIIOACHUS CO CIIy4YaHBIMU HC-
xonamu. OTMETUM, YTO TEOPHSI BEPOSITHOCTEHN M3ydaeT TOJIBKO T€ CIy4alHbIE dKCIIe-
PUMEHTBI ¥ COOBITHUSI, 111 KOTOPBIX CIIPABEIJIUB MPUHIIUI CTATUCTUYECKON yCTONYH-
BOCTU. DTOT MPUHIIHUII SIBJSETCS OOBEKTUBHBIM 3aKOHOM MIPUPOJILI U (popMynupyeTcs
CICAYIOIIMUM 00pa3oMm:

OmHocumenvHas 4acmoma NosAGIeHUsl KaK020-1ubo Ciy4aiHo2o codvimus 6
nOC1e008aMeNbHOCIU NOBMOPAEMBIX HE3ABUCUMbBIM 00PA30M 8 OOHUX U meX
JHce YCIO0BUAX IKCNEPUMEHNO8 NPUOIUNCAEMC K HEKOMOPOM) YUCTY NPU PO-
cme Yucna 9KCNepuMeHmos.

B 6onee mmpokoi popmMe ero MOKHO UHTEPIPETUPOBATH KaK OOIINI TPUHIIKII,
COrJIaCHO KOTOPOMY COBMECTHOE€ JIEMCTBUE CIy4alHBIX (DAKTOPOB B MPUMEPHO OAU-
HAKOBBIX OOIIMX YCIIOBUSIX MPUBOJUT K PE3yJbTaTy, MOYTH HE 3aBUCAIIEMY OT CIIy-
qasi.

OpHa 13 TJIaBHBIX 3a/1a4 TEOPUH BEPOSITHOCTEH COCTOUT B TOM, YTOOBI 1aTh Ma-
TEMaTUYECKU CTporue (OpMyIUPOBKU ITOTO BCEOOIIETO 3aKOHA.
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1.2.1. ITonsiTHsA TEOPUU BEPOATHOCTEH

BBenewm psit MOHATUH, KOTOPBIE UCIIOIB3YIOTCA B TEOPUH BEPOATHOCTEN.

Cayuaiinbiii 3KkcnepuMeHT. [IpakThueckn BO BceX 00nacTsIX 3HAHUU cylie-
CTBYIOT CUTYaIlUH, KOT/Ia T€ WU UHBIE SKCIIEPUMEHTHI UM HAOIIOACHUS MOTYT OBITh
MTOBTOPEHBI MHOTO pa3 MPUMEPHO B OJHHUX M TEX K€ YCIOBHSX, IPH 3TOM PE3yJIbTaT
KaXKJIOTO SKCIIEPUMEHTA 3apaHee MpecKa3aTh Henb3s. Takoro pojia SKCIepUMEHTHI,
KaK U COOBITHSA, KOTOPBbIE MOTYT MPOUCXOAUTh WM HE MPOUCXOIUTH, Oy/IEM B Jajlb-
HEHIIIeM Ha3bIBaTh CIy4alHBIMU SKCIIEPUMEHTAMHU.

CoObiTHe. Ilog TepMUHOM «COOBITHE» YacTO MOHUMAIOT PE3YyJbTaThl CBEp-
IITUBIIIETOCS OTBITA WU HAOIIOJAEHUS (CIyd4ailHOTO IKCIIEPUMEHTA), T.€. UCXOJ, KO-
TOPBIM IPOU30IIET. Y CIOBIEHO, YTO COOBITHS Pa3/EsAIOTCS HAa COCTaBHbIE (pasiio-
KUMBbIC) U DJIEMEHTapHbIe (HEpa3ilokumbie). Bce coObITHSs, CBSI3aHHBIC C JAHHBIM
OTIBITOM, MOTYT OBITh ONMCAHBI C MOMOLIBIO JIEMEHTAapHBIX COObITHI. COBOKYITHOCTb
BCEX AJIEMEHTAPHBIX COOBITHI HA3bIBAETCSI MHOKECTBOM (MPOCTPAHCTBOM) 3JIEMEH-

TapHBIX COOBITHI M 0003HAYAIOT ucpe3 Q a CaMHU J3JICMCHTApPHLIC COOBITHST DJIEMEH-

TaMH (TOYKaMH) 3TOT0 MHOXKECTBA U 0003HavaroT uepe3 @, W, ..., 0, .

Ecau MBI ipoBOAMM WJIH HAOIIOIaeM CITy4alHBIH SKCIIEPUMEHT, ¢ MHOYKECTBOM
AIIEMEHTAPHBIX COOBITHH, JOJIKHBI BBITTOTHSITHCS JIBA YCIOBUS:

1) eciii OMBIT IPOBOJMUTCS, TO KAKOE-TO U3 DJIEMEHTAPHBIX COOBITHM JTOHKHO
IIPOU30UTH;

2) HAUKaKWE J1Ba COOBITUS HE MOTYT MPOUCXOIUTH OJTHOBPEMEHHO.

B nanpHelimeM cobvimuem OyaeM Ha3bIBaTh JIFOOOE MOJAMHOXKECTBO A MHOMKE-
ctBa £2. [TockonbKy m000€ COOBITHE — ATO TTOJMHOMXKECTBO A MHOXECTBA {2, TO OHO
COCTOUT U3 DJIEMEHTAPHBIX COOBITHI M OHO MPOUCXOIUT TOTAA M TOJIBKO TOT/Ia, KO-

I/1a MPOUCXOAUT DJIEMEHTAPHOE COOBITUE (D BXOJIAILIEE B TOJAMHOXKECTBO A.

MHokecTBO {2 Bceraa NpoOruCXOJUT, MOCKOJBKY MPHU CIIyYalHOM 3KCHIEPUMEHTE
BCEra MPOUCXOJIUT OJHO M3 BJIEMEHTAPHBIX COOBITHH, TOITOMY €Tr0 Ha3bIBAIOT 00-
cmogepHuim codvimuem. Ilycroe MHOKecTBO () TOKE CUMTAETCS] COOBITUEM, KOTOPOE
HUKOT/Ia HE IPOUCXOAUT, U OHO HA3bIBACTCS HEBO3MONCHLIM COOLLIMUEM.

[ToHsATHS MHOKECTBA DJIEMEHTAPHBIX COOBITUM, COOBITHS M €0 JIEMEHTOB (TO-
YeK) SBJISIOTCS UCXOJIHBIMU MOHSITUSMH TEOPUHM BEPOSTHOCTEH, TaK)Ke MOAUYEPKHEM
BaXHOCTH YCJIOBUS PeasU3aIluu COOBITHSI.

BepositHocTb. BeposiTHOCTh — 3TO Takoe ke 0a30BO€ MOHSTHE, YTO M Macca B
MEXaHUKE WIH JJIMHA B TeOMETprH. BBeneHne MOHITHS BEPOSTHOCTH JTHOOOTO COOBI-
TUSL B OUCKPEMHOM 8E€POSMHOCIHOM NPOCMPAHCHEe TIPOU3BOIUTCSA YEPE3 AKCHOMBI.
Paccmotpum ux.

ITycTh MbI iMeeM 2 =@, , @, ....Q, ....; MHOKECTBO 3JIEMEHTAPHBIX COOBITHIA.
y 1> W) k

Axcuoma 1. Kaxnomy 371eMEHTapHOMY COOBITUIO (J; COOTBETCTBYET YUCIO pPj €

[0, 1] , Ha3piBaeMO€e BEPOSITHOCTHIO DIIEMEHTAPHOTO COOBITHS (W .
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Axcuoma 2. Kaxxnomy COOBITHIO A, COOTBETCTBYET YHUCIIO KOTOPOE HA30BEM BEPOSIT-
HOCTBIO 3TOTO COOBITUH, MPUYEM ATO YUCIIO PAaBHO CYMME BEpOSTHOCTEH

3JIEMEHTAPHBIX COOBITHH p{ @), !, 00pasyromux coobITHE A.

P(A) = p(w,)+ p(w,) +...+ p(w,) (1.1)
Axcuoma 3. CymMMa BEpOSTHOCTEH BCEX 3JICMEHTapHBIX COOBITUH paBHA CIWHHUIIC,
re PPyt tp =2 p =1 (1.2)

Axcuoma 4. BeposTHOCTh HEBO3MOKHOTO COOBITHSI paBHA HYJIIO.

Cayuaiinasa BeaumunHa. PaccMoTpuM miecturpansbiii kyouk. Hanecem Ha rpa-
oy 1udpsl ot 1 g0 6. Torga mMeeMm Tak Ha3BIBAEMYIO WUTPATBHYIO KOCTh. B mrTore
noa0paceIBaHUsl KOCTH BBINAJAET OJJHA U3 I'paHel KyOHuKa, OJTHOBPEMEHHO Ha0Iro/a-
€M YHCJIO, HAllMCAaHHOE Ha rpaHu. BeImajeHue rpaHu ecThb 3JIEMEHTApHOE COOBITHE.
Tak Kak Ka)KJI0W rpaHu MOCTABJIEHO B COOTBETCTBUE YUCIIO, TO TEM CAMBIM MBI UMeE-
€M, YTO Ha MHOXXECTBE JJIEMEHTapHBIX COOBITUN 3ajaHa 4YuciioBas (GYHKIUS, B
HameM npumepe 1,2,3,4,5,6.

YucnoByio GyHKINIO, 33JIaHHYI0O HA MHOXECTBE 3JIEMEHTAPHBIX COOBITHI, OY-
JIEM Ha3bIBATh CIYYAUHOU GETUYUHOU.

Ecnau mpoBecTH OMBIT, TO ClydailHas BEIWYMHA NPUMET OJTHO M3 BO3MOKHBIX
3HaueHuil. TakuM 00pa3oM, Mbl CTAIKMBAEMCS C CUTYyaIllel, KOT/1a OIbIT CO CIy4ai-
HBIMHU UCXOJAaMU 3aKaHUYUBAETCSA JJIS1 HAC MTOJTYYEHHEM HEKOTOPOTO YHCIIA.

Crny4aiiHyto BEJIMYMHY C KOHEUHOW WJIM CUETHOW COBOKYIHOCTBHIO BO3MOKHBIX
3HAUYEHUN HAa3bIBAIOT Ouckpemuou. CiaydallHbIM BeIUYMHAM MPHUCBAaUBAIOT MMEHA
(o0o3Hauenus1). B nanpHeiem ciydaiiHbie BeIMYUHBI OyaeM 0003Ha4aTh OOJBIIH-
MU WM MaJICHBKUMH JIATUHCKUMH OyKBaMH, MHOTJa TpeuecKuMu. Bo3MoKHbIE 3HA-
YEHUS CITy4ailHOM BEJIMYMHBI 0003HAYUM JIATUHCKUMU OyKBaMU C WHJEKCAMH, T.€.

A= PX =x}=p,
DiPyPy-Py )’ { x’} P (1.3)

. 4
3nech X — cinydaiiHas BenuuuHa , Xy, X, ..., X, - BO3MOKHbI€ 3HaueHUs1. COBOKYI-

HOCTh BO3MOHBIX 3HAYEHUN M COOTBETCTBYIOIIME UM BEPOATHOCTU Pis Pos--5 P,

HAa3bIBAIOT 3aKOHOM PACIPEIEIIEHUS] BEPOSITHOCTEN TUCKPETHOW CIyYalHOU BEJIIUYHU-
HBI.

Mamemamuueckum odxcuoanHuem TUCKPETHOMN CIy4ailHOW BEJIMYMHBI HA3bIBAIOT
CyMMY IIPOM3BEICHUI BCEX €¢ BO3MOKHBIX 3HAUEHUIN HA UX BEPOSTHOCTb.

M(X):x1p1+x2p2+...+xnpn:Zpixi:a, (L.4)

D; ZO, Zpizl

rac a — KpaTkoe 0003HaYEHHE MAaTEMaTHYECKOIO OXXUJaHHA CquaﬁHOﬁ BCINYHUHBI.

4 CJ'Iy‘IafIHI:IC BEJIMYMHEI 4YaCTO 0003HAYAIOT CTPOYHBIMHU 6yKBaMI/I IpeuecKoro aﬂ(l)aBI/ITa.
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Jlucnepcueti (paccesnuem) ciiydalHOW BEJIMYMHBI HA3bIBAIOT MaTeMaTHYECKOE
OXXHMJIaHUE KBajJpaTa OTKJIOHEHHUS CIIy4allHON BEJIIMYMHBI OT €€ MaTeMaTUYECKOrO
OKHJIaHUS:

D(X)=M[X -M(X)]" =M(X*)-(M(X))* (1.5)

CBoiicTBa Iucniepcuu

1. D(C)=0, C = const.

2. D(CX)=C*D(X),

3. D(X+Y)=D(X)+ DY),
4. D(C+ X)=D(X),

5 DX -Y)=D(X)+ DY),

HI/ICHepCI/IH CPCOHCTO apI/I(l)MeTH‘IeCKOI‘O n OJHUHAKOBO pPAaCIIPCACIICHHBIX B3a-

HUMHO HE3aBHCHUMBbIX CﬂyqaﬁHBIX BCIIMYMH B /1 pa3 MCHBIIIC JUCIICPCHUH D Ka)KI[Oﬁ n3
BCJIIMYHUH

D(X)=D/n (1.6)
CpedHum KeadpamuiHbiM OMKIOHEeHUeM CIyd4alHOW BeIW4YuHbI X Ha3bIBAIOT
KBaJpaTHBIN KOPEHB U3 TUCTIEPCHUU:

o(X)=yD(X). (1.7)
DyHKUMSA pacnpeaeseHUs CIy4YalHOH BeaMYMHbI. PaccMoTpuM ciydait, KO-
I/1a BCE TOYKH, HAXOSIIHAECS HA YUCIOBOM MPSIMOM, SBIISIOTCS 3JIEMEHTAPHBIMU CO-
ObITUsAMH. BBeneM nonarre 4nciioBoil GyHKIMM X( @) Ha MHOXKECTBE 3JIE€MEHTAPHBIX
cOOBITHH, TJIe - TEKyIllasi TOYKa Ha YUCI0BOUM ocu. DyHKIMS X(@) HA3bIBAETCS CIIy-
YalHOW BeMYMHOM. [Ipu ciiydailHOM 3KCIIEPUMEHTE PEATU3YETCS SJIEMEHTAPHOE CO-
obiTHe @. Eciiu paccMOTpeTh BCce AiieMEHTapHbIE COOBITHS Ha YHCIOBOW OCH, TO OHA
HOTUUHSIETCS KAKOMY-JINOO 3aKOHY pacIpeieieHHUs.
3aKoH pacnpeneseHusl MPOU3BOJIbHON Cay4allHON BelnuuHbl X( @) XapakTepu-
3yeTcsl BEpOATHOCTBIO COOBITHS X(@) < x (x — mo0oe Yucio), KOTopyro OyaeM Hazbl-
BaTh (pyHKIMEN pacnipeaenenus F(x).
MO0>KHO BBECTH CIIEAYIOIIEE ONPEACIICHHUE.
Dynkuyueit pacnpeoenenusn nazvigarom @yukyuro F(x), onpedensaro-
W(YI0 6ePOAMHOCIb MO20, YMO Cyuainan éenuuuna X 6 pesyiomame
CAYUAUHO020 IKCREPUMEHMA NPUMeEm 3HaAYeHue, MeHbuiee X , m.e.
F(x)=P(X <x). (1.7)
Buo ¢pynkyuu pacnpedenenusn 3agucum om ycioeuili npoeeodeHuUusn cuy-
YaiiH020 IKCnepumMenma.
DyHKIMS pacnpeeseHUs] UMEET CIIeIyIOIUe CBOMCTBA

1.0 F(x)<1 (1.8a)

2. F(x)<F(x,), ecnmux, <x, (1.86)

3. FI(x,) —F(x)=P(x; = X <x,) (1.88)
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HenpepbiBHasi ciiyyaiiHasi BeJIMYUHA U €€ IJIOTHOCTh. CiydaiiHylo BEJIUYu-
HY Ha3bIBAIOT HENPEPBIBHOM, €Cli €€ (yHKLMS pacnpeaeneHus F(X) ecTb HenpepbiB-
Hasi, KycouHO-au(pdepeHmpyeMas (QyHKIUS C HENPEepPbIBHOW NPOU3BOJHON Mpu
Ka)XI0M 3HAYEHUH X.

QOyHKIMSA paclpeiesieHUs] HENPEPBIBHOW CIYyYalHOW BEJIIMYMHBI — 3TO BEPOST-
HOCTbh TOT'O, YTO Cly4yaiiHas BEJIMYMHA B PE3YJIbTATE CIYYAHHOTO OIbITa (IKCHEpPHU-

MeHTa) IIPUMET 3HAYCHUA, MCHBIIICC TCKYILETO X, 1 MOXCET OBITH BbIpa’XCHa KakK

X
F(x)=P(X <x)= [ f(»dy, (1.9)
— o0
3necy f(y) Ha3bpIBaeTCAd NMJIOTHOCTBHIO paclpeaeeHHs BEPOSTHOCTEH Hempe-
PBIBHOM CITy4ailHOM BEJIUYMHBI U ONPEIEISETCS KaK
dF (x)
f(x)=——.

dx
BeposTtHOCTh NOMaianus HENPEPHIBHOW CIIy4YallHOW BEJIMYMHBI B 33JaHHBIA WH-

TEpBaJ ONPEACIIAETCS YePE3 IIOTHOCTh PACIIPEACICHUS KaK

(1.10)

b
P(aSXSb)=ff(X)dX. (1.11)
a
[1moTHOCTE pacnpeneseHuss UMEET CIIEAYIOIINE CBOVCTBA
1. /(x)=0 (1.12a)
2. ff(x)dx =1, (1.126)

PaccMoTpuM Ha mpuMepe MOHSTHE IJIOTHOCTH paclpelieleHns], KOTopas IMosiB-
JsieTCs MPU IPOBEICHUH OMBITOB WJIM HAOMIOJIEHUN CIIy4ailHBIX MPOLECCOB (Caydai-
HBIN SKCIEPUMEHT), U BBISICHUM, OT Y€ro 3aBUCUT BHUJ INIOTHOCTH (DYHKLIMHU pacmpe-
JeNCHUS .

1. [Taceka. Ilepen ynpem Ha OACTABKE TOPU3OHTAIBHO JIEXKUT JOCKA JIMHON L,
Ha KOTOPYIO cobmpaercst caauthes muena’. Kyma oHa cser — 310 aeno ciydast. Ilo-
CJie TIOCAJIKM MYEJIbl Mbl UMEEM 3JIEMEHTApPHOE COOBITHE. 3J€Ch Mbl TUIIOTETUYECKU
IpeoiaraeM, 4YTo MUesbl pacipeAesUIiCh 0 BCEM TOUKaM JIOCKH PaBHOMEPHO.

2. Teneps u3MeHUM yclioBHs 3anadu. JKapkoe J€To, MOJOBHHA HALIEW TOCKU
BiaxkHas. Kyna csaer muena Ha jpocke — Aeno ciaydas. Ho MOXHO 0Xuaath, 4To co-
ObITHE (TIOCa/AKA MUesbl) 00Jiee BEPOSITHO Ha BJIAXKHOU CTOPOHE IOCKH, YEM Ha CYXOU
(nu HaoOOPOT).

3. 3menum eme pa3 yciaoBue 3agaud. [IyCcTb B LIEHTpe AOCKM Hama3aH MEZ.
CoObITHe Mocaaku MYelibl B IIEHTpE (Ha Me) OoJiee BEPOSITHO, UeM TI0 KpasiM, T.€. 3a-
KOH pacrnpeziesieHus] BEpOSITHOCTH MOCAIKU Ha TOCKY OyJeT COBEpUICHHO UHBIM, YeM
B IIEPBOM M BTOPOM CIIy4dae.

> C.10.Pynepman
% [peanonaraem, uTo pasMephl TUEIIBI [0 CPABHEHUIO ITMHOI JOCKH HAMHOTO MaJIbl.
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Takum 00pa3zom, MOKHO cieiaTh BIBOJ, YTO BEPOSITHOCTh TOTO, B KAKOM MECTE
JIOCKH OT JIEBOTO KOHIIA CAJET M4Yeiia, OyJEeT 3aBUCETh OT YC106ULL ONbImA.

Ha npakTtuke yaiiie Bcero Mbl UMeeM JIeJ0 He ¢ 3aKOoHOM ((dyHKIMen) pacipee-
JIEHUSI HEMPEPBIBHOM CIy4YalHON BEIMYHHBI, a ¢ €€ IIoTHOCThIO (1.10). Ilpu pemre-
HUU 33]1a4 B PA3IMYHBIX 00JIACTAX BUJl 3aKOHA COOTBETCTBEHHO IUIOTHOCTH pacIipe-
JICJICHUSI HENPEPBHIBHOM CIIYYaWHOW BEJIMYWHBI BO3HUKAET W3 YCJIOBUM CIy4alHOTO
AKCIIEPUMEHTA. MBI HE 3HaeM, KAKOMY BUJY IIOTHOCTH PACMpPEICIICHUS TOAUUHSACT-
Cs Cily4anHasl BeJIMYMHA. MOKEM TOJBKO THMIIOTETHYECKM MPEAIojaraTb, 4YTo OHa
MOJYMHSIETCS TOW WM MHOM MOJIENIA PACTIPEAECICHUS] BEPOATHOCTEN.

PaccmoTpum yacTo BCTpedaromuecs: Ha MPaKTHKE TUIOTETUYECKUE MOAENIH 3a-
KOHOB M IUIOTHOCTEN PacupeicsieHUus BEPOATHOCTEN HENPEPBIBHBIX, CIYyYalHbIX Be-
JINYYH.

1. 3aK0H M IUIOTHOCTHP PAaBHOMEPHOIO PACHPENEIICHHUsS] BEPOSTHOCTEW HEMpe-

PBIBHOM ClTydyalfHOM BEIMYMHBI B MHTEpBaje [a,b] UMEIOT BUJ .

0 npu x<a 0 npu x <a
X
F(x)= mpu a<x<b prornocrs (%)= npu a<x<b (1.13)
b-a ’ —da
0 npu  x>b 0 npu  xX>b

Ha puc.1.2. npuBeneH Buj 3aKOHA W IUIOTHOCTH PAaBHOMEPHOTO pacrpeserie-
HUA 7151 CITy4aiiHbIX BeJInuuH B uHTepBaie [0,1].

f(x)
1,04 F(X) 1,00 A
0,8-
0,751
0,6-
0,41 0,50 -
0.2 0,251
0,0-
T T T T T T T T 1 0,00 T T T T T T
04 -02 00 02 04 06 08 10 12 14 0,0 0,2 0,4 06 08 1,0
X X
Puc.1.2.

2. Ecnu MIOTHOCTh paclpeiesieHUs] BEPOSITHOCTEH HEMPEPBIBHBIX CIYyYaWHBIX
BEJIMYMH MOJICITUPYETCS B BUE

1 _(x—a)2
f(x)——aﬂexp( Ty ), (1.14)

TO TaKOE PaCIpe/CICHIE HA3bIBACTCS TayCCOBCKUM (HOPMabHBIM), OHO HAIlO-
MHHAET KOJIOKOJI U M300pakeHo Huxke rpadudecku (puc.1.3). DToT BUI pacnpenene-

16



HUSI OYEHb YaCTO BCTPEUACTCS MPU PEIICHUU 33]a4 B CTATUCTUYECKON (pU3UKE, KBaH-
TOBOM pagnopu3MKe, TEOPUH Tiepenayn nHpopMauuu u T.4. PaccMoTpum 3Ty QyHK-

110 0oJiee moApoOHO. 3/1ech d - MaTEeMaTHYECKOe OXKuaHue, O - CpeliHee KBaapa-
TUYHOE OTKJIOHEHHE FayCCOBCKOTO pacIpe/ICIICHHUS.

Puc.1.3. I'paduix IIIOTHOCTH TayCCOBCKOTO pacipeieIeHUs

[Tnomane nmoasiHTErpadbHOM (YHKIIMU paBHA eauHuile. Ha rpaduke B MpoIeHT-
HOM OTHOIIICHWUH TPUBEICHBI 3HAYEHUS TIJIOMIAICH ISl pa3HBIX UHTEPBAJIOB U 3Have-
HUA (QYHKIUHA Ul TPAHWI WHTEPBajIoB. Bua (QyHKOUM pacnpeneneHus COrjacHO
dopmyne (1.9) umeer Bun (puc.1.4).

B 3amauax Teopun BEpOSATHOCTEH Yallle BCETO MCIIOIL3YETCS BEMYMHA JUCTIEP-

CuM, paBHas eauHule O =1 u a=0 , TAaK Ha3bIBaeMasi HOPMUPOBAHHAS (DYHKITHS
(TIOTHOCTB) pacnpeneneHus Ciay4yalHON BenWYMHbl. TaOnuua 3HaYE€HUH HOPMHPO-
BAaHHOI'O pacpeC/ICHUs NPUBEJICHA B IIPUJIOKCHUU.

Puc.1.4. 3akoH raycCOBCKOIO pacrpeeneHus BEPOSITHOCTEN
CIIy4YalHOMN BEJTUYHUHBI

3. IINOTHOCTH MOKA3aTENBHOTO PACIPEACIICHUSI BEPOSATHOCTEN UMEET BU/T
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mpu  x<0

0
X) =
f(x) A mu x20° (1.15)

r7e A - MOCTOSTHHAS, MOJIOKUTENbHAs BenuunHa. [I[puMepom HempepbIBHOH ciiydaii-
HOM BEJIMYMHBI, PACIIPEAECICHHOMN 110 JaHHOMY 3aKOHY, MOYKET CIYKUTh BPEMS MEK-
Ny TIOSIBIICHUSIMU JIBYX MOCJIEIOBATEIbHBIX CIIYYalHBIX COOBITHI. DTO pacmpeelie-
HUE KCIOJIB3YEeTCs B 3ajjadaX MOJICKYJISIPHOM M CTATUCTUYECKON (DU3UKU, B TEOPUU
MacCOBOTO OOCIY>KMBaHUS JIJISi OMUCAHUSI MAJIOTO MOTOKA 3asiBOK, B KBAHTOBOM OII-
THKE JJIS TTOTOKAa HEOOJBIOro KoJndecTBa (J)OTOHOB WJIM aTOMOB. Buj mokasaTeinb-
HOTO pacrpeneneHus JaH Ha puc.1.5.

3,5 -
f(x) ]

2,5
2,0

1,5 -

1,0

0,5 -

-
0,0 -------II--------I

0,0 0,2 0,4 0.6 0,8 1,0 1,2 1.4 1,6
X

Puc. 1.5. TlokazatenbHoe pacnpenenenue, A=>5

4. Pacnpenenenue Ilyaccona (puc.1.6) ucnosib3yrOT JJisi ONMKUCAHUs MJIOTHOCTH pac-
npeneneHus HeOOIbIIIOTO KOJIMYECTBA TOTOKA: 3asiBOK B TEOPUU OOCITyXKuBaHus, ¢o-
TOHOB WJIM aTOMOB B KBAaHTOBOU omnTuke U T.A. [IMOTHOCTH pacnpeneneHuss HMeeT
BU/T

(A"

- — At

fet)y=—7—e ", (1.16)

rje ciy4yaiiHas BeJIMYMHA NMPUHUMAET Ienble 3HadeHuss x =1, 2, 3,...... , At—
napamMeTp OObIYHO, UMEIOIINI CMBICI BPEMEHU MEXIY MOSBICHUSMU JIBYX CO-

OBITHIA.
5. B MonekynsipHO# (hr3MKe XOPOIIo U3BECTHO pacmpenereHne Makcpea

f(x)= % exp (—x)x” (1.17)

Kpome mepeuyunciaeHHbIX BUIOB pachpeaesieHus, CYIIECTBYIOT pacnpeiesCHus
ITapeto, Paiica, Penes, boze, Ditnmrelina, CtblojieHTa, «XHu-KBaapaT», dumepa-
Cuenokopa, OMHOMHAJIBHOE, TEOMETPUUECKOE, TUIIEPTEOMETPUUECKOE U ipyTHe [4-7,
20]. BbiOop TUMOTETUYECKOTO BHIA PACIPEICICHHs TJIOTHOCTH BEPOSITHOCTH TIPH
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NPUMEHEHNUHU 3aBUCUT OT KOHKPETHOM 3a/1aui ¥ 00JIACTH pacCMaTpUBAEMOTO SIBIICHHS
WIIK TIpoliecca.

0,25 +
1 f(x) -
0,20 — - ™
4 - -
-
0.15 - -
-
- - -
-
0,10 - - -
- -
- -
2057 -\"'\-\-..__;
J -
-
0,00
0O,0 0,5 1,0 1,5 2,0 2,5 3,0

Puc.1.6. [lyacconoBckoe pacnpenenenue . A =5, x = 3.

MartemaTH4eckoe OKMIAaHHE W JHCHEPCHsI MPU HCIOJIB30BaHUN (DYHKIIHUH
IUIOTHOCTH BEPOSATHOCTH HENPEPBIBHBIX CIIYYAHHBIX BEJIUYHH ONMPEACIISIOTCS CICHy-
I0IUM 00pazoM

M (X) = [ xf (x)dx, (1.18)

D(X) = [x=MX)) f(x)dx, (1.19)

r7ic a ¥ b — rpaHUIBl pacCMaTpUBAEMOTO MHTepBaia. KBajgpaTuaHOEe OTKIOHCHHUE G
onpenensetcs mo ¢popmyie (1.6).

1.2.2. OCHOBHbBIE TEOPEMbI TEOPHH BEPOSITHOCTEIH '

IIpuBenem 6e3 qoKa3aTeILCTBA OCHOBHBIE TECOPEMBI TEOPHH BEPOSITHOCTEH, KO-
TOpPBIC MOHAI00SATCS HAM B JalbHEUILIEM.

[TocnemoBaTelbHOCTh HE3aBUCUMBIX SKCIIEPUMEHTOB Ha3bIBaeTCsl cxemou bep-
HYJUJIM, €CJIM B KQXKJIOM SKCIIEPUMEHTE BO3MOMKHO TOJIBKO 2 UCX0/1a, YCIOBHO Ha3blI-
BacMBbIC { ycrex }I/I { HEycnex }, MIPY 3TOM

P{ycnexa}!=p
P{ neycnexa} =¢q
BepostHocTh k& ycnexoB B n ucnbITaHusAX bepHysm paBHa

k k —k
P(k)=C,p"(d—p)"", k=0,1,2,....n (1.20)
CooTBeTCTBYIOIIEE pacnpeiesieHne BeposiTHOCTe Ha ynciax 0, 1,2,..., n o6o3Haua-
ercsi B(n, p) - ¥ Ha3bIBaeTCsd OMHOMUHAIBHBIM pacIpe/ieliecHHeM ¢ MapameTpamMmu

n,p.

U3 kypca nekuuit ®.C.HacbkipoBa
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Ilpumep. Tlycth ctanok npousBoaut 100 usnenuii. BepostHocTh Opaka npu
IPOU3BOJICTBE OAHOTO M3aenus paBHa p =0,01. KakoBa BEposITHOCTh TOr0, UTO POB-

HO 3 u3Aenus OKaXXyTcsi OpakoOBaHHBIMU?
ITo dhopmyie (1.17) umeem
3 3 97
Yacto Ha mpakTUKe CTOUT 3a7ada 00 OTHICKAHWU yIOOHBIX aCHMIITOTHYECKUX (op-
myn s BepostHoctel P, (k) mpu 1 —> 00 u ux cymm, 3Ty 3a1a4y MOKHO PELIHTE C

MIOMOIIIBIO JIOKaTbHOM 1 UHTerpanbHoi Teopem MyaBpa — Jlaniaca.
JlokasbHas TeopeMa

Ilycms P € [0,1] , m0o20a cnpageodiueo npeocmagieHue :

_(k-np)?

%ﬂpqe 2t (14 g(n,k)), (121)

WNHaue roBoOpsi, BEPOSITHOCTh k YCHEXOB B 7 HUCHBITAHUSAX BepHYIIM MOXKHO
BBIYUCIIUTD 110 JAHHOMY MPEICTaBICHUIO.

Ilpumep. Tlycts moaOpaceiBaetTcst urpaibHas kocTh 1000 pa3. Ouenum npu-
OJIM>KEHHO BEPOATHOCTH TOro, uTo B 1000 ucnbiTanusax mecrepka Boimaaet 200 pas.

I[To nokansHoOM hopmyse Myaspa-Jlamiaca umeem

1 200 1 800 e
P 1000 (200) = 016000 (g) ’ (1 - gj ~ 1 o 2:1000---=
\/ 1 5
221000 — - —
6 6

OtMmeTuM, 4TO BbIYMCIEHUS P,(k) 1o TouHOU (opmyne (1.21) sBidroTcs HEMPOCTON

P(X = k) = Cfpkq"_k =

3aJlaueH.
HNurerpanbHas Teopema
B pasumuHbIXx 3amadax TpebyeTcs HaXOIHMTh BEPOSATHOCTH  BUJIA:
P {C <X, <d }— T.€. BEPOATHOCTh TOTO, YTO KOJUYECTBO YCNEX0B X, B n MCIIBITa-

Husx Beprysuu B unrepsane [c, d], npuuem c< d.
WHuTerpanpHas TeopeMa riaacuT Tak
Jis1 1r060ro ¢ <d uHTepBaJa [c, d | nas cxemsl bepHysiim umeer MmecTo

d—np c—np

—p| =
/—npq /—npq , (1.22)

s 1 >>1. 3pecy pynkumo @ MOKHO MOCUUTATE 10 (GOopMyIIe

t2
, L
I e 2dt’

0

d
Plce<X,<d}{=>Cipqg* ~@
k=c

() ==

20



BE€IIMYNHA X ,~ KOJIMYCCTBO YCIICXOB B 71 UCIIBITAHUAX BepHynJm.

BeposTHOCTHOE pacnpeneneHre Ciy4aiHoN BEIUYUH X, T10 JIOKAJIBHOU TeopeMe IS

KaK10r0 K B uHTEpBae [¢, d] onpenensercs Kak
P{X,=k}=P,(k)=CFp*a—p)"*, k=0,1,...,n (1.23)
31ech MpU ONPEEICHUN BEPOATHOCTH MOYKHO HMCIOJIBb30BaTh HMHTETPATBbHYIO
npeaenbHyo TeopeMy Myaspa-Jlammaca, corsiacHO KOTOpO# Jyisi OOJIBIIUX 71 BEPO-
ATHOCTb YCIEXOB X, B MHTepBale [C, d] MOXHO OIPENENUTH O MPEAEILHON (Gop-

myne (1.22). st onpeneneHus 3HadeHnit @ MOYKHO MCIIOJIb30BaTh TOTOBYIO TaOJIH-
1y (CM. MPUIIOKEHNE).

3axkoH boabmmx Yuceu

DTO O0IMi NPUHLNI, B CUIIy KOTOPOTrO CyMMapHOE JIEUCTBUE OOJIBIIOTO KO-
JUYECTBa CIIy4ailHBIX ()aKTOPOB MPHU BEChbMa OOIIMX YCIOBHUSAX MPHUBOJUT K PE3Yiib-
TaTy MOYTH HE 3aBUCAIIEMY OT CIIydasl.

[lepBbIii pe3ynbTaT B 3TOM HampaBieHud nonydeH S.bepuymm (1713), ero
o0606menue caenano [1.J1.YeoOsbimeBsiM (1867) 1 HOcUT HazBaHuEe TeopeMbl YeOblle-
Ba.

IIycte X, - mocinenoBaTENbHOCTh HE3ABUCHMBIX CIyYalHBIX BEIMYMH H
X, + X, + +X
2 1 2 eese 0
M(X)=a, D(X)=0" <o, torma L —"2% >a. VHade TOBO-
n
= X, +X,+..+X,
pA, eci X = - apudpMeTHIecKas CpemHsIs, TO

n
P{—gﬁ)_(—aﬁg}TO,T.e. X~a.

Teopemy UebbimeBa MOXHO CPOPMYIUPOBATH CIEAYIONIUM 00pa30M:

Echu X;, X5,.....X,, — He3aeucumble ciyuaiinvie geiudUHbl, UMeEOUUe 00-

HO U MO Jce Mamemamuieckoe 0XHcuoanHue a, 0ucnepcuu amux eeiuuun

MeEHbUie Hekomopoﬁ KOHCmarnmbsl U 4ucjio Cﬂyllaﬁl-lblx eéenuuuH oocma-
mou4Ho 6éliuKo, mo cpeduee apuquemuuecxoe amux cnylmﬁubzx eeiuuun

npumem 3naiuenue, onuszkoe k d.

Bosee ctporo, ¢opmyimpoBka ciemyromas

Kakoe ovt Hu 0b110 yucno €> 0, umeem mecmo
1i1nP(|)_(—M()_()|<8)=1i1nP(|)_(—a|<8)=1_ (1.24)

11—>00 11—>0
OOBIYHO YUCIIO € BBIOMPAIOT AOCTATOYHO MAJIbIM, B 3TOM citydae X ,= a+&

Teopema bepnysuiun

HYCTB MBI IMEEM 7 HE3aBHMCUMBIX MCIIBITAHUU 11O pcaji3anuu CJ'Iy‘I&fIHOFO

21



coObITUA A, U B pe3yjbTaTe UCIBITAHUHN, COOBITHI A peanu3oBanach BCEro 1y pas,

TOoT/Ia apu(METHIECKOe CpeaHee X ects MPOCTO OTHOCHUTEJIbHASI YaCTOTa COOBITHUS
¥="14
A, T.€. - n Ha=M(X)=P(A).

n
[To 3akony bonbmmx Yucen nmeeM, 4To —AT>P(A), T.€. OTHOCUTEIIb-
n n

Hasl 4YacToTa CIy4yalHOTO COOBITUSI CONMMKAETCS C €r0 BEPOSTHOCTHIO MPHU BO3pacTa-
HUU YKcia HaOIIoAeHW. DTO CleCTBUE TeopeMbl YeOblleBa 1 OHa HOCUT HAa3BaHHE
TeopeMbl beprysuin.

Taxum o6pazom, Teopemy BepHyJLIM MOXHO CPOPMYITHUPOBATH TAK:
Ecnu nposodumca oocmamouHno 001vuioe Koauuecmeo N He3a8UCUMDBIX

ucnolmanuii no onpeoenenuio coovimua A, u éepoamnocms P noagieHun
coovimuas A nOCMoOAHHA, MO OMHOCUMENbHASA YACMOMA NOAGINCHUSA CO-
ovimusn A okaxcemca O1U3KOIU K 86€POAMHOCMU IMO20 COObIMUAL.

Ecmu 6omee CTpOro, ToO UMECT MCCTO CJIGIIYIOIHI/Iﬁ npeacia

. n
lim P(|— - p| <¢&)=1, (1.25)

n—»0 n

HenTpajabHasn npeaeabHas treopema (LIIT)

B Teopun BeposTHOCTEN CYLIECTBYET psI NMPEIEIbHBIX TEOPEM, YKa3bIBalO-
LIMX YCJIOBHS, IIPU BBIIIOJIHEHUU KOTOPBIX PACHpPENEIEHUE BEPOATHOCTEN HOPMHPO-
BAaHHBIX CYMM CIIy4allHbIX BEJIMYUH CXOJUTCS K HOPMaJbHOMY (TayCCOBCKOMY) pac-
npeneneHuto. PaccMoTpum oiHy U3 HUX.

[Iycts §, = KOJIMYECTBO yCIIEXOB B 7 UCHBITAHMAX bepHyinmu u p - BeposT-

HOCTh yCIieéXa B OJHOM HCIIBITAHWH, TOTJa 10 WHTErpajJbHOM Teopeme MyaBpa-
Jlamnaca st mo0oro ¢ < d MMeeT MecTo

S, —np T 1
pic<— <dp—— >j e 2dx
N2 V27
n 1, ycnex
S =>X X, =
31eces Py ; K, TIE k 0, Hey criex

JIerko BUAETH, 4TO

2L -3 (X, ~a)

NI - Jno 15

rie M(X)=a, o’=D(X)=pq, torma GopMyIHPOBKA MHTErPAILHON TEOPEMBI

b

MyaBpa-Jlannaca MOXeT ObITh IIEpeNUcaHa B HOBBIX 0003HAYEHHUSX TaK:
Ilpu n10ovix Koneunvix 3nauenusax ¢ < d umeem mecmo
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_(x-a)’

1 & 41 -
< X, —a)<d > 207
ples—— ;:;( . —a) = I —e 7 de (1)

OTta TCOPCMA HOCUT HA3BAHHC «HCHTpa.]IbHaﬂ npeacjabHast TEOPEMA)> .
3I[€CI> X n  HOCJIICHOBATCIIBHOCTh HC3ABUCUMBIX OAWMHAKOBO PACIIPCACICHHBIX

(T.e. coBmamaroT GYHKIMU paclpeesieHns) CIydalHbIX BeauduH, a=M(X) - wMare-
MaTHYeCKOe OKuaanue, aucnepenst D(X)=c’ < oo - uMeeT KOHEYHOE 3HAYCHHE.

Oty TeopeMy Mbl cHOpMYITUPOBAIH, UCIIONB3YA cXxeMy bepHysun, oHaKo OT-
METHUM, YTO JaHHAasl TeOpeMa CIpaBe/IJINBa U B 00IIEM CiIydae.

1.2.3. OneHkKa NOrpemHoCcTH MaTEeMATHYECKOT0 0:KUTAHNS

HUCCJIeyeMOol BeJITHYMHbI
*

HYCTB JJIA TIOJIYYE€HUSI OLICHKM MAaTEMaTU4YCCKOTO OXXHUAaHUS CquaﬁHOﬁ BC-
JMYUHBI X OBLIO IIPOU3BCIACHO 71 HC3aBUCHUMBIX HUCIBITAaHUU (pa3I>1rpaH0 n BO3MOX-

HBIX 3HaueHu# X), U o HUM ObLJIa HaiiieHa BRIOOpOYHas cpenHsas X , KOoTopas mpu-

. -
HsTA B KAUECTBC UICKOMOU OLICHKU: & = X . HCHO, 4TO C€CJIM ITIOBTOPHUTH OIIBIT, TO

Oy/LyT MONyYCHBI APYTHe BO3MOXKHBIC 3HAYCHMS X , CIICOBATENBHO, APyras Cpei-
HSISL, 4 3HAYUT M APYras OLEHKA a . [IpH 3TOM BOSHHKAET BOIPOC O BEIHUYMHE A0y C-
KaeMo#l OImMOKH: KOTOPYIO U3 MOJYYEHHbIX 3HAUYEHUN MAaTeMaTHUECKOIO OKUIaHUS
BbIOpaTh B KaueCTBE W3MEPEHHOM BeNMYUHBbI? OTrpaHUYUMCS OTBHICKAHHWEM JIUIIb

BEpXHE rpaHulpl O JOMYyCKAeMOM OIIMOKM C 33JaHHOW BEPOSTHOCTBIO (HAJCKHO-
CTBIO) Y: P(‘X — Cl‘ <o)=y.

WNHuTepecyromas HaC BEPXHSSI TpaHb OMMOKH O €CTh HE YTO WHOE, KaK «TOY-
HOCTh OIICHKM» MaTEMaTHYECKOTO OXKHUIAHUS 10 BEIOOPOYHOM CpeIHEH MPU ITOMOIITH
JIOBEPUTEIIbHBIX MHTEPBAJIOB. PaccMoTpuM Tpu ciiydasi OIEHKH OUIMOKHU JJIsl HOP-
MaJIbHOTO (TayCCOBCKOTO) paclpeiesICHHs TIIOTHOCTH BEPOSTHOCTH.

1. CnyudaitHas BennunHa X UMEET HOPMAJIBHOE paclpeiesieHue, U €€ CpeIHee KBal-
paTUYHOE OTKJIOHEHHE O U3BECTHO.

B sToM cityuae ¢ HaACKHOCTBIO Y BEpXHSS IPaHHULIA OLIMOKH

t-o
0= JN (1.27)
rae /N uucno ucnbITaHmi (passITpaHHBIX 3Ha4YeHWH X); { — 3HAUGHHME apryMeHTa
()=~
¢ynkuuu Jlamnaca, npu KOTOpoM X O - U3BECTHOE CpeHEE KBAAPATUUHOE

OTKJIOHEHUE X.
2. CnydaitHag BenuunHa X UMEET HOPMAJIbHOE PaCIpEeICIICHUuEe, MPUUYEM €€ CpEe/IHEE

KBaJPaTUYHOE OTKJIOHEHHE O HEM3BECTHO.
B aTom ciydae ¢ Hai¢)KHOCTBIO Y BEPXHSISI TPaHUIIA OITUOKA
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t7 )
\/ﬁ , (1.28))

rac N — YHUCJIIO I/ICHLITaHI/Iﬁ; S — CHUCIIPABJICHHOC)» CPCAHCC KBAAPATUIHOC OTKIIOHC-

o=

HHC, KOTOPAAd HAXOOUTCA M3 SKCIICPUMCHTA, { y HaXO0IiT IIO Ta6J'II/IH€ IMPUIIOKCHUA.

3. CnyyaitHas BenvuuHa X pacmpenesieHa Mo 3aKOHY, OTIIMYHOMY OT HOPMAaJIbHOIO
pacnpeneneHusl.
B sTom ciiydyae mpu A0CTaTOYHO OOJBIIOM YHUCIE UCTBITAHUN C HaJCKHOCTHIO,

NPUOIMKCHHO PaBHOM ), BEPXHsASA I'PaHMIA OHIMOKUM MOXKET OBITh BBIYMCIIECHA IIO
dbopmyne (1.28), ecnu cpenHee KBaJIpaTUUYHOE OTKIOHEHHUE G CIyYailHOM BETUYHHBI
X U3BECTHO; €CJIU K€ G HEH3BECTHO, TO MOYKHO IOJICTaBUTh B dopmyny (1.28) ero
OIICHKY § — «UCTPABJICHHOE» CPEJIHEE KBAIPATUUHOE OTKIIOHEHHE. 3aMETHUM, UYTO YEM
Oosibiiie N, TeM MEHBIIE pa3Iudre MEXIY pe3yibTaTaMH, KOTOpbIe aloT 00e (op-
MYJIBI.

4. ITpu ucronp30BaHUM OAHON HOPMAJIBHO PACTIPEIEIICHHON CIIy4alHON BEJIMYMHBI X
JUISL OLIEHKH U3MEPAEMOM BETMYMHBI UCIIOJIB3YETCS MMPABUIIO TPEX «CUTM»

P(a—-30c< X <a+30)=0.997 (1.29)
Ecom MBI paccMmarpuBaem N HE3aBUCHMBIX  CJIyYaiiHBIX  BEIUYUH
X,,X5,....X 5 C OIHOMU U TOH K€ IFIOTHOCTBIO PaCIpeCICHHUS, TO

roe X = ~ cpenHee apu(METUUECKOE OT HE3aBUCHMBIX CITy4aiHbIX

BCJINYHH.

1.3. FeHepaTOpbl, aNropuTMbI NONy4eHUS U NpeodbpaszoBaHusA
cnyyvyamHbIX yncen

CyTh KOMITBIOTEPHOTO MoOJenupoBaHus meTonoM Monte-Kapio 3akmrouaercs
B CIICAYIOLIEM: CIy4ailHOMY 3KCIIEPUMEHTY PEAJbHOTO SBJICHUS WM MPOLIecca Win
OTMUCHIBAIOIINM €ro auddepeHInaIbHBIM YPaBHEHUSIM COIOCTABJISIETCS aHAJIOTHY-
HbI UM (MHOT/Ia COBEPIIEHHO HEMOXOXHUMH) BEPOSTHOCTHBIN MPOLIECC, KOTOPBIA MO-
JEUPYET 3TO SIBJICHUE, T.€. CO3/1a€TCA BEPOSITHOCTHAS MOJIENb UCCIENyEMOTO SIBIE-
Husa. Ha BeposSTHOCTHOW MOJENM MPOBOISITCS UCCIENOBAaHUS, OTPaOATHIBAIOTCS BO3-
MOXKHBIE PEIICHMS], Yallleé BCEro Ha KOMIIbIOTEpPE, KOTOpPhIE 3aTeM MEePEHOCATCS Ha
peanbHbINA MPOLeCcC UK SIBJICHUE.

OpHako mJis IPOBEICHUS UCTIHITAHUN B BEPOSITHOCTHON MOJIETTH HEOOXOTMMBI
reHEePaTOPhl CIyYalHBIX yucen. ['1e B3SITh 3TU reHepaTophl B pealivd, a €CiM 3aj1aya
pelaercs Ha KOMIBbIOTEPE, KaK CO3/1aTh T€HEPATOPHl UCTUHHO CIyYalHBIX YUCEN IS
OBM wu kak UCIOIb30BaTh UX JIJIA pelIeHus 3a1a4d B merogae Mounre-Kapio?
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TaxuMm 00pa3om, /Ui pelieHusl BEpOATHOCTHOM MOJEIU CTOMT 3ajaya Mojy4de-
HUSI CIIyYalHBIX YHCEIL.

1.3.1. Ilosy4yeHue cjy4ailHBIX YK CeJI C IOMOIIbIO
CJIYYAHMHOI0 IKCIIEPUMEHTA

['enepaTopoB monydeHUs: CIy4alHbIX YUCEN C TOMOIIBIO OMBITOB MOXKHO MPU-
IyMaTh OECKOHEYHOE MHOKeCTBO. [IpuBeneM mpumepsl.

1. CambIil TpoCTO# TE€HEpaTOp — 3TO OJAHOPOJHBIN KyOMK C HAHECEHHBIMU Ha HEro
guciamMu oT 0 10 5 (urpasibHas Kocth). IIpoBoas N onbITOB BIOpOCAa KOCTH, MBI
MOJIy4aeM CiIy4aiHple U(PHI B MIECTEPUIHON CUCTeMe ucuucieHnus. M3 mecrte-
PUYHON CUCTEMBI IO aIrOpUTMaM IPEeoOpPa30oBaHUS MOXKHO MOJYYUTh CIydalHbIe
1U(QpHI B JECATEPUYHON CUCTEME UCUUCIICHHUS.

2. Crnenyromuii MpOCTON reHeparop — 3To MoHeta. Ecnu nmpoegeM N ONBITOB BbI-
Opoca MOHETBI, TO Mbl TOJy4aeM CIIy4ailHble COOBITHS «OpEel» WIH «PEHIKY».
O0603HaYUM UX COOTBETCTBEHHO HYJIEM WJIM €IMHUIICH, HHA4Ye TOBOPs, IudpamMu B
JIBOMYHON CHCTEME HMCUYHUCIICHMs, TOTJa Mpoleaypa OpocaHusi MOHETHI SBIISICTCS
reHepaToOpOM JBOUYHBIX ITUGD.

3. Pynetka B WUrpoBBIX JoMax M KIyOax MpeCTaBiIsieT COOOM TapeiKooOpa3HyIo
(dopMy, Mpu OpoCaHHM IIAPHUKA MO KpasM PYJIETKU IIAPUK, COBEPILIUB HECKOJIBKO
000pOTOB, MAJACT B SYCUKHU, HAXOISAIIUECS Ha KpasX JHA PYJICTKU. S4elKku cooT-
BETCTBEHHO ITPOHYMeEpOBaHbl. [lonmaganne maprka B ONPEAEICHHYIO SYEUKY — CO-
ObiTHe uKcTo ciydaitHoe. [IpoBoast N ONbITOB, MBI MOJy4aeM MOCIIEIOBATEIb-
HOCTb CJIyYalHBIX YHCEIL

4. Jlng peanu3aiiuu pO3bITPHINIA CIYYaMHBIX YUCEN B PA3JIUYHBIX BHJIAX JOTEPEU U
UTPaJIbHBIX aBTOMATaX MCIOIb3YIOTCA CHEIUalbHbIE YCTPOWCTBA (T€HEpaTophbl
CIIy4JailHBIX YHCeN), KOTOPhIE BRIOPACHIBAIOT 3TU CITYYallHBIX YHCTIA.

1.3.2. AJIFOPHTMBI HOJYHYEHHS ICeBIOCTYYARHDBIX YHce

[IpoBeneM ciydaiiHbIN SKCIIEPUMEHT, B PE3YJIbTaTe KOTOPOTo HaOIIO/IaeM WU
MoJIy4aeM ciiydaiiHoe yucio. Mcnonb3yst 3To ciydyailHOE 4HCIIO, 0 KaKoH-1u0o0 3a-
TaHHON (opmyse mpeodpazyem ero B JIpyroe ciiydailHO€ 4MCIIO, 3aTeM IMOBTOPSEM
ATy UTEPALNIO, TOTJa B KOHEYHOM CYETE IMOJy4YaeM psiJ ClydyalHbIX yuces. Takum
00pa3oMm, MOJyYEHHbIE CIIyYaiiHbIE YKCIIa HA3bIBAIOTCS MICEBAOCTYYaHHBIMHU YHUCIAMHU.
OTmeTuM, 4TO IIPU UCTIOJIB30BaHUU (GOPMYJ AJIs MOJTYUYEHHUS CITy4alHbIX YHCell Yyepes
KaKO€-TO YMCJIO UCTIHITAHUN HAYMHAETCSI TOBTOPEHHUE CIIyYalHbIX YHUCEII, T.€. IICEB/I0-
ClIy4yailHble 4YHCJIa NEPUOJUYHBI, MHA4Y€ TOBOps, 3arac ICEBIOCIYYalHBIX YHUCEN
orpaHuyeH. Borpoc cocTOUT TOJIBKO B TOM, KAKOB NIEPHUOJ] TICEBOCTYUYalHbIX YnCEN?
DT0 3aBUCUT OT BEIOPAHHOTO AJITOPUTMA BbIPAOOTKU MCEBAOCTYYalHBIX YHCE.

$ Jlpyrue criocoGbl MOMyUYeHHs CIyqaifHOTO YHCIIA H3JI0KEHbI B KHUre «MeTOJI CTATHCTHUECKUX HCIIBITAHMM (METO
Moure-Kapio)» / [lon penaxmumeit 10.A. Hlpeiinepa. — U3n-Bo «@uzmatnury», 1962. —c.331.
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Cy1iecTByeT JOCTaTOYHOE KOJIMYECTBO CIIOCOOOB MOIYUEHUS TICEBIOCTYYaliHbIX

gucen (cMm. B padorax [5, 13, 22]). PaccmoTrpum 06e3 moka3arensCcTBa HECKOIBKO
CIOCOOO0OB MOJIydEHHS TICEBIOCIyUYalHBIX YHCEII.

l.

[TocnenoBaTenbHOCTH MICEBAOCTYYAHHBIX YHCeN X;, i= 1, 2, ..., MOKHO TTOJTYYUTh

C IIOMOIIIBIO criocodba HeMepa, HJIN KaK TOBOPAT MHOI'Ta MCTOJOM BBIYCTOB. Anro-

PHUTM 3TOr0 criocoda cocTouT B cieaytoiiem [70]:

Y
2)
3)

4)

[lepBoe ciydaiiHoe 1enoe 4uciao F; BblOMpaercs Mexay uuciaamu 0 u
P, e uncno P BeiOupaeTcs 3apaHee.

YMHOXaeM 3TO ciydyailHOEe YMCIIO Ha BRIOpaHHBINA 3apaHee MOCTOSHHBIN MHO-
KUATENb M.

K momydeHHOMY MpOM3BEIEHUIO TPUOABIISIEM HEKOTOPOE BHIOpAaHHOE 3apaHee
uesnoe yucio K.

Pe3ynbTaT nmepBhIX TpEX IIAroB AWM Ha P U MOJYyYUBIIUICA OCTATOK BBIOU-
paeM B KaueCTBE CIIECIYIOLIETO CIy4ailHOTroO unciia. PopMysa MpeacTaBICHHOTO
aJropuTMa UMeeT CAeAymu Bua: r;v; = (M r; + K) mod P, i =1, 2, ...
Bri6op paznuunbix 3naueHuit M, K u P gaeTt pasnuunHbie nmepuobl mnces-
JNOCIy4alHbIX MOCHeA0BaTelbHOCTEeH. [loka3zaHO, 4TO JIydllle BCEro HcC-
1n0J1630BaTh Henbie yncaa. [pu K=0, a P = 2 " HanGonbimii mepyos T0CTH-
raercs pu M=3+8*1 WIIH M = 5+8*I.

B kauecTBe HayaibHOroO 4YHcCia V'; KenaTeiabHO BBI6paTB HCYCTHOC 4YHCJIO.

[Ipu nmoctaTouHo O6OJBIIMX YyucaaX M MOJTyYeHHBIH psii TPOU3BOIUT BIIEYAT-
JICHUE CIIy4ailiHOTO psija.

2. JIns IoJaydeHusl CIIy4aiiHOTO YKCJIa MOXKHO MCIIOJIb30BaTh TAKXKE APYron ajro-
put™ Jlemepa:

3.

1) Bepew cityuaiitoe uncio y 1 ymuoskuM ero 07 * (& =p*10° * )

2) Bo3BoauM B KBajpar &)°

3) Bepem nocnemsue 2*k ot &,°

4) YMHOXXUM Ha MOCTOSIHHOE JTr000€e urcio C, moaydaeM HOBOE YHUCTIO &;.

5) BepeM niepbie 2*k mudpbl o1 &7, TOTIA TOTYYMM YKCIO &),

6) Bepem nepsoie 2%k ot &) ?

7) YMHOXUM Ha TOCTOsTHHOE JIF000€e unciio C, moxy4aeM HOBOE YUCTO &;.

8) Bepem nocnennue 2 *k uudpst ot &3, TOrAa MOTYIUM YHCTO &y,

y 2%

9) Cryuaittoe uncio &= (&+E)/(2*10°™).
JUiIst reHepUPOBaHUS STAJOHHBIX MICEBA0CTYYaHHBIX YHCET MOKHO TAKKE BOC-
TI0JIL30BaTHECS METOIOM CEPEAMHEI KBaapaTos (MeTon HeiiMana), cyTh KOTOPOTO

2

sakitrouaetcs B ceytomem: nycts 7, = 09876 torma 7y =0.97535376  Gepem
cpenHue deTsipe UdpsI 1 coctaBuM ¥, =0,3353, Torma y3 =0,28654609

CnenosarensHo, 75 =0,6546 u 1.11., T.e. Kaxk0€ TOCIIEYIONIEE YUCIIO 0Opa3yeT-
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Csl BO3BEJICHUEM TIPEBIIYIIETO B KBaJIpaT U 0TOpackiBaHUEM LTUPP ¢ 000MX KOH-
1IOB.

4. Cnenyrolui KjJacc reHepaToOpoOB CIyYalHBIX YHUCell MpeyIokeH A.3eiiMaHoM 1
JIx.Mapcanua. [ 'eHepaTtopsl 3TOro TMna OCHOBaHbI Ha UCITOJIb30BAHUY TIOCIIEN0-
BaresnbHOCTH PuboHauuu. [Ipumep Takoi nmocnenoBarensHoctu {0, 1,1, 2,3, 5,
8, 13,21, 34, 55, ....}. PekypcuBHOE onucaHue nocieaoBaTeabHocTd OudoHauyn
umeer Bun f, =0, f, =1 f.=f_,+f_, 1=345..., T.e.kaxnaplino-
CJICAYIONIUI YWIEH paBeH CyMMe Mpeablayux. Eciu Ml OepeM TOIbKO Mmociae-
HIOIO TGPy KAXKIOTO YHCIIA B MOCIEA0BATEILHOCTH, TO TIOJYYHUM ITOCIIEI0Ba-
tenpHOCTh uncen {0, 1,1, 2,3,5,8,3,1,4,5,9,4 ....}. Ecnu aTa mocienoa-
TEILHOCTh MPUMEHSIETCS 111 HAYaJIbHOTO 3aIMIOJTHEHUS MAacCUBA OOJIBIIION JIJTUHBI,
TO UCITIOJIB3YS ATOT MAaCCHB, MOXKHO CO3/1aTh T€HEPATOP CIydyalHbIX yucena dubdo-
Hay4M C 3ara3/bIBaHUEM, IJI¢ CKJIAJIBIBAIOTCS HE COCEIHUE, a Y/IaJCHHbIC YUCIa.

1.3.3. IloHsITHE 3TAIOHHOIH *, CTyYaiiHON BeJHYHHDI Y

Bri6epem untepBain uucen ot 0 no 1. [IpeacraBum cede, 4To MbI UME€EM HEKOTO-
PBIi TeHEpaTOp BHIPAOOTKHU CIyYalHBIX YUCEN X 110 PABHOMEPHOMY pacIpeeiIeHHIO

B unrepsaine [0, 1], T.e. mas obnactu 0 < x < [, QpyHKuMs pacnpeeicHus paBHa
F(x)=Xx, a INIOTHOCTb BEPOSITHOCTH PEAU3AIUU CIIYYafHOTO YUCJIa COOTBETCTBEH-

HO paBHa exunune f,(x)=1.

PaccmoTpum ciydaliHbIA SKCIIEPUMEHT, NPU NMPOBEICHUN KOTOPOTO PEATU3YETCA
PABHOMEPHOE paCIpEeIeIICHUE CIIy4YalHbIX YMCENl B HEKOTOPOM HHTEpBae. B pe3yiib-
TaTE OIBITA MBI [TOJIy4aeM HEKOTOPOE YHUCIIO Y, KOTOPOE MOKET OBITh MPECTABIEHO B
BUJIE

7 =0,&¢,....&,...., HapuMeEp, B PE3YIIBTATE PO3BITPHIIIA YIIAIO YUCIIO

y=0.4603721 ...,

PeanusoBannuble B pe3yabTaTe PO3BITPHINIA YHCIIA ), JEXallue B HHTEpBae
[0, 1], B manbHeiiieM OyAeM Ha3bIBaTh ATATIOHHBIMU CITyYallHBIMHM YHCIIaMHU, a (-

pBl &, BXOASIME B CllydallHble YUCIIA, HA3bIBaTh JECATUYHBIMU, CITy4YalHBIMH LU (]-
paMu, B OTJIMYME OT CIy4allHbIX LHU(pP, B Apyroil cucrteme ucuucieHus. [Ipuuem
Kaxkaas nudpa sBiseTCS HE3aBUCUMOM OT IPYTuX mMUdp.

ITpu perenny peanbHBIX 3a7a4 B CAYyYaWHON BEIMYMHE ) KOJIMYECTBO CIIyYaHBIX
ugp nociie 3ansToi BHIOMPAIOT KOHEYHbBIM, T.€.

y=0,6&,...&y. (1.31)

Mo>kHO CKa3aTb, 4TO IIPpHU BCPOATHOCTHO-UMUTAIMOHHOM KOMIIBIOTCPHOM MO-
ACIIMPOBAHUHN PCAJIbHBIX SIBJIGHI/Ifl, 9TAJIOHHAs WM CTaHJapTHAA cnyqaﬁHaﬂ BCIIMYHWHA

’ Muora ciyJaitHpie Bemuunbl B uaTepBae [0,1] HA3pIBAIOT CTAHIAPTHOM WK 6a30BOM CIyJaitHON BEIMUHHOI
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Y ABisieTca 0a30BOM I MOJYYECHHUS CIyYalHBIX BEJIMYUH B IPYIOM QUANa3oHe (MH-
TepBaJe) U JAJI APYTHX PACIPEAEIICHUN IIIOTHOCTH BEPOSITHOCTH.

1.3.4. [IpeoGpa3oBanue cIyqaiiHbIX BeTHYHH '

B metone Monte-Kapio yacto cTouT 3amada mpeoOpa3oBaHUsl OJHOM Cily-
YaWHOW BEJIMYHUHBI B JPYTYIO.
PaccmoTpum QyHKIMIO pacnpeniesieHus: HEMPEePhIBHON CIydyaiiHOW BEJIMYMHBI,
KOTOpAasi IO ONPEAECIEHNUIO UMEET BUJT

X
Fx)=P(X<x)= [ f(dy, (1.32)
— 0
rae Gyukius F(x) mensiercs ot 0 1o 1.
[IpuBenem 6e3 Aoka3zaTebCTBAa OJHY U3 TEOPEM MPeoOpa3oBaHUs CIydaitHOM
BEJTUYNHBI.
Cnyuaiinaa eenuduna, y0o6iemeoparouias ypasHeHuro
F(x)=y (1.33)
umeem NJaAOMHOCMb 8epoamHocmu f(x).
Ota TeopeMa Mo3BOJIAET MOJIydaTh (HOPMYJIbI IpeoOpa3oBaHUs OJHON ClIydail-
HOM BEJIMYUHBI B APYTYIO JIJIS PA3IMYHBIX 3aKOHOB PACIIPEICICHHUS.
Ilpumep 1. Hatipumep, pacCMOTPUM CIIyYalHBIN SKCIIEPUMEHT, IJIOTHOCTh BEPOSITHO-
CTH KOTOPOT'O OTYMHSIETCS PABHOMEPHOMY PACTIPEICIICHUTIO
0 npu x <a
1

b—a
0

f(x)=

mpu a<x<b

npu  x>b

3/1eCh ClydaiiHasi BEJIMUMHA X JIEKUT B IPOMEXKYTKE [a, b].
[Tpumenum popmyiy (1.33),

xX—a
b—a’

7/=If(y)dy=ﬁjdy= (1.34)

Otkyna nosydaeMm Gopmyiy npeoOpa3oBaHus 1151 pPABHOMEPHOI'O paclpeesICHUs
x=a+tb—ay, (1.35)

T.€. JUIsl OTIPEENICHUs CIIyYallHbIX BEJIMYMH B 3TOM MHTEpPBAJIE Mbl 0OpalaeMcs K 1o-

CJIEOBATEILHOCTH CIy4alHBIX YUCENl, PABHOMEPHO paclpeleieHHbIX Ha oTpeske [0,

1], T.e. K 3TAJIOHHOM CITy4allHOI BEIMYMHE J, a CIIy4allHyIO BEJINYMHY X B HHTEpPBAJIE

[a, b] momywaem no hopmyne npeodbpazoBanus (1.35).
Ilpumep 2. PaccMOTpUM TENEpPb SKCIIOHEHIUAIBHOE PACIIPEACIEHUE

' Bonee noapoGHO TeopuIo MpeoOpa3oBaHus CIyuaiiHbIX BemuuuH cM. B kuure .M.Co6ouns [31], rnasa 2.
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f(y) =Ae 07 (1.36)

Taxk xak

TO JUISl pacyeTa SKCOHEHIMAIBHOM CIIy4YaliHOM BEIMYUHBI X UMEEM CIIEAYIOLIYIO
popmyimy
In(1-y)

X=a————"—
SR (1.38)

Ilpumep 3. JIns nosrydeHus: rayCCOBCKOM (HOpPMUPOBAHHOMN) CIy4yalfHON BETUYUHBI X

(a=0, o=1) MBI TOJKHBI PEIIUTh YPABHEHUE U HAUTH X
1 X

Nord e

—oo
Peute 3T0 ypaBHEHHE JOCTATOUYHO TPYAHO, TOITOMY HCIOJIB3YIOT IPYTUE METOIBI
npeoOpa3oBaHusl.
1). Ogun U3 cnoco6oB MpeoOpa3zoBaHusl CIyYaHONW BETUYUHBI JJIs TTOJTYYCHHUS
rayCCOBCKOTO paclpeAeNIeHHs — 3TO UCIIOJIb30BaHUE CYMMBI 72 HE3aBUCUMBIX,
PaBHOMEPHO paCTpeICICHHbIX BEIMYUH THUIIA

" 3<
x" = ;Z(z%- -1, (1.39)
i=1

COTJIACHO LIEHTPAJIBbHOM MPEIEIBHON TEOPEME IIPU N —> 00 UMEEM, UYTO

P{X(n) <x}—>ﬁj@e—y2/zdy, (1_40)

T.€. IJIs1 OOJIBIIIUX 72 MOKHO UCIIOJIB30BaTh 3Ty ACUMITOTUKY. ONBIT MOKa3bIBACT,
YTO MPU 3HAYCHUH #=]2 MOXHO MCIOJIb30BaTh (hOpMYITy

12
xrx'?=2y,-6 (1.41)
i=1

IJIE J; - PABHOMEPHO pacIpeesieHHbIe citydaiiHble uncia oT 0 no 1. J{ng nmomyyeHuns

OJTHOTO 3Ha4YeHUsI & B 3TOM CiIydyae UCIOb3YIOTCs 12 3HaueHui v.

WNHuorna i onpeneneHus CIiy4aiiHOW BEJTMYHMHBI JIJIS1 TAYCCOBCKOTO PACIIPEACIICHHUS
UCTIOJIB3YIOT CIEAYIOLYIO popMyTy

5 5)\2
x ~0.01x[97 + (x®)?]. (1.42)
3nmechk no0aBiieHa TOIMpaBKa, KOTOpas YCKOPSIET CXOIUMOCThH pacIpeaesieHus K
HOPMAaJILHOMY.
2). Jlpyroii cioco6 mpeoOpa3zoBaHus STAJIOHHOTO CITy4aifHOTO YKCIIa B TAyCCOB-
CKOE — 3TO MCITOJIb30BaHKE airopuT™Ma Majsepa, KOTOpbIi 10CTaTOYHO 3¢ deK-
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TUBCH MW O4€T Cpa3y JABa 3HAYCHUSA

X, ==2Iny, -cosLny,), X, =+-2Iny, -sin(2zy,). (1.43)
Ecnu Hy>XHO TOJIBKO OJIHO 3HAYEHHE, TO MOYKHO BBIOpATh OAHY U3 ATUX (Pop-
Myn. Ecim cryvaiinas BemmuuHa X HopMuposaHa, T.e =0 u 0=1, 10 mna
IIOJIyYEHHs] TAYCCOBCKOM CIIy4alHOMN BEIUYMHEI )/ ¢ MATEMAaTUYECKUM OXKHIaHH-
eM d U aucrepcueil O KCIOoNb3YIOT TpeoOpa3oBaHue

y=o0-x+a. (1.44)

Ilpumep 4. MonenupoBaH#e paBHOBEPOSTHOTO HAIIPABICHUS B TPEXMEPHOM TIPO-
CTpaHCTBE (paBHOpAcHpe/eIeHHAs Ha TIOBEPXHOCTH Cephl).
DJIeMEHT BEpOSITHOCTH HAIMPABIICHUS B TPEXMEPHOM MTPOCTPAHCTBE B JIEKAPTO-

BOM M chepUUECKOi cucTeMe KOOPAMHAT JUIsl EAIMHUYHOTO BEKTOpa € uMeeT BH
de de de 1
— = 2 2 2 x Ty
dp = f(e)o(e; +e, +e. —1) . = 4ﬂdc036b’go_

3nece €, ->€,, > €. mpoeKkuuN eIMHNYHOTO BEKTOpa. PaccMOTpUM HECKOJBKO ajl-

TOPUTMOB NIOJIYYEHHMSI CIIyHalHBIX YHCEI AJIs1 IPOCKUNN EAUHUIHOIO BEKTOPA.
1) . bepyTcs aBa ciy4aiiHble YucCaa ¥; U ; U 110 aITOPUTMY

. 2 .
e, =2y, -1, e, +ie, = 2\/ V=i exp(i27zy,) , (1.45)
ONPEAEIAOTCA TPU CIyYalHBIX YHCIA &y, €y, €; , KOTOPBIC ABJIAIOTCS IMPOCK-
MUAMH €IMHUYHOTO BEKTOpA.

2) . bepytcs Tpu ciiydailHbIe YuCHa }i, )5 U )3 U BBIYUCISIETCS BEIMYUHA

d=Qy,—1D)>+Qy, — D>+ 2y, —1)>, (1.406)
Ecnu d<I, p=m/ 6, T0 BLIMUCISIOTCS
. 27’1,2,3 —1
Cov: =TT (1.47)

1.3.5. I'enepaTopsl ncepaocay4aHbix ynces Ha IBM

He ocranaBnuBasch Ha JOCTOMHCTBAX M HEJOCTATKAX PA3JIMYHBIX METOJOB MO-
JYYEHHUS CIIyYaHBIX YUCEJ, OTMETUM, UYTO B TAMSTH COBpeMEHHBIX DBM xpansTcs
HEKOTOPBIC aJITOPUTMBI BRIPAOOTKM TAaKUX MCEBAOCTYUYaHBIX YHCEN. Tak Kak 3Tu
Yyyclia TEHEPUPYIOTCA MO 3aJAHHOMY aJITOPUTMY, TO OHHM TICEBAOCITYUYaHbI, XOTS U
00J1a1at0T CTATUCTUUECKUMH XaPAKTEPUCTUKAMU CIIYIaHBIX YUCEN. DTU T€HEPATOPhI
WCIIOJIB3YIOTCS JIJISI OJTYYEHHUSI TICEBIOCITYYalHbIX YUCET, KOTOPBIE B JaIbHEUIIIEM
MIPUMEHSITCS] B BEPOATHOCTHON MOJEIIH.

JIns1 COBpEMEHHBIX MEPCOHAJIBHBIX BBIYMCIUTEIIBHBIX MAIIIMH I'€HEPALsl I1CEB-
JTOCITYyYaHBIX TAJIOHHBIX U CIIyYalHBIX YMCEJl PEeaIn30BaHa B S3bIKAX MPOTrPaMMU-
poBanusi. B s3wike [lackans 115 MOAKITIOUEHUSI T@HEpATOpa CIIyYaHBIX YUCENT HE0O-
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XOJIMMO BMOUCaTh B Mporpamme komaHay Randomize. I'enepupoBaHU€ STaJIOHHOTO
NceBAOCIy4YaliHOTO yncia B uureppaie [0, 1] mpousBoauTcs kak

y: = Random;

Ecnu HeoOxoaquMo monyduTh Lieblie ciydaiinbie yrciia oT 0 7o N, To 3anuch
reHEepaly 3aluChIBACTCS B BUJIC

x; . = Random(N),

Ha saspixke belicuk reHepanysi 3TAJOHHBIX CIyYaWHBIX YHCEI B HHTEPBAJC
[0,1]3anuceiBaeTCs B BUAC

y: = RND(1).

Ha si3pike @opTpan (361K TPOrPaMMUPOBAHHS I (GU3UKOB M WHKCHEPOB) T€-
Hepalus ciaydaiHbIX uyrces B uHTepBaie [0,1] ocymecTBiasieTcss ¢ HOMOIIBIO MTOAKITO-
YeHUs TeHepaTopa cirydaiiHbix yucena Randomize(a), roe a — mr000€ MoI0KUTEIbHOE
yuciio. BeI30B 1711 NPUCBOECHUS 3TAJOHHOTO CIydalHOro yuciaa B uHTepBane [0,1]
3aIIMChIBAETCS B BUJIE

y =RND(I).

1.3.6. Ucnosib30BaHue TA0JIMIBI JMCKPETHBIX CAYYaHBIX YHUCEJI

Ecnu Mbl uMeeM HEKOTOPBIN TeHepaTop CaydalHbIX HUQP, TO, MPOBOAS, K IPH-
Mepy, N HEe3aBUCUMBIX OIBITOB MOXKEM NOJYYUTh N HE3aBUCHUMBIX CIy4yailHbIX HUGD

&&,.....Ey , 3aMUChIBAs UX B MOPSJIKE MOSBICHUS B TaOIUILy, TIOJIYYUM TaOIHILY CIIy-

yaiiHbeIX nu@p. [lopsaaok ucnonb3zoBaHus ITUX TaOIHI] TO0CTaTOYHO npocT. Hanpumep,
HaM HEOOXOJMMO MOJYyYUTh CiiydaiiHble yucia B untepBaie [0, 1], mis 3Toro BeIOU-

paeM JII00yI0 TOCJIeI0BATEIbHOCTh, HAPUMED, YeThIpe Upphl €,€,,1€;,€;,3, MPOBO-
I K BULY ) = 0, €:€,,1€;,,€;,3, MOIy4aeM CIIy4aliHOE YHCIIO B 3aJJaHHOM UHTEPBAJIE.

CocraBienue TabIUIbl CIy4allHbIX HUQp sBIsSETCS HE mpocTod 3amaudei. [Ipu
CO3JJaHUU TeHepaTopa CiIy4yalHbIX IU(P Mbl HE TapaHTUPOBaHbI OT ommbOoK. Co3an-
Hasi TaOJMIlA CIy4aWHBIX HMU(PP TECTUPYETCS M aHAIM3UPYETCS TakK, 4yTOObI JaHHAS
TabauIa ACUCTBUTEILHO Oblla TaOnuIed ciydalHbIX HU@PpP. DTO HEOOXOIUMO IS
TOTO, YTOOBI MBI OBLJTM TAPAHTHUPOBAHBI B CITYYaHOCTH MOJTYYEHHBIX ITUGD.

OTMeTHM, YTO TECTHPOBAHHBIC TAOJHUIBI CIyYalWHBIX HU(P YacTO JAIOTCS B
CIIpPaBOYHHMKAX, YYEOHBIX TOCOOMSIX M 3aJayHUKaX IO TEOPUU BEPOSTHO-
cTeit[5,6,7,23,25], 1 X MOXKHO HMCIOJIB30BaTh JUIA PEIICHHUS 3a7ad MpH HEOOJBIIHNX
cepusix ucnbiTanuid. Tabnmuna ciryqaifHbIX YuCe JaHa B IPUIIOKEHUH 1.

3ajanusi Ha MoJIeJIMPOBaHMe:

1. PazpaboTaiiTe nporpaMmy TeHepaluud CIy4alHbBIX YHCeNl C HCIOJIb30BAaHHEM
reHeparopa Randomize B untepBaie [0, 1] u uatepBanax [a, b], rne a <b. Ilo-
CTPOWTE IHArpaMMy paclpeeseHus MOJTyYeHHON MOCIEI0BATENBHOCTH.
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2. Co3znaiiTe COOCTBEHHYIO MPOTrpaMMy I€HEpaluu CIy4alHBbIX YHUCENl METOJIOM
BbI4eTOB. [locTpoiiTe quarpamMmy pacnpeiesneHusi CreHEpUPOBaHHOM MOCIEN0-
BATEJIbHOCTH.

3. PazpaboraiiTe cOOCTBEHHYIO IPOTpPaMMy T€HEPAIMH CIIYIAHBIX YUCET METO-
nom Jlemepa. Mcnonb3yiiTe 1einble, paluOHAIbHBIE U UPPAllMOHAIbHBIE 3HAUE-
Husa kodpdurnmentoB M, K u P. TlocTtpoiite quarpamMmmy pacmipeaeiaeHus mo-
Jy4EHHOU MOCIIEI0BATEILHOCTH.

4. PazpaboraiiTe mporpaMMy T€HEpalMM CIy4ailHbIX 4ucesnl MmeTtogoMm Jlemepa
npu K=0, P =2 N'u M=3+8*. [Toctpolite nuarpammy pacrpeaeaeHus: noiy-
YEHHOM MOCIEN0BATENBHOCTH.

5. Cozpaiite mporpaMMy reHepaluu ciiy4alHbIX yucen merogoMm Helimana. I1o-
CTPOMTE IHarpaMMmy paclpeeieHNs CTeHEPUPOBAHHON MOCIEA0BATEIBHOCTH.

6. PaspabotaliTe mporpaMMy reHepaiuu cliydailHbIX 4ucea MeTojoM Mapcanua-
3eitmana. [lomyuute u3 1000 mepBeix uncen PuOoHay4yM, OTOpachiBas BcCe

paspsiabl kpoMe eauHul. CkiaapiBasi BCe 4UCia, YAAJIEHHbIE HA /I 3IIEMEHTOB
noJiyuute psia ciaydailHeix uncen ®dubonauuu. [locTpoiite nuarpammy pac-
IIPEICIICHUS TTOJyYEHHBIX YUCEIL.

7. Paszpabortaiite mporpaMMmy IMOJYyYE€HHUSI MOCIEI0BATEIILHOCTH CIyYalHBIX YH-
CeJI, UCIONb3ys pallMOHAJIbHBIE U HUPpPAIMOHANIbHBIC 3HAYCHUST KOdhdUireH-

toB d 1 b B mpoGHoit yactn MHOrOWIEHA X, = fa-n+b) rne n=12 3

. IlocTpoiite nuarpamMmy pacrnpeaesieHus CreHEpUPOBAHHOW IMOCIEI0Ba-
TEJIbHOCTHU.

1.4. HegocTtaTKm 1 AOCTOMHCTBA aHaNMMTUYECKUX, NPUOBITNKEHHbIX
MeTOoA 0B peleHnss MaTeMaTU4eCcK1xX 3agad,
B TOM uyucne n metroga Monte-Kapno

Kak mMbpl OTMETHMIIM B NEPBOMU TJIABE, €CIU IOCTPOEHA MAaTEMAaTUYECKas MOJEIb
(du3HUecKoro mporecca Win SBICHUS, TO €r0 MOXKHO PEIIUTh Pa3IUYHBIMUA METO/1a-
MU C TIPUMEHEHHWEM HH(POPMAIMOHHBIX TEXHOJIOTHH. PaccMoTpuM umeosnoruto pe-
IIICHUST MaTEMaTHYECKOW 3a/ladd pa3IMYHBIMU METOJAAMH U OTMETHM WX OCHOBHBIE
HEJI0CTaTKH, BO3MOKHOCTH U JIOCTOMHCTBA.

IlepBblii METOA — AHAJIUTHYECKHUH, KOTOPBIM JAaeT pELICHUEe MAaTEMATUYECKON
Mozenu (GU3NIEeCKOr 3a1aun 00 B BHUJIE KOMIAKTHONU (OpMYJIbI, JIMOO B BHUIE Pa3-
JIO’)KEHHSI B PAIBI MM WHTETPAITBI TI0 TIOJTHOMY HaOOpYy COOCTBEHHBIX (YHKIIUN KaKO-
ro-HUOYIb omieparopa.

3amava KJIaCCUYECKOT0 MaTeMaTHKa COCTOUT B MPUMEHEHUH M3BECTHBIX M pas-
pabOTKE HOBBIX MaTEMaTHYECKUX CIIOCOOOB ISl pEIICHUS MaTeMaTHYeCKONH MOJIEITH
peanbHOTO TpoIecca WM SIBIICHUS, Yallle BCETO MPEJCTaBICHHOTO B Buae nudde-
PEHITMATBLHOTO, HHTETPAIBHOTO YpaBHEHUS, CHCTEMBI AU depeHIINaTbHbIX WA WH-
Terpo-audhepeHITUATbHBIX YPABHEHHM.

AHaITUTHYECKOE PEIICHHE MaTEMaTHIECKON MOJICITH SIBJICHUS WJIH TpoIiecca Ma-
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TEMaTUKU HaXOJAT, IPUMEHUB Pa3UyHble NPUOIMKEHUS, T.€. HA CAaMOM JIeJe pe-
1IaI0T YIPOILECHHYIO 3a1a4dy (Mojeib). KoppeKkTHOCTh pelieHnst 3aBUCUT OT MCHOJb-
3yeMOro MPUOINKEHHUS.

B OGonpmMHCTBE Ciay4aeB OTCYTCTBYIOT YHHMBEpPCaJbHBIE CHOCOOBI pELICHHS
MHOTMX MaTeMaTHuYecKuX 3aaad. Hampumep, crnoco0 pasnokeHus B psj MO coO-
CTBEHHBIM (PYHKIHSIM He paboTaeT mpu pereHuu nuddepeHanbHbIX YpaBHEHHH B
YaCTHBIX NPOU3BOJHBIX, IJI€ INEPEMEHHbIE HE pasnensatorcs. IIpuMeHeHne uHTe-
rpajpHBIX TpeoOpa3zoBaHuil Jlammaca HENPUTOTHO MPHU PEUICHUH OOBIKHOBEHHBIX
g epeHInanbHbIX YPaBHEHUN C MEepeMEeHHbIMU Kod(dduurentamu. B kBaHTOBOM
MEXaHUKE TOYHO PEIIAIOTCs TOJIBKO 33J1a4M I aTOMa BOJOPOJIA.

Het oOumx (yHHBEpcadbHBIX) CIIOCOOOB PEIICHUS! HEIMHEWHBIX nuddepeHiu-
aIbHBIX YPaBHCHHH B YaCTHBIX NPOW3BOJIHBIX I 3a1ad HEJIMHEWHOW ONTHKH, a
TAaK)K€ PEIICHHUsS WHTErPAJIbHBIX YpaBHEHUHN 3aMeUIeHUs HEUTPOHOB U AU dy3un
raMmma KBaHTOB.

JIrobas 3amaua MMeEET reOMETPUYECKUE YCIOBHS (IJIOCKOCTh, IIap, LMJIMHID,
AJUTAIICOUA U T.J.), KOTOPBIE 3alMCHIBAIOTCS B BUJI€ HAYAJIBHBIX U TPAHUYHBIX yCIIO-
BUM ans Au@QepeHunanbHblX WM TeOMETPUYECKHX o0JacTeld B HHTETPasIbHBIX
YpaBHEHUSAX. Y CIOXKHEHUE T€OMETPUU 3a/1a4d BBI3BIBAET HENPEOJOIUMBIE TPYIHO-
CTH B HaXOXJCHUU AHAUTUTUYECKHUX PEIICHUN.

JIOCTOMHCTBO aHATMTUYECKHUX METOJIOB COCTOUT B TOM, YTO NOJIyUEHHAs! aHaJu-
TU4eckas GopMyJia Jaxe AJs YIPOIIEHHON MOJENN YAOBIETBOPUTEIBHO XapaKTepu-
3yeT CyTh SIBJICHUI. AHAIUTUYECKHE PEIICHUS MO3BOJIAIOT MOHATh U HAMJISAHO MPE/-
CTaBUTh OCHOBHBIE 3aKOHOMEPHOCTU OCOOEHHO MPU M3YYEHUU HOBOTO SIBJICHUS WIIU
npouecca. [loaToMy Npu MareMaTH4yecKOM MOJEIMPOBAHUU SIBICHUI Ha NEPBOM
ATane UCMOJIb3YIOT aHATUTHYECKUI CIIOCcO0 MEPBOHAYAILHOIO aHAJIN3a MaTeMaTHye-
ckoil monenu. MccnenoBanue o0bEKTa WM SIBICHUS OOBIYHO HAYMHAETCS C TIOMCKA
BO3MOKHBIX AHAJIMTHUYECKUX PEIIECHUN YIPOIIEHHOW MaTteMaTuyeckorn moxaenu. I1o-
JIy4YEHHBIE AaHATUTUYECKUE PELIECHUS YaCTO UCIOJb3YIOTCS KaK TECTOBBIE MOAEIIH JIJIS
CpaBHEHUS Pe3yJbTAaTOB PEUICHUS MATEeMaTUYECKOW MOJEINH, MOJYyYEHHBIX C MOMO-
b0 YUCIIEHHOI'O METOJa U MAaTEMaTUYECKUX ITAKETOB.

YucjieHHBbIH METO, WIA METOJ MPSMOIr0 MPOrpaMMHUPOBAHUsS CBSI3aH C pas-
pabOTKOW MeTOJa BBIYMCICHHS CHOPMYIMPOBAHHOW MaTeMaTHYeCKOW 3ajaud (Co-
3/1aHHsI WIM MCIOJIb30BAHUS TOTOBOTO BBIYMCIMTENIBHOIO aJIrOpUT™Ma 3aaaudn). uc-
KPETHBIN aHaJI0r MaTeMaTUYeCKOM MOJIENIM — 3TO Pa3HOCTHbBIE YpaBHEHUS, IPEACTaB-
JSIOUIMe co00M COBOKYMHOCTH IEMOYeK airedpandeckux (HopMyll, O KOTOPHIM Be-
IyTCS BBIYMCIICHUS, U JIOTUYECKUX YCJIOBHM, MO3BOJISIOIIUX YCTAHOBUTH HYKHYIO
MOCJIE0BATEILHOCTh TPUMEHEHHUS ATUX (HOPMYIL.

Hcrnonb30BaHME YUCIEHHBIX MOJIENEH TO3BOISET UCIIPABUTH YacTh HELOCTATKOB
aHAJIUTHUYECKOTO METO/Ia, B YaCTHOCTH:

1. YwucieHHOe MOIETMPOBAaHUE MO3BOJISIET HHOT/IA pElIaTh MAaTEMAaTUYECKUE MO-

JIEJI PEATTBHOTO MPOLIECCA CO CIOKHOM T'€OMETPUEH.

2. Hmeetcst BO3MOKHOCTD pellIeHUs1 00Jiee pealbHbIX MaTEMaTHUYECKUX MOJIEIIEH,
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MOJICIIMPYIOIINE SIBJIEHHUE UJIH MPOLIECC, T.€. pelIeHUEe HETUHENHBIX Tudde-
PEHIMANBHBIX, CUCTEM AU(depeHInaIbHbIX YPaBHEHUN B YACTHBIX MTPOU3-
BOJHBIX, UHTETPAJIbHBIX YPABHEHUI.

YuCIIeHHBI METOJI — 3TO MPUOIM>KEHHBIA METOJI PELICHHUS], [IOATOMY OJHHUM W3
CYILLIECTBEHHBIX HEJOCTATKOB JAHHOTO METOJA SBIISETCS OLICHKA ITOTPEeNIHOCTH. AHa-
JIUTAYECKAs OLIEHKA MOTPEIIHOCTH SABJISIETCS Yallle BCETO CII0KHOM MPOLENYPOH, YEM
caM IIpolLiecC pelIeHNs, B HEKOTOPBIX CIIy4asx OHA MPOCTO HEBO3MOXKHA. B 3THX ciry-
qasgx s OLEHKU MOTPEHIHOCTH HCIOJIb3YIOT BBIYMCIHUTEIBHBIA IKCIIEPUMEHT WIIU
CpPaBHEHUE C AHAIUTUYECKUMH PELIEHUSIMU U PEAIbHBIM HATYPHBIM 3KCIIEPUMEHTOM.

Crnenyromue METOBI pEIICHUSI MAaTEMAaTUYECKON MOJIEIIN — 3TO IPUMEHEHHE
MH(GOPMALIMOHHBIX CUCTEM M MaTeMatndeckux nakeroB (MathCAD, Maple, Mat
LAB u 1.1.).

MaremaTnuyeckue cucrembl MathCAD, Maple, Math Lab u npyrue nakers
ABIISIIOTCS. OTPAKEHUEM pa3paOOTaHHBIX MATEMATUYECKUX METOJOB, T.€. B JAHHBIX
cpeaax CUCTEMATU3UPOBAHBI U 3aJ105KEHBI METO/IBI PEICHUS YPABHEHUN Pa3JIUYHOTO
TUIIA, KaK B BUJIE PA3JI0KEHUsI B PSAIbI WM NpeoOpa3oBaHus Jlamnaca, Tak U YnuCIEH-
HBIE METO/BI.

[IppuMeHeHnE MAaTEMAaTUYECKUX CUCTEM IMO3BOJIIIOT MOJEIBIIMKAM OIEPATUBHO
OLICHUTh PELICHUs YIPOILIEHHBIX MOJENEH, NMPEACTaBUTh 3aKOHOMEPHOCTH H3ydae-
MOTO SIBJICHUSI. ODTH pabOThI MO3BOJISIT MEPEUTH K BHIOOPY METOJa U criocoda pele-
HUS OoJiee pPEeaTUCTHYECKON MaTeMaTHYeCKON MOJEIM M MOJHOMAcIITaOHOMY HC-
CJIEAOBAHUIO PEAIBHOTO SIBJICHUS WIIH MpOLecca.

JIOCTOMHCTBO NMPUMEHEHNSI MAaTEMAaTUYECKUX MAKETOB COCTOMT B COKPAILCHHUH
BPEMEHU PELICHUS MAaTEMAaTUYECKOM 3ajauu. HenocTtatok Ha CeroaHsIIHUN 1€Hb 3a-
KJIIOYaeTCs B OTPAHUYEHHOCTH METOJIOB pEIICHUs cucteM Au(depeHIuanbHbIX U
MHTErPaJbHbIX YPABHEHUM, B YACTHOCTH CUCTEM HEJIMHENHBIX YPAaBHEHHUI B YaCTHBIX
MPOU3BOIHBIX.

[Ipy KOMIBIOTEPHOM MOJEIMPOBAHUM C IOMOULIBI0O MAaTEMATHYECKHX CHUCTEM
Ba)KEH TakKe CyOBEKTHBHBIN (akTop, rIyOOKOE 3HAHUE M OCBOEHHE TEXHOJOTUM
MaTreMaTH4IecKkoro MojaenupoBanus B cucremax MathCAD, Maple, Math Lab u apy-
I'MX MaKeTax CyLIECTBEHHO OTPaXaeTcs B ONEPAaTHUBHOCTHU pelleHUs (HU3HUecKol 3a-
Ja4u.

Metoax MonTe-KapJiio sBisieTcss OqHUM M3 MOIIHBIX IIPU PELICHUU MaTeMaTH-
YECKUX 3a/1ay, OCOOEHHO B T€X CIy4asiX, €CJIHM MpoOJieMy HEBO3MOXKHO PEIIUTh KaK
aHAJIUTUYECKUMHU, TaK U TPUOIMKEHHBIMA METOIaMHU.

B Hacrosiee BpeMs JOCTaTOYHO MHOTO 3ajad, pelIeHre KOTOPhIX HE0OXOau-
MBI JUJIs1 PU3NYECKUX, IKOHOMUYECKUX, TEXHUYECKUX, TPOU3BOJICTBEHHBIX U JIPYTUX
oOjacTeil, 1 OAHUM U3 HAIlPaBJICHUN Pa3BUTHUS MAaTEMATUYECKUX CIIOCOOOB peIICHUs
ABysieTcsl npuMeHeHue Mmerona Moute-Kapno (BeposSiTHOCTHOTO, UMHUTAI[MOHHOTO,
CTATUCTUYECKOTO MOJIEITUPOBAHMS).

Bce nepeuncneHHbIE BbIIIE HEAOCTATKA aHATUTUYECKUX M KIACCUYECKHUX MPH-
OJIMKEHHBIX METOJIOB OTCYTCTBYIOT B MeTo/ie MoHnTe-Kapiio:
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- METOJ| YHUBEPCAJIEH,

- HET CJIO)KHOCTEN B BEIOOPE T€OMETPUH paccMaTpUBAEMOM 3a]1a4H,

- METOJ SIBJIAETCS MPSIMOW MaTeMaTHYECKOM MOJEIbI0 (PU3MUYECKOTo Ipolecca,
JOCTATOYHO ONMCATh UMUTUPYIOLINKA BEPOSTHOCTHBIN ITPOLIECC,

- HET He0OXOJUMOCTHU CO3JaHMsI MATEMAaTUYECKOW MOJIENIM B BUJIE MHTETPAJIbHO-
ro win quddepeHInaTbHOT0 YpaBHEHHS UIIH UX KOMOMHALIUH,

- TOYHOCTb B OLICHKE MOrPELIHOCTU CJIa00 3aBUCHUT OT Pa3MEPHOCTH MPOCTPaH-
cTBa 1 namsitu DBM.

OcHoBHOI1 HepocTaTok Meroaa MoHTte-Kapio 3akirodaercst B OLICHKE MOTrpen-
HOCTH, TOYHEE, B €€ onpeaencHuu. [lorpemHocTs B OnpeeaeHud HCKOMOW BEIINY -
Hbl MeToioM MonTe-Kapno ompenensercs CTaTHCTHYECKOW morpemHocteo (1.21-
1.22) , KOTOPYIO MOKHO 3amucaTh Kak

5=—2

NN
N3 sToit hopMynbl clieyeT, YTO YHMCIO UCTHBITAaHUN N JOJDKHO OBITH JOCTATOYHO
0oJibuM. CII0KHOCTh B ONIPEACIICHUH MOTPEIIHOCTH BEIYMCIICHUSI METOI0M MOHTe-

Kapno COCTOHUT B OIIPCACIICHUHA KOB(i)(i)PIHI/IGHTa C B uuciureiie. Bo MHOrnx 3aJadax
MPUMCHCHUEC aHAIMTHYCCKNX MCTOJO0B ITO3BOJIACT OIPCACIUTbL U YMCHBIIIUTL 3HAYC-

HUe ko3(duumenta C. B sToM ciaydae ucnonb3zoBanue merona Monre-Kapio nos-
BOJISIET MOJYYUTh HE TOJBKO KOJIMYECTBEHHBIE XaPAKTEPUCTUKH, HO U HEOOXOUMBIE
Ka4eCTBEHHBIE 3aKOHOMEPHOCTH.

Bropoit HenocTaTok MeToAa CBsi3aH ¢ HEOOXOAMMOCTBIO IPOBEACHUS OJHOTHII-
HBIX PACYETOB JJISI HECKOJIBKUX CEPUM DKCIIEPUMEHTOB HA DBM, MX KOJIMYECTBO CBS-
3aHO C KOJMYECTBOM HUcnbITaHuil N; - N>, rie N; — KOJIMYECTBO UCHBITAHUM JJIs1 O/I-
HOU cepuH, N, - KOJIUYECTBO CEPUN IKCIEPUMEHTOB. DTOT HEIOCTATOK (PAKTUUECKU
CBA3aH C OBICTPOJEHCTBUEM COBPEMEHHBIX BHIYMCIUTEIbHBIX MAILIMH.

Heobxoaumocts npuMenenust metosia Monte-Kapio nipu pemieHun 3agad cBsi-
3aHa, HA HAIll B3IJISM, CO CIAEAYIOIIMMH NMpuurHamu. Ecium 3amaya He MOXKET ObITh
perieHa ¢ MoMOIIbI0 KaK aHAIUTUYECKHUX, TaK U KJIACCUYECKUX MPUOTMKEHHBIX Me-
TOJIOB, TO HEOOXOUMO TOAYMAaTh O MPUMEHEHUH METOJla CTATUCTUYECKUX HCIIbITa-
Huii. M3 omnbiTa paboThl cienuaaucToB o Metony Monte-Kapio cienytor qBa Bax-
HBIX 3aKJII0YeHus [22]:

1) Her Takoro KJIacCHMYeCKOro MpUOJMKEHHOIO METO/a pacyeTa, KOTOPbId Obl HE
MOT OBITh YCOBEPILIEHCTBOBAH MpeBpalleHueM ero B meroa Monte-Kapio;

2) Her Takoi cxembl MonTte-Kapiio, koTopas Obl HE MOrja ObITh YCOBEPIIEHCTBO-
BaHA HAa OCHOBE M3BECTHBIX AaHAIUTUYECKHX PEIICHUIN, UMEIOUIUXCS IJI JaH-
HOTO KJ1acca 3aJ1ad.

Takum 00pa3oMm, aHaTUTHYECKUE, NPUOTMHKEHHbIE METOAbl U MeTon MoHTe-
Kapio, pa3zBuBasch, CTaHOBATCSI B3aMMO3aBUCUMBIMU U JIOMOJIHSIOT JIPYT JIpYra.

[Ipexxne yeM mepelTu K pemeHuto (pU3NYecKuX 3aaad, OTMETUM, YTO METO]
Momnre-Kapiio He sBiseTcs CI0KHBIM, KaK 3TO IPEACTABISIETCA TEM, KTO TOJIBKO
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HAYMHAET ero u3y4yaTh. Huxe nmpuBeeHbl TEXHOJIOTHUS UCTIONIb30BaHus MeToga MoH-
te-Kapmo s pemieHus pa3auvaHOro Buaa (GU3WYECKUX 3a7a4, MaTEMAaTHIECKHE MO-
T HEKOTOPBIX U3 HUX MOTYT OBITh PEIICHbI KaK aHAJTUTUYECKUMU, TaK YHCIICHHbBI-
MU METOJIaMH.

OTMETUM HECKOJIBKO IIpaBHJI, KOTOPLIC HCO6XOI[I/IMO YUYUTHBIBATH IIPH ITIOCTPOC-

HUH aJITOPUTMOB MeToa0M Monte-Kapio.

l.

2.

AJTOpUTM M mporpaMma JOJDKHBI ObITh OpPraHU30BaHbl TaK, YTOOBI BCE
TOYKM MCKOMOM 3aBUCUMOCTH BBIYHMCIIUIUCH MAapalIEIbHO U OJHOBPEMEHHO, a
HE MOCJIEI0OBATEIBHO.

B nporpamme Bbruucienus MerogoM Monte-Kapio nomxHa ObITH pUBE-
JIeHa poLEeaypa, KOTOpas MPOBOJUT U BBIBOJUT OLEHKY NOTPEIIHOCTA METOAA.

[Ipy mpoBeNeHUH HECKOJIBKUX CEpUM IKCIEPUMEHTOB MBI MOJYyYaeM pas-
HbIE OIIEHKH 0XKHJIaeMOM, T.€. onpenenseMont Bennuunbl. Heooxoaumo pazpabdo-
TaTh NPOLEAYPY NPOBEACHUS OLICHKH, 3HAYCHU CMELICHUS OIPENEIIeMON Be-
JNYHHBIL.

Pe3ynbpTaThl METO/Ia CTaTUCTUYECKUX HCHBITAHWM MOTYT B 3HAYUTEIBHOU
CTENIEHU 3aBUCETh OT KonuuecTBa N ucnbitanuii. [loaToMy cratucTuka JODKHA
OBITH JIOCTATOYHOM, YTOOBI BpeMsl yCpeaHEHUsI ObUIO OOJIbllle BPEMEHHU PENIaK-
cauuu. B 3TOM ciydae MOXXHO MCIOJIB30BaTh aCUMITOTHKY, T.€. IPUMEHEHHE
LHECHTPAIBHON TPEACITBbHON TEOPEMBbI, HA OCHOBE KOTOPOM MOXHO NOJYYUTh
HAJIKHYIO OLIEHKY ITOIPEIIHOCTH U JOBEPUTEIIbHBIE HHTEPBAJIBI.

Pe3ynbTaThl BHIYMCICHHI HE JTOJKHBI 3aBUCETh OT OCOOEHHOCTEW Meroaa
(HanpuMep, MHOTO JTaTYMKa CIy4YalHBIX YUCEN, JPYroro ajJropuTMa, CXembl Ie-
HEpUPOBaHMUsSI HOBOM KOH(Urypanuu U T.1.). Manoe u3MEHEHHe KaKuX-JIuOo
napamMeTpoB HE JIOJKHO MPUBOJUTH K CYIIECTBEHHOMY M3MEHEHHIO pe3yJibTa-
TOB.
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MABA Il. BEPOATHOCTHOE MOAEJNIMPOBAHUE
MATEMATUYECKUX 3A0AY

Meron cratuctuueckux ucnbitanuii (Monre-Kapio), ects MeToz pemieHus: Ma-
TEMAaTUYECKUX 3a/1a4, UCTOIB3YIOUIMHA MOJEIMPOBAHUE CIyYalHBIX BEIUYUH U TO-
CTpPOCHHE CTAaTHUCTUYECKUX OLIEHOK JUIsI HCKOMBIX BEeIMYMH. PaccMoTpuM mpumeHe-
HHE TEOPUHU BEPOATHOCTU JJISl pEIICHHS PA3IMUHOTO BU/Ia MHTETPAJIOB U YpaBHEHUH, B
ToM yrcie TuddepeHInanbHbIX.

2.1. O6wWasn Teopys PeLIeHUs CUCTEMbI IMHENHbIX YPaBHEHUN

PaccmoTpum cucTteMy JTMHEHHBIX YPAaBHEHUN, 3alIMCAHHYIO B BUJIE
a, X, + a,x, +a;x;...+a, x, =b

A, X, + AyX, + y3X5...+a,y, X, =D,

.................................................... 2.1)
a . x +a,x,+a.x,.+a, x =b
WJIU B BEKTOPHOM hopme
AX =Db. (2.2)
Ecnu npuroaeH METO MPOCTHIX UTEPALIHA, TO
A=E-B | (2.3)

rne E —enunnyHas matpuia, a B umeer cOOCTBEHHbIE YUCIa IO MOIYJIIO MEHbB-
IITUE CTUHUIIBI.
N3 cucremsl (2.2) Ucionb3yst 00paTHYIO MaTPUILy MOXKHO MOJTYYUTh

x=A"b. (2.4)
[Toacrasmss (2.3) B (2.2) momydaum
X=Bx+b. (2.5)

[Ipu caenaHHBIX MPEANONIOKEHUSX oOpaTHas MaTpUIla MOXKET OBITh BBIPAKEHA
psiaoM
—1 2 3
A =FE+B+B +B +..+B" +. (2.6)
9ToT psaa CXOQUTCA TOJBKO B TOM Cliydac, C€CJIN COOCTBEHHBIE YHCIIa MaTpHUIbI
B 110 MO1yJIF0 MEHBIIIE €IUHULIBI., T.€.

2,(B)| <1

[ToxacraBum Teneps Beipakenue (2.6) B popmyiy (2.5), mpencraisis perieHue B
BUJIE psAlla

X=b+Bb+B’b+B’b+..+B"b+,

11
B sTom naparpade Oynem cienoBaTh criocoOy perieHusi, ONMcaHHOMY B padote [5].
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YaCTHBIC CYMMBI IMOCICAHETO PAda MOXKHO IOJYYHUTh UTCPAIITMOHHBIM CHOCO6OM, I10-
Jjarasi 1ocCJICa0BaTCIIbHO.

xP =b
x?® =BXxY +b=Bb+b

2.7)

(D
BaTeJIbHOCTH X 5, X ,..eeee. s X e
JIst BeIUMCIIEHUSI TIEpeiiieM K KOOpJWHATHOW 3amucu. B nanbHeimem Oyaem

00603Ha4aTh HIEMEHTHI MaTpHIlsl B yepes B j- Torma M- KoopauHata X, Bekropa X
paBHa:

w=h, +ZB b, +> B,B.b +.+ > B,B, ...B .b (23
J=1t :
ll, lz llsl2’ Jj
T.€. Mbl HAIIJIM PEIICHUE CUCTEMbI JIMHEHHBIX ypaBHEHHU. /[ TOro 4roObl MOHSATS,
[IOYEMY OHO SIBJISIETCSI PELICHHEM, PACCMOTPHUM CIIy4ail, B KOTOPOM CyMMa 3JIEMEH-
TOB MO Ka)KJIOW CTPOKE paBHa 1:

2B =1 2.9)

Torna Benuuuubl B,,; MOXHO paccMaTpuBaTh Kak HabOp BEPOATHOCTEH s
MOJIHOM CUCTEMbI HECOBMECTUMBIX COOBITHH.

PaccMoTprUM TEXHONIOTHIO BEPOSITHOCTHOTO MOJICITMPOBAHUS CUCTEMbI YpaBHeE-
Huil MeTogoM MonTe-Kapiio.

[IpencraBuM Kaxplii 3nemeHT B,,; Marpuipsl B B Bume mponsBeneHus ABYX
COMHOXHUTENEH

B, =F,P, (2.10)

rz[eO<ij<1.

Koopnunatel BekTopa npaBoit yacTtu (2.1) mpencraBum B BUIE

b, =fp;. (2.11)
[Tpu aTOM OyIeM moiaraTh, 9TO BHITIOJHEHO PABEHCTBO
+Zij =1 (2.12)
J

Torna paBeHCTBO (2.8) MOXXHO MPEJICTABUTH B BUIE

38



x, =1 D, +Z E fB,Di+.. +

+ > F.F, .F [P (13)

Ceeeen P . p +

r L1l L

PaccMoTpuM Temepb /1 pazOuenuii orpeska [0, 1], xaxmoe Ha 7+ wyacTs.

]_IJ'II/IHBI yacteu n-ro pa36I/I€HI/IH PaBHBI COOTBCTCTBCHHO

PmIPmZ'”Pmn 9Pmm .
HYCTB 50 s 51 s 52 see ‘51 +e+» -3HAYCHNA HC3aBHCUMBIX PABHOMCPHO PACIIPCACICHHBIX

BeNMYUH. Onpeeanum BETUUHUHY 1], CIIETYIOIUM 00pa3oM.

CuHauana BBI6CpCM nm-e p336I/ICHHe OTPC3Ka U ITIOCMOTPHUM, B KAaKYIO HaCTb I10-

IaJiaeT BeJINYNHA § 0. Ecim 5 o TIoIaja B (n+] )-10 4acTh (JUIMHBL Dpy,), TO TOJAraeM,
YTO MCKOMas BeJIMUMHA pPaBHA

Mo = . (2.14)
Ecmu 5 o TIoTaja B i; - 10 4acTh pa3OueHus (JUTUHBI P mi, ), TO OepeM i; - e pas-

OueHrue ¥ CMOTPHUM, B KaKyl0 4acTh 3TOr0 pa3OMEHHMS IOIaaeT BeInIMHa 5 1. Ecim
¢ jmonana B (11 1)-10 4acth, To HonaraeM, 4TO HCKOMAsi BEIMYHHA PABHA

nm - Fmilﬁl . (215)
Ecnu xe f |Tomaja B i - }0 4acTh pa3OUCHHS (ITMHBI Piliz ), TO 6epem 5 » U TIpOBeE-
psieM, B KaKyl 4acTh i, - 20 pa30MEHUs OHA Iomaja. ITOT MPOoIecc MPOa0IKaeTCs,

1100 10 IEepPBOro NMOMNaJAaHus OJTHON U3 BEIHYUH ¢ | B (Mt 1)-10 wacts [- 20 pa3du-
eHMs, TN00 10 OECKOHEYHOCTH.

TakuMm 00Opa3oM, BeIMUYUHA 7], IPUHUMAET 3HAYEHUSI, ONPEIEIIAEMbIE TaHHOU
HUCTOpPUEN mpoI1iecca, T.€.

Fmil F 5 °° 'F;k_li, -f;

iyl

C BEPOSTHOCTHIO
miy " iy T i, pik

3TO 3HAYUT, YTO BEJIMYMHA 7], MPUHUMAET 3HaYeHUs (), ecln f o romasna B i; -

10 4acTb m-20 pa30oueHus, §1 nonajna B i, - /0 4acTh i; - 20 pa30OMeHusd u T.1., a

&} monana B (n+1)-10 gacts k —ro pazbueHns.

MaremaTndeckoe 0KuJaHue ONPEAEIIsIEMON BEJINYUHEI 7], PABHO
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Mn, =f.pP,+ Z z Fmil Eliz "'F;'k_lik J{zk Pmi1 ---- ])ik_lik Pi .(2.16)
k=1 i i

CpaBHuBas ¢ BelpaxkeHueM (2.13), nomydaem
Mn, =x,

T.¢. ypaBHeHuE (2.13) MO3BOJISIET BBIUMCIATh HEU3BECTHBIC 3HAYCHUS X; HAIIEH CH-
CTeMbl ypaBHEHUH (2.1) myTeM MOAENMPOBAaHUSA CIyYalHOM BEIUYHUHBI [0 METOY
CTaTUCTUYECKUX UCTIBITAHUM.

[Ipn paccMOTpeHHOM cHOCOO€ BBIYMCICHHS] HEU3BECTHBIE OMPEIECISAIOTCA IO-
CJIEIOBATEIILHO B Ka)KJI0M UTEpAlLUH, T.€. pelIacM BHAJaje IEPBOEC YPaBHEHHE, HAXO-

AUM TICPBOC HCU3BCCTHOC xl , IOTOM BTOpPOC YpPAaBHCHHUC M HAXOAWM BTOPOC HCU3-

BeCTHOE X, , 3aTe€M pellaeM TPeTbe ypaBHEHHE U T.1. IIpu aToM uncno apudpmernue-
CKHX OIlepanuil ponopLUUOHAIBEHO YUCTY YPaBHEHH, a HE KyOy 3TOro 4mcia, Kak B
CTaHAAPTHBIX YHUCIICHHBIX METOAaxXx. B 3TOM mIpeumyIecTBO MOHTE-KapJIOBCKOTO
IPOLIECCA BEIYUCIICHHUS.
3anaHud HA MOJAe/IMPOBaHUe:
l. HaiiTn HensBecTHBIE CIIENYIONIEW CUCTEMBI YpPaBHEHUN MeTOIoM MOH-
te-Kapio.
Tx, +2x, +2x, +3x, =12
5x,+7x, +0x; +x, =15
3x,+7x, +4x,+8x, =1
X, +x,+2x,+5x, =14

2. Pemmnts cucremy ypaBHenuii metonoM ["aycca.
3. CpaBHHTH pelIeHUs, IOJYUYECHHbBIE PA3HBIMU METOJAMHU.
4. Haiitn norpemnocTtu pemenust meroga Monre-Kapuo.

2.2. BbluucneHue uHTerpanoB cnocobom cpeaHero

[TycTh ciyuaiinas BelMuYMHA ) SBISETCS (PYHKIMEH OT CIy4alHON BETUYHHBI
x. Ilo onpeneneHuto cpeaHero

¥ = [y f(x)dx. 2.17)

B Teopun BepOSITHOCTEM TOKA3BIBAETCS, YTO JJISl CIYYAWHOM BEJIUYHUHBI X C
IJIOTHOCTBIO PaCIpenciIeHUs f1(X) Bcerna mMoxHO HaifT TAaKyI0 CIyYalHYKO BEJIU-
YMHY y C IUIOTHOCTHIO pachpenenenus f,()), rak aro

X =Y wm |, (0)x = [ x> (0)dy (2.18)
Ota omepanusi UHOTJa Ha3bIBAETCsl MPeoOpa30oBaHUEM CITy4yalHOW BEIMYUHBI.

[IpeobpazoBanue cirydyalHONW BEJIMYMHBI SBISIETCS Y3JIOBBIM MOMEHTOM B TEOPHUHU
cratuctuieckux ucnbitanuii (Monrte-Kapio). O6sr4HO B KauecTBe MCXOIHOM (6a30-
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BOM) CiIydallHOM BEJMYWHBI BBIOMPAIOTCSA CIydaHble HUQPPBI U U3 HUX CTPOSTCS
ciydaiinbie uncna B uatepBaie oT 0 no 1. Ciydaiinbie ¢ pbl MOKHO T€HEPUPOBATDH
¢ mnomompbio OBM  uiam  moap3oBaThCAd  TAONMIEH — CIyYaMHBIX — YHCEIN
(cm.mpunosxenne). Hanpumep, 8631 6918 4168 8652 6712 2039 u T.4. [TocTpoum u3
uux ynciia ot 0 7o 1: 0,8631; 0,6918; 0,4168; 0, 8652; 0,6712; 0, 2039 u 1.1.

[lycTs y Hac MMeeTCs caydaiiHas BenmmdauHa ) B maTepBane ot 0 1o /. Ecim
HaM HY>KHO TNEpEeUTH K JAPYroi ciydaiiHOW BennuumHe X , TO (opmyna mepexoja
Y — X, COTJIaCHO ONPEJCICHUIO HEMPEPHIBHOW CIIYYaWHOW BEJIMYUHbBI, UMEET BU/L:

y=[f(x)dx' = F(x) (2.19)

3necs f(X) - namu B3sTas MPOM3BOJIbHAS IUIOTHOCTH pacnpeneneHud. Cieny-

€T OTMETHUTh, YTO yAAaYHbII BBIOOP MJIOTHOCTH PAacHpe/leTICHUS] BEPOSITHOCTH f(x)
BO MHOI'OM OIIPEJEIISIET 3aTPAThl U TOYHOCTh BhIUKCIEHUI B MeToie MoHTe-Kapsio.

TexHo0rusI BLIYMCJIEHNSI HHTErPajia crocoooM cpeaHero

PaccMoTprM BBIYMCIIEHUE ONPEAEICHHOTO UHTETpalia
b
I = [p(x)dx (2.20)

JUTS 9TOTO OEpeM CIIydailHyto BeJIMUMHY X , paclpeielICHHYIO0 B MIHTEpBaJie OT a J0 b

C IUIOTHOCTBIO PACpEEICHUS f(x),n MOCTPOUM JIPYTYIO (DYHKITHIO ¢(X) B BHJIE

_ ()
p0=22
Torna
7= j PCs =] ?g;f(x)dx - j HC) S (XDdx =F (221

Beenem o6o3nauenne dy = f(x)dx, toraa ciydaiiHas BeNMYMHA ) ONPEAEIATCS
KaK

X
. ’ 4
y=[/GHax"
0
BBIUKCIIAsA 9TOT HHTErPaJl, MOJTyYHM 3aBUCUMOCTL ¥ = ) (X ), OTKy/1a BBIpaKaeM X

Y TIOJICTABIISIEM B (byHKI.II/IIO¢ ( X (y) )

Torna unterpan (2.21) npumeTt BUj
b’ b’
I =[pCe(yNdy = [ p(»)ay
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OTmeTHM, YTO €ClU CITy4aiiHas BEeTU4YMHA X JISKUT B MHTEpBate [a,b], To mis ciy-

YaliHOM BEJIUYUHBI y, MMpCACIIbl MHTCPBAJIOB TAKKC HCO6XOI[I/IMO HU3MCHUTDB, TOT' A
Halll UICKOMBIH HHTCTpAJI OHpeIleJII/ITCH KakK

PW>V) =
Zf(y,> == =

Ilpumep. B xadecTBE WUIIOCTPALIMU BBIYUCIUM CIEAYIOIINN WUHTErPAT METO-
JIOM CTaTUCTHUYECKUX UCIIBITAHUN
7
0
3Has1, YTO TOYHOE 3HAYEHHE 3TOro uHrerpana [ = 1.
1. Cay4aii paBHOMEpHOro pacmpeneneHusi. bepem ciydallHyl0 BEIMYUHY

X , IPUHUMAIOIIYIO 3HAYCHHUA B HHTCPBAJIC OT 0 a0 72'/2 U IIOJYUHAIOIMIYIOCA 3aKOHY

X
PaBHOMEPHOTO pacHpe/IeICHUS F(x)= b

P (a=0ub=rx/2).

IImoTHOCTH pacinpcaciiCHuA BCPOATHOCTH
dF(x 1
=)

dx  b-a’

Jns mepexona OT ciaydaiHOM BelMunHbl X B uHTEpBaJe [0, /2] x CIy4ai-
HOM BeJTMYWHE ) BBINOJHUM IIpeodpazoBanue mo Gopmyne (2.19)

v=[rGndx = [ Zdx'==x. (2.23)
> > 7T 7T
[LnoTHOCTH pacnpenencHus f (y) CITy4alHOM BEJIMYMHBI )/ HIMECT BUJI
1 1 2
f X)= == = —
() =-— T n (2.24)
2
Brruncissemblii THTETpall MOKEM MPEACTABUTH KaK
/2 /2 . /2

I= | sinxdx= | Sfl?x);f (Wdx = [ ) f(Ddx=¢ (225

Boruucnenue unrerpana (2.22) npoegem metojomM Monte-Kapio.
N3 opmymnel (2.23) Haiigem x

X=—
e (2.26)
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T.K. MHTEpBaJI U3MeHEHHs X paseH [0, m/2], To uHTepBan U3MeHeHus ) OyAeT paBeH

. T
p(x(y) SGY)

S 2

[0, 1]. Teneps, ucnonszys Gopmyny @(x) = , 3alAILIEM HUHTErpal

B BUJIE
7 . 1sin(£y)
_f sin(x) _ 2
1= T S

[Tepexoas oT mHTETrpajga K CyMMe, IMOJIYYUM aJrOPUTM ONPEICICHUS 3HAUCHUS
uHrerpana (2.26) .

v, :=random

. T
1 & s1n(5yl.)

1 = (2.27)
. 2 ’
N2,
3nech ) - ciydaiiHas BenMuuMHa, JIexanias B uarepsaine [0, 1], i =1, 2, 3, ... N. Jus

HarJIAIAHOCTH IIPHUBCACM PC3YJIbTAThI BBIUMCJICHUH B BHUIC Ta6J'II/I]_IBI.

i 1 2 3 4 5 6 7 8 9 10
Vi 0,8631 | 0,6918 | 0,4168 | 0,8652 | 0,6712 0,2039 | 0,0339 | 0.4216 | 0.4717 | 0.6615
/2 1,359 | 1,087 | 0.6446 | 1.359 1.054 0.3202 | 0.053 | 0.662 | 0.741 1.039
TYi

Sin(ﬂy,-/Z) 0,978 | 0.885 | 0.6088 | 0.9777 0.8694 0.3148 | 0.053 | 0.6147 | 0.675 | 0.862

7Sin O;I)/Z 1.536 | 1.391 | 0.9564 | 1.536 1.366 0.4945 | 0.085 | 0.96 1.06 1.35

Wnrerpan [ onpenensercs no anroputrmy (2.27). [lpu N=10 nonyuaercs I = 1.06.

2. Cayyaii HepaBHOMEPHOro pacnpeaejeHusi. Beioepem s MPOCTOTHI
IJIOTHOCTh PACTIPEACICHHS CIYyYalHOM BEJIMYMHBI X BUJIA
f(x)=Ax. (2.28)
b

Haiinem noctossHHy10 A U3 YCIOBUSI HOPMUPOBKHU _[f (x)dx =1 IUIA HaIeHu 3a-
a

7T

2
Ja4yu .“Ade =1 X
0

8
Otcrona A= 5
7T
CJ'IGI[OBaTeJIBHO, IUIOTHOCTD PaCIpCACICHUA CJ]y‘-IElﬁHOﬁ BEJIMUUHBI X UMEET BU
f(x)= —82 X (2.29)
JC
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[IpoBenem npeoOpazoBaHue ciiydaiiHON BeMMYMHBL. J[J11 3TOro mepenieM oT cirydai-
HOM BEIMYMHBI X , pacnpeiesieHHoW B unteppaie [0, /2 | , K CIy4ailHO# BeJIMYHHE

Y IO COOTHOLICHUIO

y=f;?€'dx’= e (2.30)

[MoacTanss npenensl uHTErpupoBanus o X | u3 Gopmyinsl (2.30) HalizeM IIpeaens!

UHTErPUPOBAHUS 110 BEIMYUHE ), OHa JexkUT B npegenax [0, 1]. Mcmnonbsys obpat-

7C
HYIO0 QYHKIIUIO X = B A/} W IUIOTHOCTb PACIPEICICHUS
8 4
= x = —
() o . A

HaleM QyHKIIHIO ?(y) , T.C.

. T
o(x()  SGA)

¢ (x(y)) = =
' 4
J(x(»)) - &
Torna nnrerpan (2.25) npumeT Buj
% . L sin(Z \/;)
sin(x) 2
1= f(xX)dx=|——=—dy.
1 57& == >
7T
[lepexonast OT uHTErpana Kk cymme, noixydaeM (popMyity BBIYUCICHUS] UHTETpa-
na (2.22)
| wsindZ v
1 = ~ Z a : (2.31)
z _ yl
7T

31ech V; CllydaliHas BEJIM4YMHA, Jiexalnas B uarepsaie [0, 1].

NuTtepecHo cpaBHeHUE pe3ynbTaToB Gopmyi (2.27) u (2.31) npu 0JHOM U TOM
xe N.

Takum oOpazom, Mmeroag MorTte-Kapiio MokeT OBITh peaqu30BaH B BHJE pas-
HBIX aJITOPUTMOB C Pa3InyHON 3PPEKTUBHOCTHIO.

Jist cpaBHEHMS 3G (HEKTUBHOCTH BBOAT MOHATHE O TPYIOEMKOCTH aJITOPUTMA,

KOTOpast OIPeNENsIeTCsl KaK MMPOU3BEICHIE BPEMEHHU pacueTa OJHOr0 3Ha4eHus X Ha
aucnepenio D(Xx) ciny4yaiiHON BETHYUHEIL.
T=t-D(x).
3ajanus Ha MOJIeJIMPOBaHME:
BEIUMCINTE METOJOM CTATUCTHYECKHX MCIBITAHUM WHTErpajbl OIIHOOK

erf(y):
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erf(y) = \/%J.e_xzdx,

it Yeax =1 ¢ untepBaiom 0, 1 (0.1<y <1),

(2.32)

B kauecTBe MIOTHOCTH pacipcaciCHus f(X) BBIGpaTB:

1. JIunerinoe pacnpenencHue f(x)=4x.

2. DKCIOHEHIIUAJIBHOE pacIpe/ieiiCHue f(x)= Aze_x :

ITocrosinHbIe 4; 1 A, HAUTU W3 yCIOBUS HOPMUPOBKHU. BBIUMCIEHHBIE 3HAYE-

HUSA e”f ()/) CPaBHUTH C TAOJUYHBIMU JTaHHBIMHU U OLICHUTH ONTHOKH BBIYUCICHHUM B

KaX710M citydae. Yucno ucnbitanuii N pekomenayetcst Opatb He MeHbiie 100.

2.3. HaxoxpaeHue onpeaeneHHbIX MHTErpanoB cNOCO6oM
«30HTUKa» HenmaHa

1. ITocranoBka 3aga4u. [lycts HaM JaH ONpeIeIICHHBIA HHTETPAJ
b

I=[f(x)dx,
a

3Ha4Ye€HHE HTOrO0 MHTErpaja IO reOMETPUYECKOM MHTEPIPETAlUHd PABHO IUIO-
1[aJ1 TOJBIHTErpagbHON (GYHKIMH y=f(X) . BBIYMCINTD UHTETPaT METOIOM «30HTHU-

y A
h ___Cy d]
Y
S )
0 a;a b b X

Puc. 2.1

ka» HelimaHa.

2. Moaeab. Paccmorpum tmipo-
cTyto (QyHKIHMIO, OyAeM CUYHUTaTh, YTO
OHa OTJIMYHA OT HYJSl B MHTEpPBAJIEC OT d

10 b. BeibepeM 1r060i1 NpAMOYTOIbHUK,
HaKpBIBAIOIIMKA BCIO  IUIOMIAJb IO
byHkuuen f(x), T.e. ¢ BbICOTOU h=> M,
rae M aOcomoTHBIH MakCUMyM (DyHK-
LMY B MHTEPBAle OT d 10 b , u ocHOBa-
HUeM b;—a; ,ipuueM b; > bu a; < a
(puc.2.1).

PaccmoTpuM  Temeph TEXHOJIOTHIO
BBIUMCJICHUS IUIOIMIAAA METOJOM CTaTH-
CTUYECKUX HCIbITaHUNU. Pa3bpirpeiBacm

7IBa paBHOPACIPEAEIEHHBIX CIIydallHbIX yucia ¥; U ;. [lo popmyine (1.35) Beruncis-
eM 3HaueHus x U y. [IoBTOpsieM ONBIT pa3bIrpbIBaHMs Napbl ciydaHbIX yrces N pas.
OHu onpeAenstoT KOOPAUHATHI TOYEK, KOTOPBIE MONAAal0T BHYTPh NPSIMOYTOJIbHUKA

a; Cj d ] b ;] - BeposATHOCTh HAXOXKAEHUS ATUX TOYEK HUKE NOABIHTETPAIBHOU

byHKUUY f(Xx), BBIYUCHSAETCS IO PopMyIie



S 1o (a,b) _ S o (a,b)
Snp;woyeozz(al’bl) h(bl - al)
OHCHKy ATOU BCPOATHOCTH MOXKHO HAWTH TAKKE€ MO OTHOIICHUIO YHCJIa TOYECK (HO-

MaBIINX MOJ MHTETPAIbHYIO (PYHKIMIO), K YHCIY TOUYEK BHYTPU IPSIMOYTOJIHHHKA,
T.C.

P(A) =

(2.33)

N
P(A) — S (x)
npamMoy2o

[IpupaBHUBas Ux, MoaydaeM, YTO IIOMIA L TI0T MHTErPaTbHON (QyHKITMEH paBHA

Ny Ny
S Ho— = h(b—a) " (2.34)
N npsAmMoy20. npAamMoy2o

DTOT CIoco0 Mo CYIIECTBY CIAEAYET U3 3aKOHA OOJIBIITNX YHUCEIL.
3. AaropurM. PaccMOTpUM alnropyuTM NOJy4EHUS TOYEK HA INTIOCKOCTH.

f(x) = npamoy2on

1. PaseirpeiBarorcst N pas, ABa STAJIOHHBIX CIIlyYaiHBIX YMcIa }7; U }2;. Beranc-

JSIOTCSA KOOpAMHATHI X; = 4 + (by—a)y,mny, =7 zh.
2. IlpoBepsieTcst BBINOJHEHUE HEPABEHCTB
a, <x,<b,  hy,<h
371eCh h — BbICOTa BEIOPAHHOTO MPSIMOYTOJBHHUKA, OOBIYHO €ro OepyT paBHON MaK-

cuMymy (pyHkmu f(x), .. h =M.
3. B cayuae Beinonsenus i, =i, +1

N

npAMOY2o

, B UTOI'C MBI I10JIY9aCM 3HAYCHHC

4. TlpoBepsTcs BBIIIOJIHEHUE HEPABEHCTB
a<x <b, y; < f(x)

5.B CJIy4ac BBIITOJHCHHA HCPABCHCTB if = if +1, B UTOI'€ MBI I[moJIydyacMm 4ucCiIio

TOYEK I10J] UHTErPaIbHON (QyHKIMEN N /(x) BUHTEpBaJe oT @ j1o b.

Takum obpazom no popmyiie (2.34) Mbl onpeieTuM 3aHYeHO6HE TUIOIIAIN IO
UHTErPaIbHON (PYHKITUEH.

PaccmoTpum TpexmepHsbIil cirydaii. opmyiy A BBIUKMCICHUS 00beMa HEU3-
BECTHOTO Tejia Mo MeTony MoHTe-Kapiao MokHO HailTh 1o aHajoruu ¢ (hopmysioin
(2.34):

V.=V Ny

X nape.fz.fze.fzemneda N 9

napannerenineda

31ech N, 4HCII0 TOYEK, MOIABIINX B ONPEACIsieMblii 00beM, Vnapaﬂﬂeﬂenuneaa — 00B-
€M BBIOPaHHOT'O M3BECTHOT'O MapalIeIeITUIIe/Ia.

4. 3ajaHus HA MOJEJIUPOBAHUE

1. Beraucnuth WHTETpaibl CISAYIOMMX (YHKIIMNA B MHTEPBAIaX W CPAaBHUTH C TOU-
HBIM 3HAYCHUEM MHTETpaja
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DyHKIUA NutepBan TouHoe 3HaUeHUE

WHTEerpajia

y=x 0<x<l 03
y=x2 0<x<l1 0.333333.....

y = sin(x) O<x<m/2 !

1 2 0<x<5 0.5

y=——=exp(-x"/2)
2z

2. OnpenenuTs NOrpelHOCTh BEIYACIECHUH.
3. Haiitu npuuuHy J0MyCKaeMO# MOrPEHIHOCTH U ONPEIEIIUTh CIOCOObI YMEHBIIIe-
HUSA OTPELUIHOCTH.

2.4. BbluncneHue 3Ha4YeHUs ymMcna 7
PaCCMOTpI/IM 3aa4y BBIYUCICHHA 3HAUCHUA YHCIIa 77 DTa 3aJladya MHTCPCCHA
ncC ,Z[I/I,Z[&KTI/I‘IGCKOﬁ TOYKH 3PCHU, TAK KAK IIOMOI'aCT COBMCCTUTD ITPOCTHIC OIIBITHI C
pPCIICHUCM JOBOJIBHO CJIOKHOU MaTEMaTUUYECKOM MOJICIIN I10 OIIPCACIICHUIO YHUCJIa 77,

1. Cnoco® HOKIHA. I/II[GH OIIPCACIICHUA YHCJIa 7T 3aKIIYAacTCA B CICOYIOLICM:

IIpU paauyce Kpyra » = [, ero miomans S paBHa 7. PaccMoTpuMm yeTBepTh Kpyra
(puc.2.2) , Torna
i T=4S. (2.35)

! Ecnu mbl ompenenuM miomiaab 4E€TBEPTH Kpyra, TO

omnpeNesiuM 3HauYeHHUe uucia 7. [ns ompeneneHus miomagn
Kpyra ucrnoiszyeM metosn Mounrte-Kaprio, kotopsiii TpeOyer
MPUMEHEHUSI CIyYalHBIX YUCEN. DKCIEPUMEHTAIBHO CIIy-
YyaliHbIE YKCJIa MOYKHO TOJIYYUTh KaK MPU MOMOIIM PYJIETKH,
Puc.2.2 TaK W MpU TOMOIIM T0XkASA. /{1 omblTa TPUTOTOBHM KYCOK
KapTOHA, HAPUCYEeM Ha HEM KBaJpaT W BIIUILIEM B KBaJpaT

YETBEPTh Kpyra.

Ecnu Takoi yepTex HEKOTOpPOE BpeMS MOJAEPKaTh MO TOKAEM, TO HA €TI0 MO-
BEPXHOCTHM OCTaHyTCs caefpl Karnelnb. [logcunraem 4nciio cienoB BHYTPH KBajgpaTa u
BHYTpU 4eTBepTH Kpyra. OueBHIHO, YTO UX OTHOIIEHUE OyJeT NMPUOIUKEHHO PABHO
OTHOUIEHUIO IJIOMIA/Iel 3TUX (PUryp, TaK Kak MonajgaHue Kamelb B pa3jIM4yHbIe MeCTa

Skr~N Nkr

4epTeka PaBHOBEPOSTHO, T.e. —= = —* 1 S, =1 10 S}, =

Takum 00pa3om, 3HaUCHHUE YHUCIIA 7T MOXKHO HAWTH, ONPENETuB ;. — YHCIIO
Kanesb B Kpyry U Ny, — YUCJI0 Karejb B KBaApaTe
N
_ ~ kr
=4S, =4 . (2.36)

kv
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DakTUYECKU 3HAYEHUE TUIONIAJAM MOABIHTErpadbHON (DYHKIIMM Mbl HAIILIH,
HCIIONB3Yysd METOX «30HTHKa» Helmana.

I'enepamus ciay4yaiiHbIX YHcesl HA oTpe3Ke. J[0KIb MOXKHO 3aMEHUTH TaOJI1-
LW CIy4ailHbIX YMCell, KOTOpas COCTaBIISIETCSl C MTOMOIIBI0O KOMITBIOTEpA MO CIEIH-
aNbHOU MporpaMme (MOXKHO BOCIOJIB30BAThCSl OJHONW M3 MHOTOYHUCIICHHBIX MyOJIMKa-
U TaKuX TaONHI, Hampumep, B kHurax[5,6,7,23,25]). Kaxnomy cieny karmiu mo-
CTaBUM B COOTBETCTBHE JIBa CIIYYaMHBIX YMCIIA, XapPaKTEPU3YIOIIMX €ro MOJO0KEHUE
B110JIb ocelt Ox u Oy (cM. puc.2.2).

CrnyyaiiHbple 4nciaa MOXKHO BBIOpAaTh M3 TaOJHUIIBI B JIFOOOM MOPSAIKE, HAMpH-
mep, nonpsia. Ilycts mepBoe yeTbipex3HayHoe uynciio B Tabnuue 3265. U3 Hero Mox-
HO "MPUTOTOBUTH" MAPy YKCEN, KAKI0€ U3 KOTOPBIX OOJIBINE HYJISI 1 MEHBIIE SUHU-
el x=0.32, y=0.65. OTu uyncna OyjaeM cUMTaTh KOOPJAWHATAMH KaIlIk, T. €. Karuisd
Kak Oyaro nomnajna B Touky (0.32; 0.65).

Pemienue. AHaTOTUYHO TIOCTYNAa€M U CO BCEMH BBIOPAHHBIMH CIIyYailHBIMU
yuciaaMu. Ecnu okaxkercsi, 4To JJisl TOUKH (X; );) BBIIOJIHSIETCS HEPABEHCTBO X2 +
y/2> 1, TO, 3Ha4NT, OHA JEKUT BHE Kpyra. Ecmm  x/2 +y/"2<=], TO TOUYKA JICKHUT
BHYTpPHU KpyTa.

Jlns mojicdera 3HaueHUs /7 CHOBA BocmojbiyeMcs hopmyioi (2.36). Omubka

o C
BBIYMCIICHAN 10 TOMY METONY, KaK MpPaBUjIO, MponopuuoHanbHa ——, rae C - He-

JN

KOTOpast MOCTOsIHHASA, @ N - uncio ucneiTaHuii. B Hamem cinyuae N = N 4. U3 atoi
dbopMyJIbl BUJHO: JJIE TOTO YTOOBI YMEHBIIUTh OMIMOKY B 10 pa3, Hy>KHO YBEJIMYUTH
N B 100 pa3. SIcHO, 4TO MIUPOKOE MPUMEHEHUE METOJA CTATUCTUYECKUX MCIBITAHUI
(Monre-Kapno) cTaio BO3MOXXHBIM TOJBKO Onaroaaps kommbeiorepam. [Iporpamma 1
U 2 B IPWIOKEHUH 3 PEaInu3yroT ONMKUCAHHBIN METO.

2. Cnoco0 "nmagaroumen uroaku' wiam uria broddona. Maes merona takxke
3aKJIFOYAeTCsl B BBIUMCIIEHUM IUIOLIAAM TIOJ HEKOTOpOM KpuBOW. B merone uribl
brodbdona B kauecTBe MOABIHTErPATLHON KPUBOW HCTOJIB3YETCS TPUTOHOMETpPUYE-
ckas ¢ynkius COS. CylIHOCTh METOJIa 3aKJIIOYAeTCs B TOM, YTOOBI IKCIIEPUMEH-
TaJIbHO BOCIPOU3BECTH COOBITHE, BEPOSTHOCTH KOTOPOTO BHIPAYKAETCS Yepe3 YUCIIO

7T, 1 IPUOIMHKEHHO OIIEHUTH ATY BEPOSITHOCTD.

IMocTpoenne moaeaun. BozbMeM OOBIKHOBEHHYIO MIBEHHYIO HMTOJIKY WU JIUCT
Oymaru. Ha nucTe npoBeieM HECKOJIBKO MapaliiebHbIX, TPSMBIX JUHUNA TaK, YTOObBI
PacCTOSHMS MEXKIY HUMU OBbIIM PaBHBI ( ¥ HE MPEBLIIIAIN [UIMHY UTOJIKHU L.

UepTexx A0MKEH OBITh JOCTATOUYHO OOJBIIMM, YTOOBI CIydailHO OpoIleHHas
WIJIa He yraja 3a ero npezaenamu. [lonoxeHue ciydaitHpiM 00pa3oM OpOIIEeHHOW Ha
4epTeXK HUIIbl (CM. pHC. 2.4) onpeaeisieTcsl pacCTOSIHUEM X OT €€ CepeIrHbI 10 OJIH-
Kailien npsiMoH, YoM, KOTOPBIH Urja 00pa3yeT ¢ MeprneHANKYJISIPOM, OMYIICHHBIM
U3 CEpEIUHbI MBI HA ONMsKaiyro npsamyro (cM. puc. 2.3). dcho, uro  0<=x<=

12, -m2<=y <=2

Ha puc.2.5 u3o06pa3um rpaduuecku GyHKIHIO y=0. S*L*cos ( ) )
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BceBo3MOXKHBIE PACIOJIOKEHUS UIJIBI XapaKTEPU3YIOTCS TOYKAMM C KOOpAUHA-
tamMmu  (¢,y), pacnonoxeHHbIMU Ha ydacTke ABCD. 3amrpuxoBaHHBIA y4acTOK
AED - 3TO TOYKH, KOTOPBIE COOTBETCTBYIOT CIIy4ar0 NEPECEUEHHUSI UIJIIbl C IPSIMBIMU
JUHUSAMHU. BeposTHOCTH cOOBITHS - "UIila mepecekyia mpsamMyro" - BBIUUCISAETCS 10

dbopmyie

P(A) — SAED )
ABCD
/2
snech Sp = j 0.5cos(@)dp=1 S 4, =05-a-7/L,
—/2
2-L
me Pla)=——m. (2.37)
a-w
X
1 A
X
| ——r——1 \
)(“__7 \ == a \
\ a
= —; IZAN
Yo ¢
0
Puc. 2.3 Puc.2.4
B 1/2 Y C
Puc. 2.5
P
Nz 0 77/2
D

BepositHocTh P(a) Takke MOKHO MPUOIU3UTEIHLHO OMPEACIUTh MHOTOKPATHBIM
Oopocanuiem uribl. [lycTs uriny 6pocanu Ha yepTex N pa3 u oHa ynaia k pas, nepece-

Kast OIHY U3 IPSMBIX, TOTJa MPHU TO0CTATOYHO O0biIoM N uMeeM
k
P(a)=—. 2.38
(a) == (2.38)
[TpupaBauBas popmyisl (2.35) u (2.36) nosrygaeM popMyny ajis pacuera 3Ha-
uenust 77 (mu).
2-L-N
T=—", 2.39
T (2.39)
IIpu BeIUKCIEHNH TpUrOHOMETpUUeckux GyHKuMi Ha a3bike [lackans u beiicu-
K€ YIJIbl U3 IT'PaagyCHOM MEPBI IIPUXOIUTCS NEPEBOAUTH B PAIUAHHYIO MEpPyY, IIe UC-
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NoJb3yeTcs 3HaueHue 77. [loaTomy niid MOCTpOCHUS HaIlle MOJENIM Mbl UCHOJIb3YEM
npoekiuio uribl (puc.2.4). KoopanHatel mpoeKuu Uribl Ha ock OY He BIUSIOT Ha
Hamu pacuersl. Koopannaary X1 3agaaum natdymkom ciaydaHelx yncen. Koopauna-
Ta X2 MOXET U3MEHSTHCS B MPOMEXYTKEe X1 <=X2<=X[+L, L - nivuHa urisl. Y cio-

BUE mepeceueHus Uriabsl npsimort X/<=A<=X2, rae d - KOOpAMHATA X MPOEKIINH

npsivoii Ha OX. JIJist KOHKPETHOCTH BO3bMEM PACCTOSIHUE MEXLY TIPAMBIMA — @ = 2,
JUIMHY Wbl — L =1, KOJIMYECTBO JIMHMM Ha puc. 2.2. OnucaHHas MOJIEb pealn30Ba-
Ha B nporpammax 3 u 4 (cM. mpuiiokeHue 3.).

3ajanusi Ha MoJIeJIMPOBaHME:

1. CocraBuTh porpaMmsl OIPEACIICHNS YUCA 7T IO PACCMOTPEHHBIM METOaM.
2. IIpoBectn MOJIEIMPOBAHHUE.
3. OueHuTh NOrPEeHOCTh PE3YIbTATOB U IOCTPOUTH I'Pa(UKH .

2.5. PewweHue ypaBHEeHUMN 3MIUNTUYECKOro TUNa
(3apavya AOupuxne)
IIepeiinem Ternepp K paCCMOTPEHUIO PELIEHUS] YPABHEHUH JUITMIITUYECKOTO
THUIIA Ha IIPpUMCPC BEPOATHOCTHOT'O MOACIIMPOBAHUA YPABHCHU A Jlannaca (3az[aqH
Jupuxie) 2. 3anuieM ypaBHenne Jlammaca JUIs IpsIMOYTOJIbHHKA.

. , 2.40
51/(;(3?)/)_*_61;5;9)/):0, 0<x<a, O<y<b’ ( )
X

u(x,y) |g=s(x,y). (241)

BBenem B paccmarpuBaeMoil o0jacTu paBHOMEPHYIO ceTKy. Paccmorpum ee
dbparment (puc. 2.6).

y A
B, B, B3
B> Ay B,
B]] A3 A] A2 B5
BIO A5 Bg
By By B; X
Puc. 2.6. ®parMeHT ceTku
3neck A;, i= 1,2, ...- BHyTpEHHHE TOYKH obnacty, B ;, j= 1, 2, ... - rpaHU4HBIE
TOYKH.

12
B stom maparpade Oyaem cinenoBats CriocoOy penieHus], ONMMCAaHHOMY B pabote [26].
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IIpencraBum cebe Hekyro yacTUily M, KOTOpasi COBEpIIaeT PaBHOMEPHOE Cilydaii-
HOe OJIy’KIaHue IO y3/1aM CEeTKU. A MMEHHO, HaXOJsICh BO BHYTPEHHEM Y3JI€ CETKH,
3Ta YaCTUIIA 33 OJIUH MEPEXO]I MOXKET NIEPEMECTUTHCS B OAMH U3 COCEAHUX Y3JI0B (C Be-
pOSITHOCTBIO p= [/4). Bynem cuurtath, 4To ONyXIaHUE 4YacTUIbl M 3aKaHYMBAeTCH,
KaK TOJIbKO 3Ta yacTUla MOMNajeT Ha rpanuny odmsactu G. ['oopsr, uto rpanuna G
NPEJCTABISET cOO0M «HOITIOMAKONINN Kpany». Jlanee, 10roBapUBarOTCA ONPENEIIAThH
niar ABMIKEHHUsI 4acCTULBI B Ty WJIM MHYIO CTOPOHY B 3aBUCHMOCTH OT BBIIIABLIETO
ciryyaitHoro uncna. Hanpumep, 0 wim 4—iuar Brpaso; 1 wim 5—sBepx u 1.14. [locne
TOT'0, KaK YaCTHUIA JOCTUIJIA TPAHULIBI, ITOBTOPSIEM JABMKEHUS U3 TOU KE TOYKHU JTOCTA-
TOYHOE YMCJIO pa3 U HalJEM OTHOCUTEIBHOE YUCIIO MPUOBITUN YaCTHI] B KAXKIYIO U3
ITPAaHUYHBIX TOYEK:

7l .
Pa(B) =5 i=123u0j =12 (2.42)

12

IJI€ 1 — YUCIIO NPUOBITUI B TOUKy B;, N; — oOiiee 4uciao OlyKIaHUN U3 TOYKH A,
MIpUYEM

2Py (B,-)=Z%=1 (2.43)
=t Jj=1

[IpenmonoxxuM, 4YTO TO NPUOBITUM HA TPAHUIY YACTULA TOTYYAET «IIPU3»
s; =s(B,) . IlocTaBum 3a1a4y BBIYUCIIEHUS CPEHETO YHCIIA BOSHATPAXKICHUI R(A;) s

BCEX CIIy4alHBIX IPOTYJIOK YaCTULBI U3 TOUEK A.

DTO cpenHee BO3HArpa)xJAeHUE BhIUUCIAETCS MO (opmysie (MOTHOW BEpOSTHO-
CTH):

R(A4,) = SlpAl- (B1)+Sszl. (BZ)+"'+S]2pAZ- (B2) (2.44)

OxkasbIBaeTcs, 4To cpefiHee Bo3HarpaxkaeHue R(A.) (171 Bcex BHyTPEHHUX TOUYEK
o0JacTu) siBisieTCs NpUOIMKEHHBIM perieHreM 3a1auu Jupuxie. [{eficTBUTeNbHO,

1) ecan yactuna M exUT B TOUKE HA TpaHUIle, OMyKIaHHEe HEMEIJIEHHO 3aKaH-
YMBAECTCA M YACTUIIA IOTydaeT npus s, CpelHee BO3HArpaKIeHUe AJIs KaxXI0# Ipa-
HUYHOU TOYKH OKa3bIBAETCSA PABHBIM S;.

2)bnyxnanue 4yacTHIlbl HauMHAETCS W3 BHYTPEHHEW Touku. Torma cpenHee
BO3HArpa)<JicHue, Harpumep, Uis TOUKu A; OyAeT paBHO cpeaHeMy apupMeTuye-
CKOMY OT CPEIHMX BO3HATPAXKICHUU JIJISl YETBIPEX COCEAHHUX TOUYEK:

R(4,) =i[R(Az)+R(A3)+R(A4>+R(A5>] (2.45)

Taxkum oOpaszom, BennunHa R(A4;) COOTBETCTBYET pelieHuto 3anauu {upuxie
(2.40), (2.41):

u,, = 1 [o, .y, +u; U, o + U ] ana BryTpenHux Tovex mpsMoyrombHIKa,
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u,; =S, Ha rpaHuie o0JIacTH.

Bo MHOrux ciayvasix Juisg MCCIEIOBATENs MPEICTABISET NUHTEPEC PEILICHNUE ypaB-
HEHUS C YACTHBIMU MPOU3BOIHBIMU JIJI HEKOTOPOM JIOKAaJIBLHOM 00J1aCTH MM B KaKOM-
6o oxHoM Touke. [IpuBenem B kauecTBe mprUMepa MOACTUPOBAHUE PEIICHHUS 3aJa9n
Hupuxie metogom Monte-Kapio. Ilycts TpeGyercs HallTH HEM3BECTHOE 3HAUCHUE U
(2, 2), ecmn

ux,y) =0 (2.46)

BO BHYTPEHHHUX Toukax kBajaparta (0 <x < 4; 0 <y <4),

ux, 0) =0, 0 <x <4,
u0,y)=00<y<4, (2.47)

u(4,y) =y 0<y<4,
ux, 4) =x, 0 <x <4,

B kadectBe ceTku sl YMCICHHOTO MOJCIIMPOBAHUS JaHHOM 3a7aud BbIOEpeM
Ty, 4TO NIPUBEJCHO Ha PHC. 2.6 (BHYTPEHHUE TOYKH A;, TpaHu4Hble — B, , i =1, 2, ...
,]=1, 2, .., 12). Tax, npu BbiajieHuu ciay4yaiiHoro yucia 0 wiu 4 yactuua nepe-
MEUIAETCs Ha IIar BIpaBo; | wim 5S—sBepx; 2 win 6—BsieBo; 3 win 7—BHU3. Beinase-
HUE yucen 8 uiM 9—iuar Ha Mecte. byieM cuuTarh, 4T0 Mbl IMEEM PAaBHOMEPHO pac-
npeaesneHnyro Ha [0, 1] mociaenoBaTenbHOCTh CIIYYaHBIX YUCET U COOTBETCTBYIOIILYIO
ATUM YHCJIaM TPAECKTOPHIO MEpeMEeIeHud YacTuIlbl M 13 Touku (2, 2) 1Mo mpuUBEICH-
HbIM BbllIE npaBuiam. [Ipumep B3t u3 kauru: Jemuoosuy b.U., Mapon U.A., Lly-
sanoga I.3. «HUCIEHHBIE METOAbI AHATU3AY.

Crny4daifHO€ 4MCIo S—Imar BBEpX  (2,2)—(2,3),
» » [—mar BHU3  (2,3)—(2,2),
» » 7—1iar BHU3  (2,2)—(2,1),
» » O—tmar Bipaso (2,1)—(3,1),
» » 3—iuar BHH3 (2,2) —(2,1),
» » 7—Imar BHU3 (2,1)—(2,0).

Bcero 13 nepeMenienuii yacTHIlbl 10 TONaJaHus B TOUKY rpaHulibl (2,0). 3ateM
TCHEPUPYETCS CIICAYIONUNA HaOOp CIIy4alHBIX YHUCENI W OCYIIECTBISIETCS BTOPOE
onyxaanue yactuiibl M u3 touku (2,2) u T.71. OTHOCUTENbHAS N0Js ONy>KIaHUM, 3a-
KaHYMBAIOIIMXCS B TOUKAX B. ¥ BEJIMUYMHA BO3HATPAKICHUS S. MPU JTOCTHIKEHUU 3TOM
TOYKH IMPUBEJICHBI B TAOJIHIIC.

Homep Toukn OTtHocHTENBbHAS 1074 Ipwus s;
Omy>xxnanuii n; / N
0.13
2 0.16 2
0.04
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4 0.05 3
5 0.16 2
6 0.06 1
7 0.06 0
8 0.14 0
9 0.04 0
10 0.07 0
11 0.15 0
12 0.04 0
>=1

Teneps 3Hauenue u(2, 2) Bprunciasercs no popmyne (2.45). B coorBercTBUN
¢ 310 (hopMyII0il momydaem;

u2,2)=R(4;) =1+0,03+2+0,16+3+0,04+...+0°0,04=1,0.

Y IMBHUTENBHO, HO CIy4allHO MOJy4€HO TOYHOE pelleHue 3aaadn Jupuxiie,
KOTOpPO€ B JJaHHOM ciydae umeeT Bua [17]: u(x,y) = xy/4.

Tormau (2,2) =2<2/4 = 1.

DTa METOoJuKa MOXET ObITh 0000IleHa Ha Ciaydaid MPOM3BOJLHON OO0JACTH.
MeTo CTaTUCTUYECKUX HCIIBITAHUM C YCIIEXOM MCIOJIB3YETCS B PELICHUHU YpaBHE-
HUW mapaboJnyYecKoro TUIa, B YaCTHOCTH, B 3aAavax nud pysuu [22, S1].

3amaHus Ha MOJeJIUPOBaAHHE:

1. CocraBuTh NpPOrpaMMy MOJEIUPOBAHUS PEIICHUS YPAaBHEHUHN AJUIMNTHYECKOTO
THUIIA.

2. llpoBecTu MOAENMPOBAHUE PELLIEHUE YPABHEHUS

3. TlocTpouth rpadyiku U MPOBECTH aHAIIU3 PE3YIIHTATOB.

Pesynbrarsl MoaennpoBanus. Ha puc.2.7 npuBeneH pe3yiabTaT MOJEIUPO-
BaHUs ypaBHeHHUs Jlamaca BO BHYTPEHHHUX TOYKaxX KBajpata (-6 <x < 6;

-6 <y < 6), NIpu rPaHUYHBIX YCIOBUIX

ux,0) =0,-6<x<6, u(,y)=0-6<y<6,

u(4,y)=y -6<y<6, ulx, 4)=x,-6<x<8,
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Puc.2.7

2.6. PeweHne ypaBHeHMM napabonnyeckoro Tuna
Ha NpuMepe ypaBHEHUSs1 TENNONPOBOAHOCTU

ITocranoBka 3amauu. PaccMoTpuM Teneps peann3anuilo METOJAa CTaTUCTHU-
o v 1
YeCKHX MCIIBITAHHIT [T YpaBHEHHH mapaboandeckoro THia . Mues peannsamun Me-

TOJa JUIsl ypaBHEHUI MapaboJIMYecKOro THMA B OJHOMEPHOM CiIydae, COCTOUT B HUC-
ITOJIb30BaHUM Pa3HOCTHOM cxeMbl Kpanka—Hukoncona.

PaccMoTpum crieiyronyo 3ajiady:

ou ou

ot N ox?’

u0,0) = (), ul,0)=g(@),
u(x,0) = @(x).

AaropurMm pewieHusi. [[ns mpoBeneHUs YHUCIEHHOIO SKCIIEpUMEHTA all-

MPOKCUMHUPYEM YacCTHBIE MPOM3BOJIHBIE, BXOMAsIINE B ypaBHeHue (2.48), cie-
JTYIOITUM 00pa3oMm:

(2.48)
O<x<l, 0O0<t<oo,

(2.49)

1 (2.50)
u, (x,1) = —[u(x,t +7) —u(x,1)],
T
u,. =h—2[u(x +ht+71)— 2u(x9t + T) + u(x —h,t+ Z')] + (251)
+ 1;2/1 [u(x + h,t) —2u(x,t) + u(x — h,t)]
rae Ae [0,1].

" B stom maparpade Gynem cieoBath coco0y pelieHus, OnMcaHHOMY B paGote [26].
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31ech Uy, MPEACTABISIETCS KAaK B3BEUICHHOE CPEJHEE almpOKCUMALMi, MMPOU3-
BOJIHOM Ha BpEeMEHHBIX ciosix t u t + 7 Ilpu A = 0 310 mpeacTaBieHue naeT 00bIU-
HYI0 IBHYIO cxemy; npu A = 0,5 mosryyaeTcs cpenHee ByX LEHTpPalbHbIX Pa3HOCT-
HBIX MPOU3BOAHBIX (pa3HOCTHas cxeMma ¢ BecoM 4 = (.5, Ha3bIBaeMmas cxemoil Kpanka
— Huxkoscona).

PaccmoTpuM Tenepb TEXHOJIOTHIO pelleHds ypaBHEHUs (2.51) BEpOSTHOCTHBIM
METOZIOM. 3aMeHsisl YacCTHbIE MPOM3BOJIHbIE B 3agaue (2.48) - (2.49) ux KOHEYHO-pa3-
HOCTHBIMU NIPEACTABICHUAMH U BBIPAKas ICH U, ;+; B ypaBHEHUH (2.48),

3alIMIIEM
At
1 h_2 (ui+1,j+1 + ui—l,j"'l ) +
w, =L ) ,(2.52)
1+2Az /h +M(um,j +u,, ) +u, ;A=2c(1—2A)/ h)

hZ

Paccmotpenue cootHomeHust (2.52) mokas3blBaeT, 4To KO3((UUMEHTHl Mpu
(YHKUMU © C pa3IMYHBIMU MHIEKCAaMU MOJOXKUTEIbHBI M1 UX CyMMa paBHa €IUHUIIE.
Wnade roBops, pemIeHUE U;;+; ABIACTCA B3BEIICHHBIM CPEIAHUM PEIICHUHM B IATH
TOYKaX IIECTUTOYEYHOTO I1a0JIOHa Ha JIByX BPEMEHHBIX closX | U j + 1. D10 3HauwmT,

4yTO OMy>KIaHUE YacTUllbl M, 0 KOTOpOM rOBOPUIIOCH B §2.5, u3 Touku (i, j+ 1) B co-
CEIHUE TOYKU MPOUCXOAUT C BEPOSTHOCTIMHU:

Koopavuatel Touku BeposiTHOCTB
@+1Lj+1 b = At
'R 42Ar
(i—1j+1) ___Ar
/ P2 "W 24
(i, )) _h —22(1-2)
P h 424z
(i+1,)) _ =4
YR +2ar
(l o 19 ]) = —AT
s T 1 2ar

3ajanusi Ha MoJIeJIMPOBaHMe:
1. CocTtaBuTh TpOrpaMMy MOJCIUPOBAHUS PEIICHUS ypaBHEHUN mapabdo-
JMYECKOTO TUTIA.
)ITpoBecTn MoAenMpOBaHUE PEIICHUE YPABHEHUS.
2)IToctpouts rpadmku U MPOBECTH aHAINU3 PE3YyIbTATOB.
2. CpaBHuUTE pe3yJbTaThl YHCICHHOIO PEUICHUS] YPaBHEHUN METOAOM 3ei-
JIEJIsl © METOJIOM CTaTUCTUYECKUX HCIIBITAaHUMH.
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IMoacka3ka. Jj1sg renepanuu caydaiHbIX ynrces ot 1 10 5 (B JaHHOM ciy4ae 3TO-
IO OKa3bIBACTCS IOCTATOYHO) C BEPOSITHOCTSMH, COOTBETCTBYIOIIMMU MEPEMEILICHUIM
yacTuIlbl M B TNPUBEICHHBIX HAIPABICHUSX, UCIOJIB3YWTE CIEAYIOIIUN aJITrOpPUTM.
PaccMoTpuTe enMHUYHBIA OTPE30K, pa3OUTHIM HA 5 MHTEPBAJIOB, MJIUHBI KOTOPBIX
COOTBETCTBEHHO pPaBHBI BEPOSTHOCTSM p;, [=1,2, .., 5 C HOMEpaMH, paBHbIMHU 1,
2,3,4,5. IlpuuemM, TOroBOpUMCS ONPECIATh HAITPaBICHUE TIEPEMEIIICHHS YaCTUIIbI B
3aBHCHUMOCTH OT MOJYy4YE€HUA ClIydalHOro uncia ot 1 go 5.

B npunoxennn npuBeneHa nporpaMma, peaau3yromas NpeaioKeHHbIA aaro-
PUTM U1 OJHOMEPHOTO YPABHEHUS TEIIONPOBOJIHOCTH, HAITMCAHHAS HA aJITOPUTMHU-
yecKoM s3bIke Ilackans.

Pe3yabrarel moaenupoBanusi. Ha puc.2.8 mpuBeneH pacyeT mpoiiecca
OXJIQKJACHUS TPOBOIHUKA JIMHOM 1 M.
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MABA Iil. AMUTALMOHHOE MOAEJNIMPOBAHUE ®PUSUYECKUX
MPOLIECCOB U ABNEHUN

O6mmas cxema penieHus 3a1a4 MmetooM MonTte-Kapio rnpu MMUTalluOHHOM MO-
JNEITMPOBAHUY TAKOBA:

1) puznueckoMy SIBIICHHIO WJIM OMMCHIBAIONIUM €0 YPABHEHHSIM COMOCTABIISICT-
Cs aHAJIOTUYHBIM MM (MHOTJIa COBEPIIECHHO HEMOXO0XKHil) BEPOSITHOCTHBIN MpoIlecc,
KOTOPBIM Ha3bIBACTCS UMUTHUPYIOIIUM WIH cuMyupytomuM. Co3naHue BEpOsSTHOCT-
HOW MOJIENIH, NpUMeHeHrue Metoaa MonTte-Kapimo it «uMuTanum» U €ro peneHue
Ha OBM mis onpeziesieHus: XapakTEPUCTUK U MTapaMETPOB UCCIEAYEMOTO peaIbHOTO
SIBJICHUS Ha3bIBAIOT UMUTALIMOHHBIM MOJIETMPOBAHUEM;

2) UCKOMBIM BEJIMYMHAM PEaIbHOTO SIBJICHUSI WJIM Tpollecca COMOCTAaBIISIOTCS
MAaTeMaTHYECKUE 0KUAAHUS CIyYaNHbIX BEJIMYUH BEPOATHOCTHOIO IPOLIECCA;

3) pemienus 3amauu B Metoje MonTe-Kapio uimyTcs B BUAE CTATUCTUYECKHUX
CyMM, B OTJIMYME OT AaHAJIUTUYECKUX METOJIOB, I'/I€ PELICHUE UILIETCA B BUJE PsiAa IO
coOCTBEHHBIM (PYHKIMAM. J[J11 3TOr0 Ha OCHOBE T€HEepaTopa CIy4alHbIX YUCET WU
BBIOPAHHOTO AJITOPUTMA MOJYUYECHUSI TICEBIOCTYYANHBIX YUCET TPOU3BOJAUTCS PO3BIT-
PBILI peanu3alui CIy4anHbIX BEJIIMYMH UMUTUPYIOLIMX IPOLECC WU sBjieHue. Pe-
IICHUE HIIETCA B BUAEC CPEAHUX 3HAYEHHM, COOTBETCTBYIOIIMX MAaTEMATUYECKUM
0’KUJAHUSIM OIPENEIIIEMON BETUYUHBL.

3.1. UmuTaumoHHoe moaenupoBaHme 3agavy HEMTPOHHOU PU3UKK

OpHa 13 OCHOBHBIX 00J1aCTe MPUMEHEHHSI METO/1a CTATUCTUYECKUX UCTIBITaHUH
(MonTe-Kapno) B ¢puzuke — 310 3a1a41, BO3HUKAIOLIUE B (PU3MKE DJIEMEHTapHBI Ya-
CTHI] U HEUTpOHHOM (pu3uke. VcTopuio ka0 BHOBH MOSIBUBIIEHCS YaCTUIIbI MOXK-
HO MPOCIEAUTh TOYHO TaKUM ke oOpa3oM. B pesynbrare B o6nactu G nosyyaercs
BETBSILASICS TPACKTOPHUS, KOTOPYIO MHOTJA Ha3bIBAIOT Oepegom. Ha puc. 3.1 no-
CTPOEHO TIeHeaJoTUYEeCcKOoe AepeBo [l pacnaja siapa ypana (o6oznauenus: U — spo

ypaHa, ¥ - KBaHT, n — ()OTOH, ¢ -4aCTHI, & — DJIEKTPOH, € — MO3UTPOoH). JlepeBbs
MOTYT OKa3aThcsl OeckoHeuHbIMH. Ha mpakTuke, 0J1HaKo, TOJICYUTHIBAIOT TOJIBKO KO-
HEYHOE YMCJI0 BeTBel. [ 1€ 3akaHuMBaeTCs 1epeBO — OOBIYHO SICHO U3 YCJIIOBUH 3a-
JIa4H.

Bo3sBpaiasce kK KICXOAHOMY MOTOKY, BBIOEPEM JOCTATOYHO OOJBIIIOE YUCIIO Ya-
CTHII TaK, YTOOBI OHM JaBaJId XOPOIIee MPECTABICHUE O YaCTH, IOIAIaroIIehH B 00-
nactb G. s KaxI0M U3 4acTUIl HOCTPOUM JiepeBo. 10 3TOi COBOKYNTHOCTH AEPEBB-
€B MOXHO MPUOIMKEHHO OMPEIETUTh BCe MHTEPECYIONINE HAC XapaKTEPUCTUKU: KO-
JINYECTBO YACTHUI] TOTO WJIM WHOTO BHJIAa B PA3HBIE MOMEHTHI BPEMEHH, KOJIUYECTBO
T€X WJIK UHBIX B3aUMOJICHCTBUH, PACTIPEICIICHUE YACTHI] 110 SHEPTHUSIM U B MPOCTPAH-
CTBE, KOJIMYECTBO BBIJACICHHOW SHEPTUU U T. 1.
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Puc.3.1

3.1.1. 3apa4ya UMHTAIMOHHOTO MO/ICJTUPOBAHUS
MPOXO0:K/IeHNS HETPOHOB Yepe3 MIACTHHKY

IMocranoBka 3amaun. PaccMoTpuM 3a1auy MpOXOXKIACHUS OJHOPOIHOTO IMOTOKA
HEHUTPOHOB Yepe3 IJIOCKYIO IUIACTUHKY. [IpeamonoxkuM, 9To TUTaCTHHKA OJTHOPOTHA,
UMeeT MMUPUHY H, He COAEPKUT ACIAIINXCS BEIIECTB U €€ TOJIHOE CEYEHUE COCTOUT
W3 CEYCHMS pacCEesSHUs, CCUCHUS TOTJIOMICHUS (3aXBaTa) U CCUCHUS JCNICHUs. 3a1auu
TAKOr'0 THIA OYE€Hb YACTO BCTPEUAIOTCS HA MPAKTHKE, B YACTHOCTU MPH pacyeTe 3a-
LIMATHI OT U3TYUYECHUN PEaKTopa.

OcHoBHasi cxeMa MIMUTAIIMOHHOT0 MojieinpoBanusi. CyTh METO/IAa pelieHUs 3a/1a4n
TIPOXOXKJICHHS HEMTPOHA Yepe3 IUIACTHHKY COCTOUT B CJICMYIOIIEM: pasbIlPhIBACTCS TaK
Ha3bIBaeMasi "HCTOpHsI" OJTHOTO HEHTPOHA, KOTOpasi BKIIFOYAeT B celsl cremyronme (ak-
TOPBI (TIPOLIECCHI):

1) po3bIrpsIii copra siapa (J1sl CII0XKHBIX BEIIECTB);

2) MoAeIMpOBaHUE BUA B3aUMOICUCTBHUS;

3) MoaenMpoBaHWE HAMpPABICHUS ABMKCHHUS HEUTPOHA IOCIEC PACCESHMS,
MOTJIOIICHUSI WJTW TIOCJIC JICTICHHUS;

4) MoJenmpoBaHue CBOOOTHOTO Ipodera;
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5) ecim HEUTPOH OCTaeTCs B IUVIACTUHE, TO K IMyHKTY 1, €CJIM BhUJIETAET 3a MPEIelbl,
TO K IMyHKTY 6;

6) xoHerr "'ucropun’.

3aKoHBI pacrpene’aeHus 3TuX (GakTopoB (TPOIECCOB) U3BECTHRI (MM U3 TCOPHUH
WIK U3 dKcrepuMeHTa). Toraa, pa3birpaB ciiydailHble (haKTOpbl, Mbl MOYKEM paccuu-
TaTh KOHKPETHYIO CIIyUYailHYIO pean3aliio peajJbHOro rnpolecca wid spjaeHus. [lanee
BEJIMYMHBI YCPEIHAIOTCS 10 MHOTUM "UCTOpUSM'.

Hanpumep, 11 mpuBeIeHHOM 3a/1a4M HAC UHTEPECYET KOJIMYECTBO OTPAKEH-
HBIX, MPOLIEIINX M 3aXBaYCHHBIX HEUTPOHOB B BellecTBe. Pemas 3amgady uist pas-
JIMYHBIX BEUIECTB, Mbl MOKEM HAMTHU MaTepuaibl, HEOOXOIUMBIE JJIsl CO3/IaHus 3alllH-
ThI PEAKTOPOB, JIJISl CO3JIaHUs 3aMeUIUTENEH (IOTII0TUTENEN) HEUTPOHOB.

MopnenupoBaHue peaibHOTO SBJICHUS IO BBIMICTIPUBEICHHON TEXHOJIOTHH
Ha3bIBAIOT MMHUTalMed. KoMnbroTepHOE HCClIeJOBAaHUE PEANbHOIO SIBJICHUS WK IPO-
Hecca C IOMOIIBKO HMCIOJIB30BaHMS HMMHTAllMM  HA3bIBACTCS MMHUTALMOHHO-
BEPOSITHOCTHBIM MOJIEITUPOBAHUEM.

B (usuke 35eMeHTapHBIX YaCTULl MHOTHE 3314l PEIIAlOTCs C IOMOIIbIO BEPO-
ATHOCTHO-UMHUTAILMOHHOI'O MOJEIMPOBAHUS. 31ECh MBI IIPUBEIIN ITPUMEPHYIO CXEMY
npuMeHeHus: metosia Monrte-Kapio it 3a1aun npoxXoxkAeHUsl HEUTpOHa Yepes Iia-
cTuHy. bosiee monpoOHOE paccMOTpeHHE, B YaCTHOCTH, Ul MPHUBEIECHHOM 3adauu,
TpeOyeT ydeTa 3JeMEHTAPHBIX (MUKPOCKOIMYECKHX) 3aKOHOB, XapaKTEPHbIX I 3a-
Ja4 KOHKPETHOTO TUIIA, B KOTOPBIX TPEOYETCs ONMPENEIUTh KOIMYECTBO MPOXOAALINX
HEUTPOHOB, UX CHEKTPAIbHBIN COCTAB, OTPAXKATEIBHYIO CIIOCOOHOCTh MIACTUHKH (aJIb-
0e10), CTIeKTpaIbHBIM COCTAB MOTJIONIEHHOTO U3JIyYEHUS U JIp.

3.1.2. MoaeaupoBaHue COpPTA siAPA U BUAA B3aUMO/IeliCTBUS
HEUTPOHA ¢ AAPOM

IMocranoBka 3anaun. Ecnu B obnactu G COAEPKUTCS CIOKHOE BEIIECTBO, TO
MOYHO pa3bIlpath, C AIPOM KAKOTO W3 HUX MPOU3OILIO CTOJKHOBEHHE HEUTPOHA:
BEPOSITHOCTH CTOJIKHOBEHHS, OUYEBUIHO, MPOMOPLUUOHAIBHBI KOJIMYECTBAM pa3jiny-
HbIX siaep. [lpu CTOMKHOBEHHMH YacTHIIa MOXET MEepecTaTh CYIIECTBOBATH (IOIJIO-
TUTBHCA); MOXKET paccesThCs (T. €. MOTYYUTh HOBOE HAIIPABIIEHUE U HOBYIO SHEPTHIO).
Ecnu yactuiia — HEUTPOH, TO MPU CTOJKHOBEHHH C SJIPOM JEJSIIErocs BEIIECTBA
OHa MOET BbI3BaTh pacnaj sApa U MOSBICHUE HECKOJIBKHUX HOBBIX HEMTPOHOB; €C-
71 yacturia — (GOTOH, TO OHAa MOXKET MPUBECTH K 00pa30BaHUIO MAPhI JIEKTPOH—
MTO3UTPOH HJIM K MOSBJICHUIO CBOOOIHOTO 3J1eKTpoHa (hoTodddekT) u T. 1. Beposr-
HOCTH Pa3IMYHbIX B3aUMOJICHCTBUM YaCTHUIl JAHHOTO BHJa C aTOMaMH U3BeCTHBI. OHU
XapaKkTEepU3YyIOTCA TaK Ha3bIBAEMBIMH CeUeHUAMU 63AUMOOCUCEUL NN Napyudib-
HbIMU CeYEHUAMU.

B HeiitpoHHol (pu3uke B3auUMOJEHCTBUE AlIep C HEUTPOHAMHU MPHUHATO OMUCHI-
BaTh mpu nomoiu dPPekTuBHBIX ceueHuid. [IycTh Ha MIOCKHIA OJJHOATOMHBIN CIIOH
BelecTBa (IUIOMAnp0 1 cv’) MO HOpManuM K HeMy MajaeT OXHOPOIHBIH MOTOK
HeiiTpoHoB. OG03HAYNM depe3 7 Yncio aToMoB B ci1oe (B 1 ex’). Ecim mons Heiitpo-
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HOB, MPUHUMAIOIIMX Y4acTHE B HEKOTOPOM B3aUMOJCHCTBUY, paBHA d, TO 9ghhexmus-
Hoe nonepeunoe cedyenue SApa 1Mo OTHOLIEHUIO K JAHHOMY B3aUMOJEHCTBUIO PAaBHO
O, — ceueHue paccesiHus (scattering), KOTOpoe MoApa3JIesseTcss Ha CIeIyIo-

€ BUJIBL:

O’y — ceuenne ynpyroro paccesuus (elastic scattering);
O;; — ceuenne Heympyroro paccesnusa (inelastic scattering);

O . — ceuenue 3axBara (capture), KOTOpas MOAPA3IEIAETCS Ha:
O;, — CEYEHHE PAJMAIMOHHOrO 3aXBaTa, T.€. C MCIyCKAaHMEM IaMma-
KBaHTOB,
O;q — CEUCHHUE 3aXBaTa IO OTHOIIEHHUIO K KaKOW-THOO SJIEpHON peakiuu
(manpumep o- pacman),

O ; — ceuenue nenenus (fission);

O, — ceuenue nornouieHus (absorption) MM O, — CEYCHHE AKTHBALUH, T.€.
3axBaTa HEUTPOHA C CO3/TaHUEM PATUOAKTUBHOTO SIpa.

O, — nonnoe ceuenue (total),

OtMmeTuM, 9TO HEUTpPOHHBIE, YP(HEKTUBHBIC CEUCHUS MOTYT 3aBHUCETH OT DHEP-
YU CYIIECTBEHHBIM 00pa3oM.

Tonepeunsie ceuernnss O m3mepsrores B GapHax: 1 Gapr= 10 "** e’
Kpome sddekTuBHBIX monepedHbix ceuenus sgaep O , HaspiBaeMble MHOT/IA

MHUKPOCKOIIMYCCKUMH CCUCHUAMMU 110 OTHOIICHUIO K Pa3JINYHBIM BSaHMOHeﬁCTBHﬁM C

HCﬁTpOH&MPI, ONnpecACIA0OT 1 MAKPOCKOIMMYCCKHEC IMMOMCPEUHBIC CCUCHUA Zt .
Makpocmnuqecmmu nonepedynbviMu ceveHusiMu Ha3bIBarOTCA TMPOM3BCICHUS TIJIOTHO-
CTH BCHICCTBA HA MUKPOCCUYCHUE O/THOI'O THUIIA BSaHMOI[Cf/'ICIBHH

2. =no, (3.1)
341E€CHh n— SII[epHaH KOHHGHTpaI_II/IH BGHI@CTBa, T. €. KOJIMYCCTBO ﬁ,uep B 1 le/ls’ ) I10-

ATOMY pPa3MEpPHOCTh MAKPOCKOMUYECKOTO CEUCHUSI U3MEPSAETCS B OOpPaTHBIX CAHTHU-
-1
Mmetpax ( cMm ). [lolHOE MaKpPOCKOMTMYECKOE CEUCHUE MOYKHO OIPEACITUTh KaK

>, =2 no,(E) (3.2)
i=1
B cinydae cmecu m Be-  L[ECTB UMeeM

n n
= 2y e Dy =22 1,0, . (33)
=1 i=1
OTHOIIIEHHS Pa3JIMYHBIX MOMEPEYHBIX CEYEHHI K MOJIHOMY CEUYEHHIO XapaKTepu-
3YIOT BEPOSTHOCTH PA3JIMYHBIX B3aAUMOACHUCTBUM IIPU CTOJIKHOBEHUHW HEUTPOHA C SIH-
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poM BemiecTBa. OHM UCHONB3YIOTCS IS PO3BITPHILIA THUIIA B3aWMOJEHCTBHS, KOIJa
MOJIEIUPYETCSI UCTOPHSI HEUTPOHA.
Ecnu 11 01HOTO THIIa aTOMOB IOJIHOE ITONEPEYHOE CEYEHUE PABHO

77
o, =0, +to,.+o,+..= E (o (3.4)
i=1
'TO BEpOSATHOCTH OTZIENBHBIX TUTIOB B3AMMOCHCTBUMN ONPEIEIISIFOTCS KAK
Ps = - BEPOSITHOCTB PacCesHMUs,
O-t
o
S [24
Po = o~ BEPOATHOCTb NOTJIOLIEHHUS,
t
o

Pr= &~ BEPOATHOCTD JIeNenus saep,
t

U T.JI.

Tun B3auMOJIEHCTBHSA U COPT SIpa IPU JAHHOM CTOJIKHOBEHUM TAKKE MOYKHO
pa3bIrpaTh.

Cxema po3bIrpbilia THNA B3auMoAeidcTBHA. /IS MIUTIOCTpallMKM adropuTMa
MOJIEJIMPOBAHUS PACCMOTPUM CIEAYIOIHNA npumMep. IIycTh NpOMCXOINUT CTOJIKHOBE-
HUE HEUTpPOHA C BEIIECTBOM OJHOTO copTa siAep (Oepuiuinil) U peaau3yroTcs TpU BU-
7la B3aUMOJICUCTBUIL: yIIPyTrO€e paccesHue, 3axBatT u gesnenue. [lonHoe MukpoceueHue

JAaHHBIX HpOLIeCCOB MOHO 3aIIiucaTthb B BUEC
o, o, +o, +o,
BGPOﬂTHOCTB TOI'0, YTO OJHH U3 3TUX HpOLIeCCOB peaJ]I/I3yeTC$I, paBHa CIAUHUIIC.
(o) (o) O
p = s 4 Ty J ::1.

oF

t

Bozemem nntepBai [0, 1] (puc.3.2), 0TJIO)KUM HA HEM 3TU BEPOSATHOCTH

O, o, +o,

0 1

o, o,

| I I |
| I I !
Puc.3.2
TuI B3auMOIEHUCTBHS HEUTPOHA C SIAPOM 3aBUCUT OT JHEPIUU HEUTpoHa. Bo3-
MOYKHBIE TUIIbI B3aUMOAECHUCTBUM MOKHO HAUTU METOIOM CTATUCTUYECKHUX HUCIIBITA-
Hull. UTOOBI pa3sirparh TUI B3aUMOJACHCTBUS, OIpPEAEIIsieM, B KOTOPBIM U3 TpeX UH-

TE€pBaJIOB OHO Tonaio. Eciau
O-S

Yy <
2
Gl
TO MMEET MECTO PACCESTHUE;

€CIu
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O'a+O'f

O-S
<y<
Gt ()-l‘
TO UMECT MECTO 3aXBaT, €CJIIN
c,+to, <y<l
o, ’
TO UIMECT MECTO ACJICHUC.

Cxema po3bIrpbila copta sapa. BeposTHOCTh CTOJIKHOBEHUSI HEUTPOHA C [ —
COpPTOM siIpa paBHa

E njO'j
J=1

P = . (3.5)
Z Z”jko' Jk
j=1 k=1
Ecnn BCIICCTBO COCTOUT N3 MOJICKYJ C BCCOM A, B COCTaB KOTOpOfI BXOIAT ]Vl
aTOMOB C AJIpaMu I — COPTa, TO MAKPOCEUYEHUS ONPEEIATCS U3 (HOPMYJIbI
-6-10%
S, =mo, =22 N, .o, (3.6)

1 l l A

371eCh p - IIOTHOCTD BEIeCTBA B I/cM ~ , 0j— B OapHax (1 Gapu =107* cm?), 4 —
MaccoBoe unciio. PaccMorpum npumep, 1ist Boasl N; =2, N, =1 .

[InotHOCTH BOmbI p=1 r-cM™ , A=18. Jlns Bogopoma O, = 6.24 (ympyroe paccesi-

uue),, O, = 0,33 (zaxsar), nna xucnopoga O ,,; = 4,8 (ynpyroe paccesnue),

05, =0 (3axBar). Tak kak %;; = 0426 e , %, = 022 cM , 710

an(f ;= 0.648 g BOJIOpPOJia, aHAJIOTUYHO I Kuciopoaa 2>, = 0.16 oM’ , 200 =
j

0.0 cm* anaj =0.16, O6mas cymma ), D 1,0, =0.808  Cormacho (3.5)
j

j=1 k=l
nMeeM, 4To p, =0.802, p, =0.198
PospIrpeIn copTa siapa HIYEM HE OTIUYAETCs] OT PO3BITPHIIIA TUIIA B3aUMOCH-
CTBHUS M ompeienisseTcs o Gpopmyre

i=mini’ w B <D pP.. (37
k=1
3ajanusi Ha MoJIeJIMPOBaHMe:

1. CocTaBuTh aIrOPUTM M MPOrPaMMy PO3BITPHIILIA COPTA A7Ipa, BUAA B3AUMOJIEH-
CTBUS JJI1 HEUTPOHOB OT IOJIOHUEBO-OEPUIIMEBOTO MCTOYHHKA, 3aMEIJISIO-
MMUXCS B NMPUPOJHOM MOPOLIKE OOpPHOU KUCIOTHI. [IIO0THOCTH mopoika npu-
HATH paBHOit p=1,7 r-cM™. ®opmyia Goproii kucnorsl HBO,.

2. CocTaBuTh NpOrpaMMy I Pas3bIrpbIBaHMS BUAA B3aWMOJACHCTBUS HEUTPOHA

C AApoOM 6CpI/IJIJII/I$I B 3aBUCHUMOCTH OT IMapaME€TPOB MUKPOCCUYCHU .
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3. IIpoBecTn MOAECIUPOBAHME, T.€ HANTHU BEPOATHOCTH JAHHOIO THUIMA B3aUMO-
nevictBus 11 1000, 10000 ucnpiTanuii.
4. Pe3ynbpTarThl MOJACIUPOBAHUS TPEACTABUTD B BUJIE THCTOTPAMMBI.

3.1.3. Pemienue 3a1a4u po3bpIrphillia THIIA B3AUMOEHICTBHSI M COPTA siApa
HMHUTANUOHHBIM MO/IeJTUPOBAHHEM

31eck MbI JaéM TEXHOJIOTHIO BBIYUCIICHHUS MapaMeTpoB 3a1a4un naparpada 3.1.2
meTonoM Monte-Kapio. UuraTens, yACHUB JaHHYIO TEXHOJIOTHIO, MOXKET HUCIIOIb30-
BaTh €¢ B JPYI'UX 3a/a4ax 10 METOAY aHAJIOTHH.

IHocranoBka 3agaun. 3aa4a MOJICIIUPOBAHUS COCTOUT B ONPEJIETIEHUU MUKPO-
1 MaKpOCEYEHU COpTa siipa U BUJIOB B3aUMOAECUCTBUS JUIsl OOPHOM KUCIIOTHI.

®opmyna 6opHoit kucinoTel HBO,. bopHas kucinoTra cocTOUT U3 A11ep TPEX Cop-
TOB: BOJOpOJia, Oopa U Kuciaoponaa. Tur B3auMOAEHCTBUS C KaXIbIM COPTOM s]ipa B
0OJIBLIEH CTENEHU 3aBUCUT OT SHEPTUU HEUTPOHOB. DHEPTUSI HEUTPOHOB MOJIOHUEBO-
OepUIIIMEBOT0 MCTOYHMKA JOXOIUT 10 11 M»B, nis pacueToB BblOEpeM HMHTEpBal
sHepruii B nipeaenax ot 0,0 — 1o 11 Moas.

[Ipy UMHUTALIMOHHOM MOJEIMPOBAHUM YJIOOHEE BCErO CO3[aBaTh MOINPOrpaM-
MBI, KOTOPBIE€ 3aT€M MOXHO HCIIOJIb30BaTh B OCHOBHOW IIPOrpaMMme, IO3TOMY pac-
CMOTPUM QJITOPUTMbI BBIYMCIEHUS MHUKPO- MaKpOCEUEHHUM, copTa sApa, TUIA B3au-
MOJIEHCTBUH U JITMHBI CBOOOIHOTO Mpodera, UCIob3ys JaHHbIE U3 padoT [19].

1. Bviuucnenue mukpoceueHuil 6000pooa

CeueHne BOOpPOJa B JJAHHOM HMHTEPBAJIE COCTOMT MX YIPYIOro paccesiHus U
3axBaTa MpHU TEIJIOBBIX SHEPTusix. DPPexkTuBHOE ceUeHHEe B3aUMOACHCTBUS HEUTPO-
Ha C BOJIOPOJIOM BBIUYUCIISIOTCS

3 1
o,=13 +
0,5£+1,49 O0,5E + 0,073

o, =0

Eciu E > E,ppy, T0 O3 = O, unaue o3 = 0,33 .

2. Boluucnenue mukpoceuenuil Kuciopooda

CeyeHne KHCIIOPOJIa COCTOUT M3 YIIPYroro, HEYIPYyroro B3auMOJEHCTBHUS, ITPH-
YeM OTH CEYEHMs 3HAUUTENILHO 3aBUCAT OT DHEPTHH, BEPOSTHOCTh 3aXBaTa OUYEHb

cmabas.
Yupyroe paccessHue

Oueprusi, MaB Mukpocedenue, 6apH

E<0,0105 o, =3.8

0.0105 <E< 00604 | &, =-0,2525-10°E* +0,2294-10 " E* —
—0,2209-100*E* —0,2332-10"' £ + 4,0349

0,0604 <E< 0,2 oy = 3.5

02 <E< 06 oy = 4.8
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0,6 <E< 13 P —
13<E< 2,74 ., =1,55
2,74 <E<4.2 o, =2.15
42<E o, =2,061-0,1017F
Heynpyroe o©,, = 0.16 Gapn, ecimu E >6 Mb>B
o,, =0, ecnmu E <6 M>B
3axsBar 0,,=0

3. Bvluucnenue mukpoceuenuil 6opa
Jlnisa ceyenus 6opa, KpoMe YIpyroro paccesHus, KOTOpoe MajaeT OT TeIIOBBIX

o 1
SHCPIUM B CTOPOHY BO3pPaCTaHU DQHCPI'UH I10 3aKOHY ——, CYIICCTBCHCH 3aXBarT.
JE

B3aumogeiictBue | Mukpoceuenue, 6apH Oueprus, MaB
Yupyroe o3, =4, ecmn E< 1077
oy, =4—22F ecn 10 2 <E< I
o;, =18, ectn E>1
HEyIpyroe o5, =0
3axBar o - 0l13
” JE

4. Boluucnenue noiHo20 MUKpoceueHus
Pacder momHnoro mukpoceueHus: Mojekyiasl HBO, nmpoBoautes mo gpopmye

3
o= Z(O-lm +20,, +03,) (3.8)

m=1
5. Po3zvicpviuu copma aopa
JI14 Haleun 3agaun CymecTBYIOT BO3MOKHOCTh ITOIAJaHNsl HEUTPOHA HA OJTHY
n3 deTsipex saep moiiekysisl HBO, n peannsannm Tpex TUIIOB B3anMoiercTeus. Bee-
7ieM uHAeKChl copta siapa i = [ (H), 2 (0), 3 (B) u Tuna B3aumoaeincTBuii m = [
(ynpyeoe paccesinue), 2 (Heynpyeoe paccesanue), 3 (3axeam).
PaccMmoTpum BepOATHOCTH MonagaHus B ONPENETICHHBIN copT siapa. OHa omnpe-

ACIACTCA KaK
3
Z O 3m
— m=1

3 3
z oz Z 20,,
P = L , Pr = L , Ps =
o o o
Brruucnenue copra sijipa mpoBOJAUTCS MO CXEME PO3BITPhIIIA TUITA B3AUMOICH-
ctBuil (puc.3.3). Po3sirpeii copra sigpa IpOBOJIUTCS MO CIEAYIOIIEMY aJTOPUTMY.

Haxonurcs cirygaiiHOoe YMCIIO Y/ 3 ¥ IPOBOJUTCS CPaBHEHUE.

Ecmu ¥ 3 < p;, 1o copt i = I (Bomopon).
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Ecmup; <y 3 < p; Tp2, 1o copri = 2 (kucmopon).
Ecmu ¥ 3 > p;+p2, 1o copri = 3 (6op).

3 3
2 o, E o, +20,,,
m=1 m=1

(o8 O

| | | |
Puc.3.3

6. Po3viepviit muna e3aumooeiicmeus
BeposiTHOCTH THITa B3aUMOACHCTBUS ONPEEseTCs Kak

O Oy O 5

pl = 3 p2 p3 e ———
Z Gim
m=1

- s i
3 3
, :
Z Oim Z Cim
m=1 m=1
Bosbmem untepBan [0, 1], OTJI0XKMM HA HEM 3TH BEPOSATHOCTU
O O, +0x,

3 3
: ‘, Jim Z Gim
m=1 m=1

Puc.3.4

0

Cxema po3bIrphIIlia THITa B3aUMOICHCTBHUI TAKKe ONMPEACISICTCS CIICAYOIINM
00pa3oM, HaXOAUTCS CITydalHOE YHUCIIO ¥ ; M IPOBOAUTCS CPABHEHHE.

Ecn ¥ ; < pj, To Tan m = [ (ympyroe).

Ecmup; < y3 < p; + p,, 1o I M = 2 (Heynpyroe).

Ecnup; +p, < y3, Totan m = 3 (3axsar).

7.0npeodenienue nOaIHO20 MAKPOCEYEeHUA
3HadYeHUe MOTHOTO MaKkpoceueHust Haxoautes u3 popmynsl (3.4), roe N —
MTOJTHOE YHCJIO MOJICKYJI OOPHOM KHCIIOTHI B €IMHUIIE 00beMa, KOTOPask BEIYUCIISICTCSI
o ¢opmyie (3.6).

3.1.4. OnpeneneHue HANPABJICHUS M JHEPITUH YACTHIL MTOCJIE PaCCesTHUS

IMocranoBka 3axauum. [locne B3auMOAEMCTBUS TPOMCXOIUT U3MEHEHHUE HAITPaB-
JICHUs JABMDKEHUS U HEPTUH YacTULBL. 3a7aya COCTOUT B pa3paboTKe MMUTALIMOHHOMN
MOJIEJI U3MEHEHN S HAIIPABIICHUS ¥ DHEPTUX YaCTHULbI.

Co3panue HNMUTAMOHHOM MOAeH. PaccMOTpHUM ynipyroe paccessHue HEUTpoHa
AIpOM € MaccoBbIM 4HcioM A. Takoe paccesHue onpenensercs AByMs CIlydalHbIMU

BCIIMYNHAMH, B Ka4CCTBC KOTOPLIX y,[[O6HO BBI6paTI> YToJ1 pacCCiaHnuA 9 B CUCTEMC
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KOOPJIMHAT, CBSI3aHHOM C IIEHTPOM Macc Napbl HEUTPOH — SAJIpO, U a3UMYTaJbHBIN

yrox paccestaust A
0<O0<mr, 0< y<2r.
I/ICHOHB3y5I 3dKOHBI COXpPaHCHUA NMITYJIbCA U OHCPIUH, HCTPYAHO BBIYHNCIINTD

N yYIoJi QV, Ha KOTOpBIﬁ OTKJIOHACTCA HGﬁTpOH oT
Z CBOCI'O HepBOHa‘-IaJ'IBHOFO JABUXKXCHUSA, 1 3Hep—
ruto E', KOTOpYIO OH COXpaHAET:

Acosf +1

\/A2 +2AcosfO +1 ’
A)E'_A2+2Acost9+l -(3.9)
., E (A+1)°

OOBIMHO paccessHUE HEUTpOHa Iperoara-
€Tcsi W30TPOITHBIM B CHUCTEME LIEHTpa Macc:

cosy =

C‘OS( l,V) pacripeieicH paBHOMEPHO B MHTCPBAJIC

(-1,+1), a yron y pacnpeneneH paBHOMEPHO B

unteppane (0, 2 ). [Ipu s3ToM B 1abopaTopHOii cucTeMe KoopauHar X, y, z (puc. 3.5)

pa3IM4HbIC HANPABJIEHUS PACCESHUS HE paBHOBEpOSTHBL. M3 dopmyns (3.9) BuaHo,
4TO0 dHEprus £ OKa3pIBACTCs PABHOMEPHO Paclpe/IeICHHOI B HHTEpBAaIe

A—1

A+1

[IpaBuiO pO3BITpHIIIA YIPYTOrO PacCesHUs, U30TPOIHOTO B CHCTEME LIEHTpa

2
ngEgE, (3.10)

Macc, COCTOUT B CIEAYIOIIEM: HaXOJUM JBa CIy4allHbIX uucina )i, ), W mojara-

em COsO =2y, —1, y =27y, sarem no dbopmynam (3.14) u (3.15) Haxoaum
cosy, E'.
b) B cnywae anusorponnoro paccesnust ¢popmynsl (3.9) u (3.10) coxpansitor

CBOIO CWIIY. A3BMMYTAJIBHBIA Yroia J IO-TIPEKHEMY IPEINOJIaracTcsi paBHOMEPHO
pacrtipeneneHHbiM  Ha wuHTepBasie (0, 27). OnHako IUIOTHOCTh pacIpeeiIeHUs

M = COS 0 oka3bIBaeTCA HEMOCTOSHHOM: OHa MpOTOpIMOHATIbHA U] hepeHITHATBHO-
MYy CCUCHHIO YNpPYIroro paccessHus B CHUCTEME LICHTpa MacC, 3aBHUCILICMY OT yrIja

0,(0) . ®opmyna 1y1st po3bIrphiina BenuuuHbl A = C0S O nmeet BuJ

7
27| 0,(0)du=yo,, G.11)
-1

Eciu u3BeCTHO siBHOE BhIpakenne s ¢pyukumn 0, (0) | To pemas ypasuenue

(3.11), MbI HalizeM GopMyITy, O KOTOPO# OyaeM OonpeaensTh 3HaueHue AL = cosf
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B) B ciyuae ynpyroro paccesiHusl Ha TSOKEIBIX SApax JUisl 3SHAYCHUH A >>1 U3
dopmyn (3.9) u (3.10) mosryqaem, 9To

E'~E , cosy=cosd.

DKCIEepUMEHTBI TIOKA3bIBAKOT, YTO IS OOJIBIIIMHCTBA TSDKEITBIX siIep POUCXOUT aHHU-
30TPOIHOEC PACCEHMBAHUE HEHTPOHOB: COOTBETCTBYIOIIME JU(PHEPCHIMATBHBIC CCUCHHUS

o, (y) # const . Itu ceyenns 1 HAJO UCTIONB30BATh JUIS PO3BITPHIIIA HAPABJIEHHUS, O-

naras npu 3ToMm E' ~ E. OpHako BO MHOTHX pacyeTax 3((heKToM aHH30TPOIHOCTH pac-
CesTHHS Ha TSDKENBIX sipax npeHeOperatoT. Torma 310 paccesHue OKa3bIBaeTCs H30TPOII-
HbIM B JIA0OPATOPHOM CHUCTEME KOOPIMHAT, M JUIS PO3BITPHIIIA HAMPABICHUS MOXKHO HC-
nosb3oBath popmynsl § 1.1.4. m.5.

3.1.5. MoaeanpoBanue JJIMHBI CBOOOAHOIO Mpodera

IocranoBka 3agaum. IlycTh B HHTEpeCyONIyI0 HAac 00JIaCTh BEIECTBA,
HanpuMmep, B Be (Oepuiinii) momnajgaer moToK HEUTPOHOB. 3ajada MOJICIUPOBAHMS
3aKJII0YAETCSl B BBIUUCICHUU CPEIHEN JJIMHBI CBOOOJHOrO ITpodera HEUHTPOHOB METO-
JIOM CTaTUCTUYECKUX UCIIBITAaHUH.

Nmurtanuonnas moaesb. PaccMoTpum memoo «ucmopuu» OqHON YaCTUIBI.
JlInHA TIOJTHOTO CBOOOIHOTO MpoOera HEUTpoHa — CITydaiiHasi BEeIMYMHA. 3aKOH €€ pac-
NpeAeICHNs 3alMChIBACTCA KaK

F{l<x}= l—eXp(—I 2., ds), (3.12)
0

r7Ie S — paccTosHue (OT MPEABIAYIIETO CTOIKHOBEHHUS) IO HATIPABIECHUIO
JNBWXKEHUSI HEUTpOHA. [1TOTHOCTE pacnipeneneHus: BEpOATHOCTH paBHA

dF x
f,(x)= arx) _ 2, eXp(—f 2., ds) (3.13)

X

Paccmorpum ogHOpOAHYIO Cpeny, T.€. CIlydaid, Koraa Zaz HE 3aBUCHUT OT s. To-

r1a UMHa cBoGoaHOro mpodera A B 0HOPOIHOI Cpefie OIPENesIeTCs Yepes Clydaii-

HYIO BCIIMUYNHY % HMCIOIIYTO TNIOTHOCTH pacClpCaACIICHUA BEPOATHOCTH

f(A)=Ze ™ (3.14)

3]1eCh X - MAaKpOCEUEHUE OJTHOPOIHBIX sijiep. MeTos 1 00paTHBIX (YHKITUI MTO3BOJISIET
3anmucath GOpMyITy JJIsi MOJICIIMPOBAHUS JUTMHBI CBOOOTHOTO Mpodera
1 A 1
P A CO

——1In
s, (3.15)

TJIe Y - STAJIOHHAs CiIy4aiiHasi BeJIMUMHA, Jiexxainasi B uatepaie [0, 1]. Marematu-
YEeCKOE OJKUIaHUE WM CPENTHSS JUTMHA TTpobera B OJHOPOIHOM Cpeie.

I:M(ﬂ):%
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YacTo B KauecTBE €IMHUYHOM JJIMHBI UCTIONB3YIOT CPEAHION JUTUHY A cB0O0OOI-

HOTO mpo0era U MpeICTaBISAIOT B BUC AlA==Iny.

Memoo cmamucmuueckux eecoe. Eciv mpoOer HEMTpOHA pa3bIrphIBACTCA
BHYTPH OJTHOPOJIHOM KOHEUHOU 00J1aCTH, @ BO3MOKHOCTh BBIJIETA YUYUTHIBAETCS IIyTEM
M3MEHEHUS Beca HeUTpoHa, To popmymna (3.15) 3amensercst popmyIioit

1
ﬂ/ = —— 1n 1 —_— ! . 3. 16
> A=) (3.16)
HoBelii BeC HEMTPOHA paBEH

y' =y —exp(—x*2.)), (3.17)
IJIE X — PACCTOSHUE JI0 TPAHUIIBI 00IACTH IO HAMPABJICHUIO TIOJIETa HEUTPOHA.

3anaHus Ha MOJeJIMPOBAHUeE:
1. CocraBuTh mporpamMmy [Jisi  ONpEAEiCHUs JJIMHBI CBOOOJHOTO Tmpolera

HelTpoHa B Oepmwutnu. MHUKpOCKoNTMYeckoe ceueHue oepwutus O, = 6 bapH

(mpu Temmeparype 300° K st suepruii ot 0,1 1o 10%eV). UTo6b! onpenenuTs
gncio atomMoB Be B 1 cv’, ymHOXaeMm ero mnotHocTh 1,84 o/cm’ Ha umcio

ABoraapo 6,02- 10 u JIeJIMM Ha MaccoBO€ YMCIO0 A = 9, Torja KOHIIEHTpa-

3

must Be paaa £1=1,23 + 10” cu ~’ BbluncanM MakpoCKOIMYECKOE CEUCHHE

Zt =no, = 0.74 M u CPEIHIOI JJIMHY CBOOOJIHOTO MpoOera HEHTPOHOB B

BemecTBe oepwutust A = 1,3 cm.

2. IlpoBectu MoJeIMpPOBAHKE JJIUHBI CBOOOIHOTO MpOOETra HEHTPOHA OT pealib-
HBIX TIAPaMETPOB CPEbl, CUUTAs], YTO pacIpeesieHue JUIMH CBOOOIHOTO Mpo-
Oera noguuHsieTcs: 1) paBHOMEPHOMY pacipeesieHuIo; 2) HOpMaabHOMY pac-
IpEEICHHUIO.

3. IIpoBectn MopenupoBaHKE JUIMHBI CBOOOAHOTO Mpobera HEMTPOHA B TOPOIITKE
GopHOii KucaoTHI (t1oTHOCT, HBO, mpuusTs paBuoii p=1,7 r-cm™), Boge H,O
(p=1 r-cM™) 1 IPOBECTU CPABHEHHE.

3.1.6. UMuTanuoHHOE MOJAEIMPOBAHNE TPACKTOPUM ABHKCHUS
HEWTPOHOB 4epe3 MJIACTHHKY (IByXMEPHbIH CJIy4aii)

PaccmoTpuM TpaeKTOpHUIO NBUXKEHHUSI HEUTPOHA B IUIACTUHKE, CUUTAs], YTO OHO
JIBIDKETCSI B HEKOTOPOH TIOCKOCTU. Bribepem och Oz mepneHIUKYISIPHO K TUIOC-
KOCTHU MJIACTUHKHU. [IyCTh MOTOK HEUTPOHOB MAJAE€T Ha IUIOCKOCThH IJIACTHHBI HOP-
MabHO U3 obnactu z<(0. HaganbHyto KOOpIMHATY Z, TAJAroIIero HeMTpoHa 3a1aIuM
PaBHOM HYJI0. DHEpPrus HEUTPOHOB B HAYAJIbHBI MOMEHT 3aBHUCHUT OT CBOWCTB Ma-
JAIOILETO MOTOKA M MOKET OBITh 3a/1aHa MO-PA3HOMY:

a) 3HaueHue £, =const 3a1aHO B BUJI€ MOHOAHEPTE€TUUECKOIO IMOTOKA;

0) 3HaYEHUE SHEPTUU PA3bITPHIBAETCA M0 CIIYYaHHOMY 3aKOHY E,- =7Vi;
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v

Zn-l Zn h z

Puc.3.6

B) SHEPIeTHYCCKHUI CcrieKTp 7(E) Maarolero moToka pacipeneieHo Mo KakoMy-
TO 3aKOHY, B YaCTHOCTH IT0 HOPMaJIbHOMY 3akoHy. Torma 3HaueHue E; pa3bIrpbiBa-
eTcst o popmyiie

_(7/1' — £ )2
E, =20 o a7
’ \/Zo- ' (3.18)

3nece Ey — HauBeposITHENIIIEE 3HAYEHUE SHEPTUU II0TOKA HEUTPOHOB, G -
JUCIIEPCHUs SHEPTUU HEUTPOHOB. TakuM 06pa3oM, COCTOSIHUE HEUTPOHA XapaKTe-
PU3YETCS BCETO TPEMsI BETMUMHAMU: KOOPAUHATOM z, JHEPTUEN £ 1 HaNpaBIeHUEM
nosieta. Takum 00pa3oM, TH BETUUUHBI MOXKEM OIPENEIIUTD 10 HIXKEOTUCAHHOMY
AITOPUTMY.

1. MoaenupoBaHue KOOPAUHATHI CTOJIKHOBEHUS (n = 1,2, .. .)
M, Iny G519
n n—1 ° .

2,

3necy L, = COS O, a MmakpoceueHue 2, sBiserca QyHKIueH ot sHeprun £, .

[IpoBepsieM BBINIOJIHEHUE YCIIOBHIA:
1) He mpoJsteTen I HEUTPOH CKBO3b MJIACTUHKY

z, — h>0 ;

2) He OTpa3uJICs JIU HEUTPOH OOPATHO

z, <0,

[Tpu BBIMIOTHEHUN KaXJAOTO W3 OTUX JIBYX YCIOBHUH TPACKTOPHS 3aKaHINBACT-
cs1 (2 B COOTBETCTBYIOIIEM CUETUMKE JICJIAETCS 3aINCh).

3. MoaenupoBanue B3aumoeiicreus. Eciu 0<z,<h  to0pasirps-

BaeM «CyIb0y» HEUTpPOHA MPHU ATOM CTOJKHOBEHHH: HAXOJIUM OUEPETHOE Y H, ecliv

c
/4 > o’ TO HCfITpOH CUHUTACTCA IMOTIOICHHBIM,; TPACKTOPHA €CI'0 3aKaHYNBACTCS (I/I B
t

COOTBETCTBYIOILIEM CUETUUKE JIETACTCS 3aMKUCh 00 3TOM).
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C
Ecmn oxazanock, uro 7 < o T HEUTPOH UCIBITHIBAET PACCESHUE, U HY)KHO
t

pa3bIrpaTh €ro HaIpaBjICHUE U SHEPTHUIO.

4. MonenupoBaHue HAMPABJIEHUS U JHEPTUM TIOCIIE YIIPYTOrO PACCesHUS

HEWTPOHA B CUCTEME LIEHTPA MAcC IPU U30TPOITHOM PACIpPENEIECHUN SIEP
IPOBOJIUTCS 10 PopMysiaM

cos@ =2y, -1
A* +2Acos O +1
E, =E,, 3 (3.19)
(A+1)
5. 3ajanust Ha MoJeJIMPOBaHUeE:
o CocraButh mnporpamMmy s~ UMUTAlUU JABUKCHUS
HEHUTPOHOB B IJIOCKOM MJIACTUHE U3 OEpUILTHL.
2. [IpoMonenrpoBaTh 3aAa4y O MPOXOKICHUN HEUTPOHOB YEPE3 TUIACTUHKY

OCepUIUIHSL; pacCEesTHUE CUMTATh W30TPOITHBIM B CHCTEME IIEHTpa Macc. ToNIuHy
IUTACTUHKYU BBIOpaTh paBHYI0 /4 = 5 juiMH cBOOOJHOTO Mpobera. B kauectBe me-
PEMEHHON BMECTO JHEprud E MOXKHO BBIOpAaTh TaK HAa3bIBAEMYIO JICTAPTHIO

u=1In(E,/E). TInoTHOCTH MAJaIOIIEr0 MOTOKA HEWTPOHOB CYMTATh IOCTOSH-

HBIM.
3. PaccuntaTth oTpakaTeNbHYIO, MOIJIOMIATEIBHYIO U MPOIYCKATEIbHYIO
CIIOCOOHOCTH OepUILIHSL.
4. [TocTpouTts OIHY U3 TPAEKTOPUN IBUKEHUS HEUTPOHA.
3.2. UmMuTaumoHHoe mogenupoBaHme NPOXoXaeHUs
Y- U3Ny4YEeHUA Yepe3 BellecTBO
— T — 1. IloctanoBka 3amauyu. PaccMoTpuM Temeps Ipyryro

3amauy. B xauecTBe mporiecca BeIOepeM 3a/1a9y MPOXOKIACHUS
Y- U3JIyYEHHUs YEPE3 BEIIECTBO HEKOTOPOU MPOTSHKEHHOCTH L.
3agaya COCTOUT B ONPEICIICHUU MOTJIOATEIbHON U OTpaka-
TeNbHOM (anb6e10) CIoCOGHOCTH IIACTHHKH — (pHc.3.7).

3. Umuranmonnasi MoJeJib. B3anMoielicTBYs Y - KBaHTa CO
cpenoii OyzieM OMMChIBaTh MUKPO- M MAKPOCEUEHUSIMUA. MUKPOCKO-
MIAYECKOE CEYEHUE OMPEACIISIET BEPOSATHOCTD ONMPEAECICHHOTO
B3auMojicicTBuUsA. JI1sl raMMa-KBaHTOB HM3BeCTHBI 6osee 100
BUJIOB B3aUMO/ICHCTBUS, HO HanOOJIee BEPOSITHBI YETHIPE.

5o

1) oOpa3oBaHue DIEKTPOHHO-TIO3UTPOHHBIX  Map
Puc.3.7 (O,),

2) doroaddext (OF),

' 3anaua u3 pabotst [37]
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3) xorepeHTHOE paccesiHue ( Ok),
4) xoMITOHOBCKUH 3D ekt (Ty ).

Kaxxnplii KBaHT ONMUCHIBAET HEKOTOPYIO TPACKTOPHIO: B 7-MepHOM  (ha30BOM
npoctpanctBe o(7,m,E). TpaekTopus €cTh MOCIEIOBATEIBHOCTL TOueKk o(7,,E).

JIis1t Hateld MOJIeNTH BBIZICTTUM TP OCHOBHBIX CITy4alHBIX (haKTopa, KOTOPbIE HE00XO0AUMO
OIPENEINUTH C TOMOLIBI0 MMUTAIMOHHOTO MOJIETIMPOBAHUS:

1) nHa cBoOOIHOTO TIpOOETa,
2) BUJT B3aMIMO/ICHCTBUSI,
3) HampaBJICHHS pacCcesHUsI.
Onpenenrm OCHOBHBIE AOIYIIEHHS K HAIE IMUTALIMOHHOW MOJEIIN:
® YACTHIIBI MEXKTY OO0 HE B3aUMOICUCTBYIOT;

YaCTHIIBI 00J1a/1af0T CBOMCTBOM ""MapKOBOCTH'", T.€. CYIIECTBYET 3aBUCH-
MOCTb CIIEIYIOIIETO COOBITHS OT MPEAbIAYIIETO;

® Cpela HE U3MEHSETCS.
®  YIoJ aJICHUS NPsSMOM;
e SHEpPrus KBAaHTOB IIOCTOSTHHA;

e HAaIpaBJICHHE PACCESTHUS U30TPOITHO W MPOUCXOAUT B ABYXMEPHOMU
IJIOCKOCTH.

4. CxeMa MMHWTALMOHHOTO MOJEJIHMPOBaHMsL. 11 MPOCTOTHI pacCy:KICHUsI pac-
CMOTPUM TOJIBKO JIBa COpPTa B3aMMOJICHCTBUS : a) paccesiHue (Cy), O) MOrJoIeHNe
(ok). Monemupyercst Kaxaasi OTAeIbHAS YacTUlla, I KOTOPOU pasbIrphIBacTCsl "MCTO-
pus" OJHOM YaCTHULIBL:

1) poxxneHue 4acTullbl;
2) MozaenMpoBaHHUEe CBOOOTHOTO Mpodera;
3) MojaenMpoOBaHWE BHJIA B3aUMOCHCTBUS:
- TIPH YCIOBHUU PACCESIHUS;
- TIPH YCIIOBHH TIOTJIONICHHUS WM BBIJIETA 32 TIPEAEIIhI 00I1aCTH;
4) KOHEIl «OJHON UCTOPUNY;
5) BO3BpaT K MyHKTY 1.
[To gaHHOMY anrOpUTMy MPOBOAUTCA PO3BITPHIII N HCTOPHM, 3aTEM YCpEIHE-
HUE 110 BCEM UCTOPHUSIM.

5. Ucnonib30BaHKMe BeCOB, 3aMEHSIOIIMX OrJIomenne. Ecian BMecTo necrtopun
OJIHOM YaCTHIIbl pacCMAaTPUBAETCS MAKeT U3 Ny YacTUIl BAOJIb OJHON TPAEKTOPHUH, TO
UCITOJIB3YETCSI METOJ CTATUCTUYECKUX «BECOB». ITOT METO/ 3aKJIFOYAETCS B CIIEIYIO-
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O
c
meM: IIpru ICPBOM CTOJIKHOBCHHHU ITOTTIOIIAKOTCA N, 0 o qaCcTun. KomuectBo qacCTuIl

O

B NIAKETE IPH K + [ -O0M CTOJIKHOBCHMH YMECHBINAETCA 10 N, , = N, —5 , HO HUKO-

IJla He 3aKaH4YMBAETCs MOIIIOIIEHNEM. BMmecTo 101m yacTul] 0ObIYHO TOBOPST O CTaTH-
cTHUYecKOM "Bece" 0JiHOM yacThllbl N U CIENIAT 3a OJHOM YacTULIEH, a 3aTeM IIPOBOJISAT
0000111eHHe Ha TIOTOK YacCTHII.

[lpn pemeHMM CHOXKHBIX 3aJad IPUMEHSIOTCS aJTOPUTMBI, Pa3HbIM CIOCO-
O0M HCHONB3YIONINE cTaTUCTUUecKre Beca. MeTo MonTte-Kapiio mo3BosisieT paccMoT-
peTh JI00yI0 "rTeoMeTpuro 3aaaun’.

6. 3ajanus Ha MoJeTUPOBaHMe:

1. CocraBuTh IpOrpaMMmy JUIsl ONpPEAENICHUs JJIMHBI CBOOOIHOTO Mpolera y-KBaHTa B
OCpHILITUY.
2. IIpoBectn MoAenMMpOBaHUE UIMHBI CBOOOIHOTO Mpobera 7Y-KBaHTa OT peabHBIX
apaMeTpoB CPENbl, CUYUTAs], YTO paclpeiesieHue AJIUH CBOOOTHOTO mpodera moadu-
HsieTcs: 1) paBHOMEPHOMY paclpeesIeHNI0; 2) HOPMAJIbHOMY pacIpeieICHHIO.
3. IlocTpouTh TPAEKTOPHUIO IBUKEHUS Y-KBAHTA.

7. Pe3yJbTaThl MOACJIUPOBAHUSA

Huxe (puc.3.8) npuBeneHsl pe3yabTaThl MOICTUPOBAHUS JIBHKEHUS Y-KBaHTA.
[IporpaMma 11 BBIYUCIUTENBHOTO 3KCIIEPUMEHTA JlaHa B pUJIoKeHuH 3. J{7s BbI-
BOJ/Ia TPACKTOPHUH JIBIKEHUS MCIOIB30BaH rpaduueckuii maker Origin.

Origin - UNTITLED

0,29667
1,86898
1,01051
4,26209
2,65373
-0,36036 0,8170 Graph1

1

2 [ [ e e fo e o [~

Vg Title

[fe af+[m[ 2| =|T]2 |~ |a|ef|

e [t 0 [ et [ | | e | @ | @10 b [ |

For Help, press F1 [GFH1_B  [Grapht* [CAP [NUM [

HAnvcx| | B8 - =1 ||| [FEMicrocal Drigin - UNT_| ] Tubn Pases | ESEEAEEE 1300
Puc.3.8

3.3. AMuTaumoHHoe moaenMpoBaHue pacnpocTpaHeHus
ynpyrux BosiH B NOPUCTbIX cpeaax (3agayva reohnsnkm)

ITocTanoBKa nepBoii 3agaun. PaccMOTpUM pacnpoCTPAHEHUE «aKyCTHUYECKOTO
KBaHTa» B O€3rpaHUYHOMN Cpejie, TJe CTOYHUK TApMOHUYECKUX KOJICOaHM SBISIETCS
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TOYEYHBIM, C U3BECTHOM aMIUTUTYI0M KOJIeOaHUI U 4acTOTOM.

Mopaeab nepBasi. MoaenMpoBaHUE MPOBOJUTCS HA IUIOCKOCTH, PACCEKAIOIICH
IJ1acCT BEPTUKAJIBbHO. JlaHHAs IJIOCKOCTh YCJIOBHO pa30MBAeTCs Ha SIMEHKU U Tpe]i-
CTaBJIsIeT COOOM MaTpuily m X n (m- BbICOTA, n- JJIMHA), KOTOPbIE OrPAaHUYUBAIOT 00-
JIACTh PACCMOTPEHMS TPACKTOPHUM «aKyCTHUECKOTO KBaHTa» (puc.3.9).

y -
m

f

X
Puc.3.9

«AKYCTHUECKUI KBAHT)» BBUIETAECT U3 UCTOYHUKA TAPMOHUYECKUX KOJIeOaHUM
B CJIy4aifHOM HaIlpaBJIeHUH. PO3BITPHINIT yTriia IPOUCXOIUT CIAEAYIOINIUM 00pa3oM

X=TT*Yy, (3.20)
I7i€ Y - CIy4ailHOE ATaloOHHOE YKCiio. Jlanee TpaeKTopusi KBaHTa MPEACTaBIISIET COO0M

npsamyto. Tak kak BoyiHa cpepruyeckasi, TO IpH MPOXOKICHUH «KBAHTa» Yepe3 KakK-
IYI0 KJIIETKY HaXOAUM aMIUIUTYAY CMEIIEHUs 110 popMmyJie:

A
A4, :r—o-cos(a)-t—k-igj)-eXp(—ﬁﬁ’lj) i=ln, j=1l.m (321
i

k=2

rae ; -BOJIHOBOE YHUCIIO, O - KOA(DPHUITMEHT MOTJIOMIEHUS, C- CKOPOCThH BOJIHBI B

CpEE U r- PACCTOSHUE OT UCTOYHUKA JI0 KJIETKU. [Ipu BbUIeTe «KBaHTa» U3 paccMar-
pHBaeMoi 00J1aCTH, IEPEXOIUM Ha CJICTYIONINNA PO3BITPHIII, U TaK JI0 3aIaHHOTO YHC-
Ja ucnibiTanui. [locne Haxoum aMIuIUTY Ty CMENICHUS [T KaXKI0W KIICTKH:

oA
iaj N M
rae N — 41CII0 UCTIBITAaHUIH.

A TJTOTHOCTH MOTOKA SHEPTUi OyeT onpeaensaThes mo Gopmye:
1 2 2
Iy :E-Aw. W Ccp (3.22)
3ajanus Ha MoJIeJIMPOBaHMe:
1. CocrtaBuTh mporpaMmy JJis OMNPEAEJICHUs JJIMHBI CBOOOIHOTO Mpobdera aKkycTu-
YECKOTo KBaHTa B O€3rpaHUYHOM cpee.
2. Ilpoectu MoaenupoBaHuEe mpobera aKyCTHUYECKOTo KBaHTa B O€3rpaHUYHOM

Cpelle OT PEAIbHBIX IIAPAMETPOB CPEJIBI.
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3. OmnpenenuTts pacrpeaesieHue SHEPTUHU aKyCTUUECKOro KBaHTa B CpeJie.
Pe3yabTaThl MOJEJIMPOBAHUSA
byaem cuuTaTh, YTO CKOpPOCTH BOJIHBI B HACBHIIICHHOM HE(THIO ILIACTE

L =2300 m/c. 3nauenus kKor¢huUIIMEHTa TOTJIOMICHNS 1 HEKOTOPBIX YacTOT MpHUBe-
JIEHBI B Ta0IHUILIE .

Ne 1 2 3 4 5
v, I'n 10 50 100 500 1000
o, 1/m 6.83e-8 1.7e-6 6.82¢-6 1.8e-4 6.8e-4
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Puc.3.11. ITIpocTpancTBeHHOE pacnpenesienue nmoroka snepruii, v=>500 I'u, Ay=10e-6
M

[IporpamMma 151 BBIYMCIUTENBHOTO SKCIIEPUMEHTA JaHa B npuiioxkeHuu 4. Ha
puc.3.10-3.11 nmoka3zaHbl pe3yibTaThl MOAECIUPOBAHHSL.

2. IloctanoBKa BTOPO# 3aa4u. PaccMOTpUM Tenepb paclpOCTPAaHEHUE «aKY-
CTHYECKOT0 KBAaHTa» B OE3rpaHUYHOM, HACHIIIIEHHOM MOPUCTOMN Cpele, T/Ie Y UCTOU-
HUKA TapMOHMYECKUX KOJICOAaHWN W3BECTHA YacTOTa, a pachpenesicHue HadalbHON

aMIUIMTYbl Ha TPAHUIE IJIacTa uMeeT (HOopMy raycCoOBCKOM (YyHKIUHU (HOpMajbHOE
pacrnpenesieHue).

_ | a-m )
P(x)—5ﬂexp 2w | (3.23)

X
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HNHaue roBops, pacCMOTPUM 33J1ayy, KOTJIa HMCTOYHUK AKyCTUUYECKHUX KBAHTOB
HE TOUYCYHBIN.

Mogaeab. MoaenupoBaHue IpOU3BOAUTCS HA MIJIOCKOCTH, PACCEKAIOLIEH IIACT
BEpTUKAIBHO. JlaHHAs MJIOCKOCTh YCIOBHO pa30MBaeTcs Ha sSYEHKH, U OyJeT mpea-
CTaBJIATH COOOM MaTpuIly m X n (m- IIMPUHA, n- AJIMHA), OTPAHUYUBAIOIIYIO 00JIaCTh
pacCMOTPEHUsI TPACKTOPUM «aKyCTHYECKOro KBaHTan(puc.3.9) U COOTBETCTBYIOT
TOJILIMHE U TTyOUHE MiacTa.

«AKyCTUYECKUI KBAaHT» BBUIETAECT U3 TOYKU A(X,y) rae x=0, a y=I[..m, aMIUIUTYy-
noit Ay. Ay 1 m paspirpsiBaeTcs no crnoco0y HeiimMana — monajgaHue Mo «30HTUK
(cmoco6 oTka3oB). PasbirpbiBaeTcs AUCKpETHas, lienas ciaydailHas BeluduHa [f; B
auanasoHe oT / 10 m, u ciydaiiHas BeauuuHa [ ot 0 1o Ay. [IpoBepsieTcst BbINoJHE-
HUE HEPAaBEHCTBA

P(p)> p,,

4,-275 ~m.)-d)
rae P(B)= gﬁﬁp & 5 5;;) ) - HOPMMPOBAHHAs JUIsl HAIIETO CIIydas

¢ynkuusa ['aycca (Puc.3.12).

10
Ao

o 10 20 i =0 £l y 50
Puc. 3.12. Bua nioTHOCTH pacnpeneneHns akyCTHYECKUX KBAaHTOB Ha TPAHHUIIE TIa-
cta (gynkuus [aycca ipu 6,=7, d=95,/(m/2), Ay=10 mxm)

[Ipu HEBBINOTHEHUSI HEPABEHCTBA 3aHOBO Pa3bIPHIBAIOTCS [ U [, €ClIi NHaye

TOYy = ﬂ] , aA():ﬂg.
Po3bITphI yriia MpOUCXOANT CIEIYIOIIUM 00pazoM:
a=n*f3 (3.24)
rae f - cinyvaitnoe uucio ot 0 o 1.

Jlanee TpaekTopusi KBaHTa MPEACTABIAET CO00M Mpsimyro. Tak Kak BoiHa cde-
pHUyecKasi, TO MPU MPOXOXKJIECHUN «KBAaHTa» Yepe3 KaXAyI0 KJIETKY HaXOIUM aMILTH-
Tyay CMEIIeHUs 110 hopmyIie:

4 =

. :—-cos(a)-t—k-r)-exp(—a-r) i=l.n. j=1..m

. , , (3.25)
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@
rac k = ; -BOJIHOBOC 4YHCJIO, O - KO3(1)(1)I/IHI/ICHT IMOTJIOIICHU:A, C- CKOPOCTDb BOJIHBI B

Cpelle U F- PacCCTOSIHHE OT UCTOYHHUKA /10 KJIeTKH. [Ipu BhUIeTe «KBaHTa» M3 paccMar-
puBaeMoii 001aCTH, IMEPEXOTUM Ha CJICTYIONTUI PO3BITPHII, U TaK JI0 3aJJaHHOTO YHC-
na ucneiTanuid. [lociae HaXOAUM aMIUIMTYy CMEIICHHS I KaKIOM KIETKHA CIIEIy-
IOIIUM 00pa3oM:
P A4 ;
ij N> Tne N — 4ucJI0 UCIBITaHU.
A TIJIOTHOCTB TTOTOKA DHEPTUH OYIET onpeAessiThes o Gopmyie:
1 2 2
I :E'Ai’j @ -CpP,

1,]

3amaHus Ha MOJeJIUPOBaHHE:
1. CocrtaBuTh nporpamMmy Jijisi ONpPEACSICHUS JJIMHBI CBOOOIHOTO MpoOera aKycTu-
YECKOT0 KBaHTa B HACHIIIEHHON MOPUCTOM Cpee.
2. llpoBectn MojenupoBaHuE TpoOera aKyCTUYECKOro KBaHTa B Oe3rpaHUYHOU
Cpelie OT peajbHBIX MapaMETPOB CPEIBI.
3. Omnpenenuts pacnpeeieHHe SHEPTHUH aKyCTHUYECKOTO KBaHTa B CPEJIE.
Pe3yabTarbl MoaesaupoBaHusi. [locie mpoBeneHHBIX PacdyeTOB JaHHBIC BBI-
BOJSTCS Ha BHEUIHUM (ait. BxogHble qaHHBIE: CKOPOCTh BOJIHBI B HACBHIIICHHOU
HedTh miacte 6=2300 m/c,
a 3HaueHus Kod(PuIreHTa mOrIONEHUS JISI HEKOTOPBIX YacTOT IPHUBEACHBI B Ta0-
uue:

No 1 2 3 4 5
v, I'n 10 50 100 500 1000
o, 1/m 6.83e-8 1.7e-6 6.82¢-6 1.8e-4 6.8e-4

PesyabTarhl MoAeMpoBaHus. Ha prcyHKax nokasaHbl IPOCTPAHCTBEHHOE pacipe-
JEJEHUS TIOTOKA SHEPT U .

QAN

Log (1) R
‘s”‘

[
(=]
A

450
500

R, mm

Puc.3.13. [IpocTpaHCcTBEHHOE paclpeiesieHUue MOTOKa YHEPTUi,
v=10T11, Ap=10e-6 m
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Puc.3.14. TlpocTpancTBEHHOE pacipeiesICHUE TOTOKA YHEPT U,
v=500 I'y, A;=10e-6 m

3.4. UMmntaumoHHoe mogenupoBaHue AABrIeHUA
CMOHTaAHHOIO U3Jfly4eHUs aTOMOB

1. ITocranoBka 3agaum. PaccMOTpHM CHCTEMY  HEB3aUMOJEHCTBYIOMIUX
ATOMHBIX YacTHIl, B KOTOPOM O€3bI3TydaTesIbHbIC MEePEX0/ibl MOKHO HE MPUHUMATH
BO BHUMaHue. CHucTemMa XapakTepU3yeTcss HaOOpOM JHUCKPETHBIX PHEPreTHUYECKUX
COCTOSIHUM, Cpeld KOTOPBIX Hac OyAyT HHTEpecoBaTh JIMIb COCTOsHHUS 1 u 2
(puc.3.15). KpaTHOCTb BBIPOXKIEHUSI COCTOSTHUSA /CTATUCTUYECKHUE BEChl/ 0003HAYUM
g1 g,. [Ipu OTCYyTCTBUM BBIPOKIAECHUS YPOBHEN

E, Boipy 421 Biopy Np hv=E,-E; g;= g2=],

B nanbueitimem OynemM cuuTath, 4TO
YPOBHU HE BBIPOXKJIEHBI. B cityyae TepmoanHa-
MHYECKOTO PAaBHOBECHSI COOTHOILIEHUE MEXKITY
E, N, 3acesleHHOCTSIMU N, 1 N ypOBHEM 3JIEKTpOHA-

MU OIIpeAeIsieTcs pacnpenaeaenueM bonbsumana:

Puc.3.15 N2 B E2 _E

N exp( 7) , (3.26)

rae N, - 4YHUCIO aTOMOB, HAaXOJSIIUXCS B BO30YXJIEHHOM COCTOSHMM, N -
HEBO30YKJICHHOM COCTOSIHUM. PaBHOBECHOE COCTOSTHUE CPebl C COOCTBEHHBIM H3ITY-
YeHUEeM MOJIJIepKUBaeTCs Oy1arofapsi IpOTEKaHUIO TPEX MPOIECCOB B 3TOU cpe/ie:
1) cioHTaHHOTO U3Ty4YeHNs,
2) pe30HaHCHOTO TMOTJIOIEHUSI,
3) MHAYUHUPOBAHHOTO WM BBIHYKJICHHOTO U3Ty4YECHUSI.

PaccmoTpuMm siBJIeHHE CIIOHTAHHOIO W3JIyY€HHsI, OHO CBSI3aHO C CaMOIIPOM3-
BOJILHBIM TMEPEXOJ0M aToMa M3 BO30Y>KJICHHOTO YPOBHS C M3JIydYEHHEM CBETa C ya-

E,-E,

cToToOn Uy = R [Iporiecc CIOHTaHHOTO MEepPexo/ia aToMa U3 BO30YKIEHHOTO

COCTOSIHUSL — €CTh IPOLECC CIy4YarlHbId. BEpOATHOCTh CIIOHTAHHBIX IEPEXOJIOB 3a
Bpems dt:
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=4,
dt
31ech A, — HEKOTOpasi KOHCTaHTa, HE 3aBUCAIIAs OT BpeMeHu. Bennunna, oOpaTHas
A,; Ha3pIBaeTCi CIIOHTAaHHBIM BPEMEHEM JKM3HM i1 Iiepexoma 2-— 1,

1

T.€. Csp = 4 - 3HaueHue A,; s MEePeXo/IoB B ONTHUYECKOM JHANa30HE MOXKET
21

8 1 -1
m3Menarses ot 107 ¢ AJ1 paspCICHHBIX, 10 ~ le JJIA 3alIPCIICHHBIX IMEPEXOI0B.
MaremaTtudeckasi MOJEHb CIOHTAaHHOTO pacmiaga BO36Y)KI[CHHI)IX aTOMOB

MO>KET OBITH 3alMCaHa B BUJIE:
dN,

dr =—4,N,, (327)
VYpaBuenue (3.27) uMeeT pelieHue:
N, = Nye ™" (3.28)

rae Ny, - HayanbHOE 4nciio aToMoB (Tipu t=0) B cocTosiHUU 2.

2. IMocTpoenne Moaeau. Marematuueckass Mojeib (3.27) onMUCHIBAET CIIOH-
TaHHOE M3Jy4YeHHE MHOXECTBA BO30YXKIEHHBIX aTOMOB. OJIHAKO MPHU TaKOM ONuUca-
HUU TEPSIETCS «CYH0a» Ka)JI0ro OTACIBHOIO0 aTOMa, KpOME TOTO, OHO CITPaBe IJINBO,
eciau atToMoB MHOT0. CyIiecTByeT APYyroil crocod OnmucaHus CIydalHbIX MPOLIECCOB.

s
BepOHTHOCTB COOBITHS VVZI HOKUTb 4aTOMY OO MOMCHTA tu BCPOATHOCTL paciiaga
’

N
W21 MMEHHO B MOMEHT BPEMEHHU [ MOKHO ONPEACIIUTh KaK
K _ — At
21 ()=e¢e

! dW,,(t)
i = P

Ecnu nmeercs B HaYaabHbIM MOMEHT V), aTOMOB, TO JO MOMEHTa t pacnajgaet-

b

= A, e ™" (3.29)

— Ayt — Ayt
cs mpumepro 1V, 0n(1—e ) atomoB, mocne storo Momenta ZVo,€ ,

npuydeM, 4eM OOJIbIIIe aTOMOB, TEM TOYHEE OYyT BBIMOJHATHCS MIPUBEIACHHBIC BBIIIIEC
COOTHOILICHHS.
Hanpumep, ecniun umeerca 100 aToMOB, TO OHU pacnagyTcsi B HEKOTOPBIE MO-

MeHTbl BpeMeHH [i>05,05........ f00, TOUHO TNpPENCKa3aTh KOTOPBIE HEBO3MONKHO.

VYObUIE aTOMOB OYyJIET ONMUCKHIBATHCS cTyneH4YaThiM rpadukoM. Eciu BozbMEM Apyrue
! 4 ! !

100 aTOMOB, TO OHHM pachamyTcsi B APyrue MOMEHTHI BpemeHu [y »1y 05 «ooeo.. oo

U MBI MTOJIYYUM JIPYTroil cTyneHuyathlil rpaduk. Yem Oosblne YMCiIo YacTul, TeM OJu-
&Ke OyayT 3TU CTyNeH4aThle TpadUKu K KPUBOW, PACCUUTAHHON MO PEIICHUIO0 YpaB-
Henusi. Ha DBM monenupyercs He pemieHue ypaBHeHus (3.27), a BEpOSATHOCTHBIN
IIPOLIECC, DKBUBAJIEHTHBI PEAJIbHOMY IIPOLIECCY pacnaja Ha OIBITE, T.€. MbI 31ECh
UCIIOJb3YEM METOJ MMHUTALMOHHOTO MOAENupoBaHusA. [IpruemM BO3MOKHBI pa3HbIE
CHOCOObI UMHUTALINH.
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IlepBb1ii ciocod nmMuTanum. ['eHepupyercs Clly4aitHOe YUCI0 ) , HOPMaJIbHO

pacnpenenennoe Mexay 0 u 1 (eMy oTBeuaeT ciiydaifHasl TOYKa Ha OTPE3KE €AMHHUY-
HOM JTMHBI), ¥ BpeMsl paciajia mepBoro aTromMa omnpesensercs mno gpopmyse:

Iny
A21 -
Eciu po3bIrphlll CIydaHbIX YHUCEN Mpou3BoauTcs Ny, pa3, To 1o Ny, BpeMme-
HaM ¢ U popmyrie (3.29) MOKHO MOCTPOUTH CTYIEHUYATHIN rpaduK, KOTOPBIA HEIb3s
OTJIMYUTH OT TpaduKa MOJTyICHHOTO Ha OTBITE.
Bropoii cnocod nmutanuu. PaccMOTpuM COBOKYITHOCTh aTOMOB KaK HEKOTO-
pYIO CHUCTEMY, TOTJa pacmaJl OJHOTO M3 aTOMOB — KaK COOBITHE, MEepPEeBOASIICE CH-
CTEMY B HOBOE€ COCTOSIHME. B 3TOM ciyyae BEpOSITHOCTh TOTO, YTO B CUCTEME JO MO-

t= (3.30)

V) N
MeHTa t He HpoHM30ixeT Hukakoro codbrtust (pacmamga) W, (1), pasna mpowussene-

HUIO BEPOSITHOCTEN W, @), = p;(t) pacnaza OTAEIbHBIX aTOMOB.
P@)=p,(Op, @O p;(0)....px,, (@),
Tornma nys caydaifHOM BETMYHMHBI )/, TIO (hopMyJie
_
NyoA,, (3.31)

MOJKCM OIIPpCACIUTL BPCM:A IICPBOI'O paciiaia B CHCTCMC. HOCKOJILKy BCPOATHOCTDH
pacnacTtbCs MEPBBIM IJIs1 BCEX aTOMOB OHA U Ta K€, TO AJIA CICAYIOIICTO cnyqaﬁHo—

4

ro yucia ), Mbl CMOYKEM ONPENECIINUTh, Kakorh U3 Ny, atomoB pacnaicsa. g 3toro
oTtpe3ok ot 0 10 1 pazOuBaercs Ha N), paBHBIX YaCTeW W CUMTAETCS, UTO pacmany i -
aToMa OTBEYAeT MoMNaJaHue CIy4ailHOTO uuciia B [ — il uHTepBasl. HaunmHas ¢ MOMeH-
Ta f; , Hallla CUCTEMa COCTOUT HE U3 Ny, , a u3 Ny, -1 aToOMOB, U BEPOSITHOCTh CUCTEMBI
JIOKUTH 10 MOMEHTA f, = {; +f paBHA:

2S1(t) — e_(Noz_l)A21t

JIist cimy9aitHOTO BETMYUHBI )3, MBI CMOYKEM OIPEACIIUTh BPEMsSI BTOPOTO pac-

naja:
t,—t, =— In y, .
(N 02 I)AZI

3atem ompenensieM, Kakol W3 aTOMOB pacmayicsi, ¥ T.I. JO MOMEHTa, KOrja
pacnazieTcs MOCIIeTHUN U3 aToMOB. TakuM 00pa3oM, W MPU TaKOM ITOIXOJE TOJTHO-
CTBIO BOCTIPOU3BEIEM TPOIECC CIIOHTAHHOTO pacmama Ny, atomos. [lomydennas
CTyIICHUAaTass KpUBas paciiajia uiiid Ha0op KPUBBIX, €CIIM TAKOHW MPOIIECC BOCTIPOU3BE-
JIEH HECKOJBKO pa3, o0jajiaeT TeMH K€ CBONMCTBAMM, YTO W TOJyYCHHAs MEPBHIM
CIIoco0OM WJIM TIpU HAOJIO/IEHUH TIpoIlecca pachaja Ha OIbITe.

3. 3aaHus HA MOJEJIUPOBAHHUE:
1. CocTaBuTh IpOrpaMMy JUIsl CIOHTAHHOTO pacmaia Bo30yKJICHHBIX aTOMOB.

(3.32)
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2. IlpoBectn MOIENUMPOBAHHE CIIOHTAHHOTO pachajga MpU Pa3IUYHBIX 3HAYCHUSX
KOJINYECTBa BO30YKJICHHBIX aTOMOB.

3. Pesynbrarhl uccienoBaHuil MPEJCTAaBUTh B BUJE THCTOTPAMM U U3YUYHUTH (QIYKTY-
allid UHTEHCUBHOCTH CIIOHTAHHOTO W3JIyY€HHUS aTOMOB.

3.5. MopgenupoBaHue sIBJIeHUA CMOHTAHHOIO MU3Ny4YeHUs
MHOroaTOMHOM cUCTeMbl (CBepxusnyvyeHus [Juke)

1. IlocTaHoBKA 3a1a4M ¥ AJITOPUTM MoOjJeJdUpoBaHus. PaccMoTpum cuctemy
N — ABYXypOBHEBBIX aTOMOB, 3aKJIIOYEHHBIX B MajioM o0beMe (L<A) umu npoTtspkeH-
HOM 00beMe, UMEIOIEM BBIIECIEHHOE
HarpaBjeHue wuznydeHus. [Ipeanonoxum,
YTO BCE aTOMbI B Ha4aJbHBIII MOMEHT BO3-
OyxaeHbl. st Ka)xaoro atoMa CyuiecTBy-
€T BEKTOp JUIOJIBHOIO MOMEHTA MEePexoa
n-1 d . Bro BenmM4uHa CBA3aHa C BEPOATHOCTBIO
5 nepexoja 3JEKTPOHA C OJHOTO YPOBHS Ha
__________ ) A JPYroil ypOBEHb CIIEyIOUIUM 00pazoM

2 ; _4a’zco3
Jy—. 0 = 3hc?

n+1

|
—_
=]

[
\®)
<

SIS R

CyiiecTByeT ABa THIIa BBICBEUMBA-
Puc. 3.16. HHSI MHOTOATOMHOM cucTteMsbl. [Ipu nepsom
TUTIE BHICBEUMBAHUS aTOMbl HE C(a3upo-
BaHbI APYT C IPYroM, 3[1eCh KaxIblii aTOM U3JIy4aeT He3aBucuMo. HampasieHue us-
TydeHus: OTOHA MIPU TaKOM pacliajie aTOMOB ciydaitHoe. Takoe u3ydeHue Ha3bIBa-
€TCs CIIOHTAHHBIM. J[pyroil TN W3JIy4eHUs, MPU KOTOPOM aTOMbI CBSI3aHBI MEKIY
coOO0H, UIONbHBIE MOMEHTBI UX KOPPEIUPOBaHHBI (C(ha3upoBaHbl), HHAYE TOBOPS,
JUTIOJIbHBIE MOMEHTHI aTOMOB KOTE€PEHTHBI B Ipolecce usnydeHus. Koppensuus
POUCXOJIUT B TPOIECCE BHICBEYMBAHUS B COOCTBEHHOM II0JIE€ U3JIIYyYCHHUS aTOMOB.
ATOMBI YyBCTBYIOT JAPYT Jpyra uepe3 o01ee moJjie U3MTyYeHUs] U HAUMHAIOT U3JTydaTh
OJIHOBPEMEHHO B KOPPEIMPOBAHHOM HamNpaBieHUU. TakoW THMN W3Iy4YEHUs Ha3bIBa-
eTCsl CBepXU3JIyueHueM. BriepBrie BTOPOM TUIT U3TyUYeHUs ObLT MIpEeCKa3aH B paboTe
[1] u Ha3bIBaeTca cBepxuzinyyeHueM [[uke. BeposTHOCTh M3IIydaTeIbHOTO NEpexo/ia
M = M —1 B €IUHUIYy BPpEMEHU MHOTOATOMHOM CUCTEMBI Il BTOPOrO THUIIA U3JTyYe-
HUSI IPEJCTABISICTCS B BUJIE

VY =V(N/2Z+MYN/2-M +1), (3.33)

rae M — noiypa3HOCTh 3aCEJIEHHOCTH YPOBHEH, y - BEPOSITHOCTb CIIOHTAHHOT'O W3-
Jy4YEHUS OTAEIBHOTO aToMa.

N
1. Ecou M = o TO y, =N - CIIOHTAaHHOE U3JTyYeHUE
2
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2
2. Ecnu M =0,T10 7, = ;/NT - cBepxusiyuyeHue Jluke

Pa3zBuTue M3mydeHWss MHOTOATOMHOW CHUCTEMBI MOXKET OBITh OMHCAHO CHUCTE-
MO OaTaHCHBIX ypaBHEHUH

dp,, (t
%():_7/MPM(t)+7/MHpMH(t)’ (3.34a)
pM];, (0) = 5M];, ’ (3.340)

rae P, () - BEepoATHOCTH 3aCEIEHHOCTH YPOBHS M.

Ol'[peI[eJII/IM qucCiao B036y}KI[eHHLIX aTOMOB.

« N
Jnst M =0 - 9uciao Bo30YXK/ICHHBIX aTOMOB N~ = —.

2

« N
I[JUI M =M, - 4iCII0 B036Y)KI[€HHI)IX aTOMOB N = E +M .

C yuyeroM yciaoBUS HOPMHPOBKHU ZPM O=1y M :ZPM (1)-M 0JIy-
M M

9YuM, 4TO YUCIIO B036y}KIIGHHBIX aTOMOB B MOMCHT BPCMCHH tpaBHO

N*(z)=ZpM<r)-(§+M)=§+M

[TomyyuM peanu3anuio UMITYJIbCa CBEPXU3IYUYCHUS, UCIIOJb3Ys METOJ CTaTH-

ctuueckux ucneitanuii (Monrte-Kaprno). BepositHoCTh u3nyuyenus j — ro (oToHa 3a
HEKOTOpOE BpeMs Aty

——j+l
2 J

M0JIaraéM paBHOW MaJIoN (PUKCUPOBAHHOU BETMUYMHE, TaK

qTo

Yy Aty =¢<1,3=1,2,3,..n (3.35)

——j+1 ——j+1
2 / 2 4

IIycTs B HAYaTBHBIA MOMEHT 3acelieH BepXHHH yposeHb LN (0)=1 . Omnpe-
2

JeJIUM BpeMsi, 4epe3 KOTOpoe UCIycTuTcs / —biii (hoToH. PaccMoTpuM MHTEpBa

&
Aty ==

2 N
2
([ L . 9
0 € ﬂ\ 1
Ilepexona Het
Puc. 3.17

Jlns natepsana [0,1] BepositHOCTD mepexoga £ N 0)=1 . Onpenenum  Be-
2

posiITHOCTH Tiepexonaa B untepsaie [0, €], B yacTHocTH st & = 0.01. J{isa s3Toro mpo-
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BOJIMM PO3BITPBIII ClydaiiHoro uucna & Ecmu cnydaiinoe uncino & < &, cuuraem
YTO MPOU3OILIEI NEPEXO.

IIpearonoxum, 4To i; — HOMep CIIydaiHOro 4ucia, To hopMmysa
Ty =i Aty
2

OTpeJeNsieT BpeMsi, 3a KOTOPOE MPOU30IILIO UCITyCKaHUE IEPBOro (GOTOHA.
Bpewmst uzinydyenust BToporo (poToHa MOKHO ONPEIEIUTh KakK

&
T, =T +(,—i) Aty Atﬁ_lz—
12 ) 7/&_1 >
2
re I, - HOMep BTOPOIo ciydaiHoro uucna ( ;> i;).
Torma Bpemsi, 4epe3 KOTOPOE HCIYCTUTCS 7 — bl (POTOH IMOCIE MCITyCKaHHUS
(n-1) —ro dorona, paBHO

n
T,=Aty -0, + Atﬁ_1 (i, —1i)) -F...Atﬁ_n+1 (i, —1,,) :ZAtN/Z—jH(Zj —i;,),
2 2 2 J=1 r
n=1,23..N (3.36)
e [; - HOMepa YMCell, MEHbIINX & B MOCIEN0BATENILHOCTH CIy4aiHbIX YMCENl U3
unrepBana [0, 1]. CiyvaitHpie 1udpsl MOKHO T€HEpUPOBaTh ¢ MoMoubl0 IBM unu
M0JIb30BAThCS TaOIUIEH CIydailHBIX YHCEIL.

3Has BpeMeHa UCIyCKaHusl (POTOHOB, MOXKHO MOTYYUTh (YHKLHIO pacrpeeiaeHus,

yCpeHEeHHBIHN TpadUuK KOTOPOTO AOKEH UMETh BUJ (puc.3.18).

'y
a PfT

/ M

Puc. 3.18

Ecim €= 1 , TO MOXHO IIOJYYUTb aHAIUTHUYCCKOC BBIPAXKCHUC JJII MHTCHCHUB-

HOCTHU cBepxuznydeHus Juke. JleMCTBUTENBbHO, BpeMs, 32 KOTOPOE OYyIeT HUCITYIIIEHO
n GOTOHOB, paBHO
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N/2-n

N/2-n R M 27_1 M1
= ZTM N> 7/ : J- = al"cth ‘ , (337)
M=N1/2 vy (NI2+MYN/2-M+1) N+1 N+1
Bripaxas orcrona n, Haxoaum
N-1 N+1 N +1 . N-1 ¢
= + th t—t)], t,=y 'arcth - InN
n 5 2 [7/ 7 ( 0)] 0o =) arc Nel N+l ) (338)

CJ'ICI[OB&TCJILHO, CpCaHAA HMHTCHCHUBHOCTBL M3JIYUCHHA B CAMHHIY BPCMCHU
MOKET OBITh MMpCaCTaBJICHA B BUIC

2
I(t)z%z}/(N+lj Sechz[N+1

(t—1,)]. (3.39)

Takum 00pa3oM, B OTJIMYUE OT CIIOHTAHHOT'O M3JIyYEHUs, TJ1€ HUHTEHCUBHOCTD
u3aydenus onpezensercs kak £ (Z) = )N , HHTEHCUBHOCTb CBEPXM3IIyYCHHS IIPO-
2
MOPIMOHAJIbHA KBAJIpaTy Yuciia aTOMOB — N .

2. 3ajaHus HA MO eJIUPOBaHNE:
1. CocTaBuTh aIrOpUTM U ITpOrpamMmy peuieHus: ypasHenwii (3.35-3.37).

2. IIpoBecTr YMCIEHHOE MOAEIUPOBAHUE ISl PA3IUYHBIX 3HAaUeHUN &u N.
3

. ByunTh ¢iaykTyanny MHTEHCUBHOCTH B CBEPXU3Iy4eHUH. Pe3ynbTaTel uccneno-
BaHUU MPEACTAaBUTh B BUJIE TUCTOTPAMM.

83



MABA IV. METObl KOMIMbIOTEPHOIO MOAEJIMPOBAHUA
B TEPMOOAUWHAMUKE

B Hacrosimiee Bpems METOJbl KOMIBIOTEPHOTO MOJEIMPOBAHUS SIBIIIOTCS OJI-
HUM M3 OCHOBHBIX MHCTPYMEHTOB HCCIIEIOBAHUS TEPMOAUHAMHYECKUX, KHHETHUYE-
CKHUX M CTPYKTYPHBIX CBOMCTB >KHJIKOTO COCTOSIHUSI BEIIECTBA B MOJIEKYJSIPHBIX MO-
nensix. CylecTBYIOT pa3iMYHbIE METOAbI ONPEACIICHUS TEPMOJUHAMUYECKHUX Iapa-
METPOB H3y4yaeMoul cpeabl. 3AECh Mbl PACCMOTPUM TPU LIUPOKO HCMOJIb3YyEMBIX B
TEPMOJUHAMHUKE M MOJEKYJISIpHOU (PU3MKE METOJOB MAaTEMaTHYECKOIO M KOMIIbIO-
TEPHOTO MOJICTUPOBAHUSI — TO METOJ MOJICKYJSIPHON NUHAMHKHU, METOJ OPOYHOB-
CKOM JUHAMUKH U METOJ UMHUTALIMOHHOTIO MOJIEJINPOBAHUSI.

4.1. MeTtoa MONEKynApHON ANHAMUKMU

1. Teopernueckoe BBeaeHue. [Ipexae yeM paccMOTpUM MIPUMEHEHUE METO/IA
cratucTuueckux ucnbiTanuii (Mounte-Kapio) nnst peiienust 3aaad, oCOOEHHO B MO-
JEKYJSIpHON (PU3UKE, pACCMOTPUM METOJI, YACTO UCIOJIb3yeMbIH JIJIsi pacueTa TepMO-
JTWHAMUAYECKHAX XAPAKTEPUCTHUK B cpenie. OOQHUM U3 TaKUX METOJOB SBISETCS IETEP-
MHUHUCTHYECKUI MeTOoJl MoJiekyysipHod auHamuku (M) [2,11,18,28], ocHOBaHHBIN
Ha NPUHLHUNAX MOJIEKYJSIPHO-KUHETUYECKOM TEOPUM U 3aJaHHOM IOTEHLIMAJIE MEXK-
YAaCTUYHOTO B3aMMOJEHUCTBHUS, B KOTOPOM JIMHAMHKA B3aUMOJCHCTBYIOIINX YaCTHI]
CHUCTEMBI ONMUCHIBACTCA KJIACCUYECKUMU MEXAHWYECKMMHU YPABHEHUSMU JABHKCHUS
Hprotona
LUV

or
WHA4€ TOBOPSI, ITOT METOJ BBIUUCIISIET XapaKTEPUCTUKNA CUCTEMBI ITyTEM UHTETPUPO-
BAHUS YPABHEHMM ABWKCHUS JIJIA KaXKIOW YACTUIIBI.

Hcxognou mockuikon mertoga MJI ABIETCS XOpOIIO OMPENCICHHOE MHUKPO-
CKOIUYECKOe onucanue pusndeckoit cucreMbl. OHA MOXET COCTOATh U3 HECKOJIBKUX
WJIA MHOTHX TEJ Y ONMMUCHIBATHCA TaMWJIbTOHUAHOM, JarpaH)HUaHOM WM HEMOCpEe-
CTBEHHO ypPaBHEHUSIMU JIBUKEHUS HproTOHA.

Cytp meTona M/ COCTOWUT B YHCIIEHHOM DPEIICHUM YPaBHEHUH JIBHKCHUS Ha
KoMITbtOTEpE. JJIsl 3TOr0 OHM ANpPOKCUMHUPYIOTCS MOAXOASAIIECH YUCICHHOW CXEMOM,
MPEIHA3HAYCHHOM ISl paCUE€TOB HA KOMITBIOTEPE.

MeTton MONEKYJISIpHONW IWHAMUKH PACCUYUTHIBACT B (Ha30BOM IMPOCTPAHCTBE
TPACKTOPUU COBOKYITHOCTH MOJIEKYJI, KaXJasd U3 KOTOPBIX MOJYUHSIETCA Kiacchde-
CKUM 3aKOHaM JABWKEHUA. [[prdyemM He TOJIBKO CHUCTEMBI TOUEHYHBIX YACTHI], HO U CH-
CTEMBI YaCTHULl C BHYTPEHHEN CTPYKTYPOM.

BaxxHelmmMm 371€eMEHTOM KOMIIBIOTEPHOW MOJIENIM SIBIISIETCS TTOTCHIAAT MEXK-
MOJICKYJISIPHOTO B3aUMOJICUCTBHS, T.K. IOCPEICTBOM IMOTEHIMAIA U MACChl YaCTHUILIbI
OCYIIECTBIISIETCS] CBSI3b MOJIEJIM C KOHKPETHOM MOJIEIMPYEMOUM CUCTEMOU WU Bellle-

mr, =F:. = L...N , 4.1)
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CTBOM. O,Z[HI/IM N3 9aCTO HCIIOJIB3YEMbBIX IMOTCHIOMWAIOB B KOMIIBIOTCPHOM OKCIICPH-

MeHTe siBlisieTcs noteHman Jlennapaa-J>xonca (JI1), kotopsiit umeer Bua (puc.4.1)

12 6 A

o o /.
uty)=4¢| =~ | -|=| |, @2 we

e PHepreTHyYeckuii mapamerp € omnpeaenser
MIyOMHY TOTEHUIUATBHOW SIMbl, a JUHEWHBIN

napameTp O - MOJIOKEHUE HYJIS MOTCHIIMAA. : |2 | 3| )
Yame Bcero BBIYMCICHUS OCYIIECTBIISIIOTCS B >
IIPUBEJICHHBIX €IMHMIAX, KOTOPhIC MOJy4aroT-
cst ¢ oMombIo exuauy M, €, O . F/O |
J11s1 ICToIb30BaHKs B MOJICIIH ITOTCHITH- -1 Puc.4.1

an (4.2) oOpesaercs cieBa W cIipaBa, T.e.
YMEHBIIIACTCSl YHUCJIO YYUTHIBAEMBIX B3aMMOJICUCTBUM, U B pacueT MPUHUMAIOTCS
TOJIKO B3aUMOICHCTBHUS, TIOTA JAIOIIHIE IO/ YCIOBUE

r.<L/2, (4.3)

Bnusanne 0€CKOHEYHOro OKpPYXXEHHUS IIPU paaumycax 7; > 7, MOXKHO y4€CThb IOIIPAB-

KoH. Eciim BOoCHoJIb30BaThCS BBIPpAKCHHUCM IJIA paHHaHLHOﬁ q)YHKI_II/II/I pacipcacic-
HUA

n(r) _ AN /(47> dr)

V)=
g(r) NIV (4.4)
U PACCMOTPETh YKCJIO YaCTHII B IIAPOBOM CJIo€ 7°, 7 + dr
AN =4xg(r)pr’dr . 4.5)

3ananue 3-X U3 MEPEYUCICHHBIX MOCTOSHHBIX: V - 00beM, N — 4HuCiI0 MOJIEKYT,
E —»oueprus, P — naBnenue, T — Temmeparypa, onpeaenser ancam0ib, B KOTOPOM
MPOBOJIUTCS Pacyer.

YpaBHEHUS ABUKEHUSI YACTHULL MOKHO 3alIMCaTh B BUJIE

dU dU dr
o=t A,
dx dr dx i’
v dy dr dy v (4.6)
dU dU dr
f,=-2_ dVd ..,

dz dr dz =
2. I'pannuyHblie 1 HaAYAJbHBIC yeaoBUsA. IlycTe cuctema cocrout m3 N yacTu.
Jl7i pacCMOTpEHUsT XapaKTepUCTUK o0beMa MPH 3aJJaHHON TUIOTHOCTH ©, HE0OX0 U~
MO BBECTH 3TOT 00beM winu M/] — siueiiky, mpu COXpaHEHUH TOCTOSIHHOM TJIOTHOCTH.
B razax um ®uAKOCTSAX IJis MPOCTOTHI BHIYMCIEHUIN BbIOMpaeTcss KyOuyeckas siuerika
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(puc.4.2). ITycts L — nuHeiinbIi pasmep MJ] — siaeiiku ¢ o6bemoM V=L’. Bexenue
KyOHuecKol sSYeKu MOopoKAaeT 6 HeXXelaTeNlbHbIX MOoBepXHOCTeN. YacTuisl, oTpa-
’KEHHBIE OT HUX, OyAyT BO3BpAIAThCSI BHYTPb siUeKU. ['paHuIbl s;ueliku Oy IyT BHO-
CUTh OIILYTUMBII BKJIAJl B JIFOOYIO XapaKTEPUCTUKY
SYEUKH, OCOOEHHO JUIsl CUCTEM C MaJIbIM YHCJIOM
yactull. [y ymeHbIIeHUus 3Toro 3¢exra BBO-
JATCSI IEPUOANYECKHAE TPAHUYHbBIE YCIOBUS, KOT 1A
OCHOBHAas SfYEHKa MO3ULHUOHUPYETCSA B MPOCTPAH-
o o CTBO, T.€. TIOBTOpSIET camy ceOsi OeCKOHEYHOE
YuCciao pa3. BeluncnurenbHas peanuzanus d3TOro
AITOPUTMA 3AKJIFOYAETCSA B CIEAYIOIIEM: €CIIU Ya-
CTULIa TIEPECEKAECT I'PaHb OCHOBHOW SYEHKH, OHA
BO3BpAla€TCA B SYEHUKY C IPOTHUBOIOJIOKHOU
o o I'PAHU C TOM K€ CKOPOCTBIO, B PE3YJILTATE BBIIOJI-
HSETCSl 3aKOH COXPAHEHHsI 4acCTHUI[ B dJIEMEHTap-
HOU siuerike. [Ipu BBeneHUM NMEPUOAUYECKUX Tpa-
Puc.4.2 HUYHBIX YCJIOBUM MOKHO OTPAHUYUTHCS MOJEIIHU-
POBAaHHEM 4YaCTHUIl B OJHOM A4YEUKE, T.C. YCTpaHs-
€TCsl BIIMSIHUE TpaHeW M co3aaercs KBa3nOECKOHEUHBIH 00BbeM JiIsi 0ojiee TOYHOTO
ONMCAHUsI MAKPOCKOIIMYECKON CUCTEMBI.

HauanbHOe pacrionokeHue 4acTul] B SYEUKE MOXKHO 3a1aTh 10 3aKOHY CIIy-
YaWHOTO PaCIpe/ICIICHUS.

3. OnpeneneHue HEPreTUYECKUX M TEPMOJAMHAMHMYECKHX MAapaMeTpPOB.
OnHOM U3 OCHOBHBIX 337a4 KOMIBIOTEPHBIX 3KCIIEPUMEHTOB SIBISIETCS OIpPEACICHUE
TEPMOJUHAMHYECKOTO COCTOSIHUSA MoAenel. TepMOInHaAMUYECKHUE TTapaMETPhI OTIpe-
JENAI0TCSl YCPEAHEHUEM COOTBETCTBYIOIIMX (PYHKIMM JUHAMHUYECKUX IEePEMEHHBIX
II0 BpEMEHHU. B KOMIIBIOTEPHBIX JKCIIEPUMEHTaX HMHTEPBAJl BPEMEHM YCPEIHECHMS
orpanuucH. [Ipu ycpenHEHUH TOTHBIM HA0Op COCTOSSHUN MOJEIH pa3OuBaeTCs Ha
HECKOJIbKO MOoAHA00poB (MakpoiaroB). [Ipu 3ToM nonHble cpegHre 3HaYECHUS PYHK-
LM 110 BCEM IlIaraM BBIYMCIIIIOTCS U3 CPEAHUX 10 Makpolaram, a CTaHIapTHBIE OT-
KJIOHEHHsI ONPEACIISIIOTCS U3 CEpUH HE3aBUCHUMBIX U3MEPEHMM B COOTBETCTBUHU C
OOBIYHBIMU MTPUEMAMU TEOPUHU OIIHOOK.

Bripaxkenue 11 MOTEHIHAIBHOM SHEPTUH MEXKYACTUYHOTO B3aUMOJECUCTBUS,
UMEET BUJ]

U=, ulr)+AU, (4.7)

e NONpaBKa Ha B3aUMOAEUCTBUE NIPU 7, > 7, ONPEAENIETCs ¢ ydeToM (4.4)

AU =27z0N j g(ryu(r,)r’dr (4.8)

Kunernueckas 9HEPIrusg CUCTEMbI OIIPECACIIACTCA KAaK
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1 i »
= — V.
2 & i (4.9)
Cpennee 3HayeHUE KUHETUYECKOW CKOPOCTH
1 &,
<E >=—>»r
 >=3 NZ 2 (4.10)

Bocnonb3oBaBiuck BeipaxkeHHeM (4.9) u TeopeMoil 0 paBHOpPACTIPEAECICHUH
SHEPrUM IO CTENEHSM CBOOOABI MOKHO HAalTH TEMIIEPATYPy CUCTEMBI

_ 2E,
“IN-D (4.11).
I[aBJIeHI/Ie onpez[enﬂeTc;I C UCIIOJIB30BAHUECM TGOpeMH BI/IpI/IaJ'Ia
1
=—QE, -W
p 3V( v — W), (4.12)
rac BI/IpI/IaJ'I JAaBJIICHUA paCCqHTBIBaeTCH KakK
oU ( )
w=>r, k{1 +AW (4.13)
j>1 ij
rac
2% du..
P ij 3
AW ="— ry—=4mr dr
p rfg( ) 2 (4.14)

MOMNpPAaBKa K BUPUAITY C YYETOM JAJbHETO OKPYKECHUS.

YMeHHUs OLIEHUBATh 3TU CBOKWCTBA IOCTATOYHO IS MOJIYYEHUS KaK TepMUUe-
CKOT0, TaK ¥ KaJOPUYECKOTO YPABHEHUS COCTOSIHUSI, KOTOPBIE B CBOIO OYEPEbh MOTYT
CILYKUTh JJI ONIPENETICHUS JIOO0BIX TPOU3BOIHBIX.

Hanpumep, TennoemMKoCcTs OnpeaenuTes Kak

OE dU dE 3( 20U’
CV:(_j :{—+ "j =~|1+-——F—|, (4.15)
or ), \dr dr ), 2| 3 NT

TepMUYECKUN KOA(D(PULIMEHT NaBIEeHUs

op Up-Up
=| = | =p+—F 4.16
7/V (6TJV p T2 ° ( )

HN30TCPMHUICCKAA CKUMACMOCTD
— 7!
L(op 2, NP P
=—| — =| — —_ +_
By p(apl {3 AT Z e | @D

Pacnpenenenne Makcgesia umeer BU

m % 2
AN = 47zN| —— d
T (2;sz] exp v, (4.18)

4. AIroput™M BbIYMCJICHUS. I[Jm pelIeHNs] YPAaBHEHUS JIBUKEHUSA HA KOMIIb-
I0TEpPEe KOHCTPYUPYIOTCS KOHEYHBIE Pa3HOCTHBIE CXeMbl i U dhepeHInaIbHbIX
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YpaBHEHHI. 3aTeEM JJIsl HUX MOJYYarOTCS PEKYPCHBHBIE COOTHOLICHUS IJIsI KOOPIH-
HAT ¥ CKOPOCTEH, KOTOpBIE MOJKHBI oOecreuynBaTh 3((HEKTUBHOCTh BBHIYMCICHHIA.
Kpome Toro, pazHocTHasi cxema JOJIKHA OBITh YHUCIEHHO ycToWuuBa. C TOUYKH 3pe-
HUSI BBIYUCIUTEIBHON MaTemMaTuku Metoq M/ mpencraBisier coboit 3amauy Komu.
Jliist Hee ObLIO pa3pabOTaHO MHOKECTBO aJTOPUTMOB, HO HE BCE U3 KOTOPBIX MOTYT
OBITH UCTIOIB30BAHBI AJIs pelIeHUs] GPU3NUYECKUX 3a/1a4 0 MOJIEKYJISIPHOM (pU3UKe.

B BbuncnuTenbHOM (U3MKE KCMONB3YIOTCA MeTonbl Jiinepa, Bepne, 'upa,
beemana, TokcBaepna u ap. B MeToze MoneKkyasspHON TUHAMUKHU OOJIBIIMHCTBO pac-
YETOB B BHMJAY MEHBIIMX MAaTEeMaTUYECKUX TPyAHOCTENM mnpoBoautrcss B NVE-
ancamb6iie. B Hamem ciyyae Mbl OyjeM Hcnodib3oBaTh anroput™ Bepre nns NVE —
aHcamOJIsl, KOTOPBIH 3aKITI0YAeTCsl B CIASAYIOUICH MOCIeI0BATEIbHOCTH.

1.3amaroTcs NOM0KEHUS YACTHIL 7 (7).
2.3a1a10TCs CKOPOCTH YACTHIIL 7 (7).
3. BBIUUCISIOTCS CHIIBL F, (7 (1)).
4.BbIYUCIISIIOTCS. HOBBIE MOJIOKEHUS YACTHUI] B MOMEHT BPEMEHHU (¢ +Af) IO hopmylie

fi(t+At)=a(t)+2(t)Az+Az2Fl‘—(t). (4.19)

2m
5.BBIUUCIISETCS CUIIBL B CIIEAYIOIIUI MOMEHT BPEMEHHU F. (1 +Af) .
6.BBIYUCTSIOTCS CKOPOCTH B MOMEHT BPEMEHH (¢ + At) IO hopmyJie
Fi(t+A0)+F,(¢)
2m '
7.0npenensitoTcss MTHOBEHHbIE 3HaUeHUs! (PYHKIMA TMHAMUYECKUX TEPEMEHHBIX U
BBIBOJIATCS] 3aBUCUMOCTH TEPMOAMHAMUYECKUX TTapaMEeTPOB OT BPEMEHHU.
8.IIpoBoauTcs mepeobo3HaYeHHE KOOPAMHATHI, CKOPOCTH U CHIIBI YACTHI]
RO =F(t+N), FQ)=F(t+A), F()=F(+A).

9.Bo3Bpamatorcst K miary 4.

F(t+ A1) =F(t)+ At

5. Onpenesienue mara uHTerpupoBanus. [locne nonyuenus: anropurma s
YUCJICHHOTO PEIICHUs] YpaBHEHUHN JBUKEHHUS BCTACT BOMPOC O BHIOOPE BPEMEHHOTO
miara h. OH omnpenenseT TOYHOCTh pacdyeTa TPACKTOPUH |, CIEI0BATEIBHO, BIUSIET
HA TOYHOCTH BBIYUCIISIEMBIX XapaKTEPUCTUK CUCTEMBI, 32 UCKIIFOUCHHEM CTaTUCTUYe-
CKOHM TOTpenrHOCTH. BriOOp mara mHTErprpoBaHus OyJIeM HMCKAaTh IO METOJY IOJY-
mara h/2, cm. Hanpumep B [21]. OTMeTHM, 9TO BBIOOp IIara 3aBUCUT OT THIA MOJIE-
JUPYEMOH CUCTEMBI, B TCPMOJAMHAMHUYECCKUX pacueTaXx MMEETCsS OOIee dMIHpUYe-
CKOE TIPaBWIIO: (PIIYKTyaIluu TOJTHOM DHEPTUU CUCTEMBI HE JIOJDKHBI TIPEBBINIATH HE-
CKOJIBKUX TIPOIEHTOB OT (PIIYKTyaIiuii IOTEHIIMAILHON YHEPTHUH.

Taxum o6pazom, pearTbHOE KOMITBIOTEPHOE MOICTUPOBAHUE MOJICKYISIPHON
CUCTEMBI MOXKET OBITh PA30MTO HA TPH JTara:

3. 3agaHue HayaJbHBIX YCIOBUM.
4. JlocTrkeHue paBHOBECHSL.
5. Pacuyer xapakTepucTuK.
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6. 3ajanus Ha MO eJIUPOBAaHNE:

1. ITocTponuTh pa3sHOCTHYIO CXEMY M Pa3HOCTHBIEC YPABHEHHS.
2. IlpuBectn ypaBHeHUs K Oe3pa3zMepHOMY BUIY, Ul 3TOTO UCIOJIb30BaTh Oe3pas-
*
MEpPHOE pAacCTOsIHUE » = 7/0, XapaKTepHOEe BpeMs 7 =o,m/e, CKOPOCTbH
v=oc/t=~&/m.

[Tpumep. bespazmepHas cuiia A1 OCH X UMEET BUJT

14 8
rease{[1) 0o 1)
r r

Hamnucate anroputm pemtenus nuddepeHnnanbHeiX ypaBHeHuH ()- ().

4. CoctaBuTh OJIOK-CXEMY COIJIaCHO aarOpUTMYy. BBIXOJIHBIE TaHHBIE MPEICTABUThH
B Tpaduueckoil ¢opme. PexomeHIyeTcs WHCIONb30BaTh TpadUUuecKwii IMakeT
ORIGIN.

5. IIpoBecTH BBIYMCIMTENBHBINA JKCIEPUMEHT ISl Ta3a aproHa, UMEIOILIETo CIeay-
rore mapamerpsl: € = 1.66%¥107%' [k, o = 3.405 A, m = 6.69*107° /K, kg =
1.31*10 7, e/ks = 119,8K, T = 1.82*10 *c,v =12 m/c.

PaccuutaTte Bce TepMOIMHAMUYECKHE IMapaMeTphl W BBIBECTU Tpaduxu s
YCPEIHEHHBIX BEIMYMH 110 BPEMEHHU.
6. Iloctpouts pacnpenenenue MakcBemia N0 CKOPOCTSIM B KOHEUHbI MOMEHT Bpe-
MEHHU.

hat

7. Pe3yJbTarbl MOACJIUPOBAHUS

[IpoBeneM BBIUMCIUTENBHBIN SKCIEPUMEHT JJIsl ra3a aproHa, UMEKOIIEro cie-
nyionme mapamerpsl:  &/k, =1198K, o0=3.4054, m=6.69-10"° Ioc/ K ,
v=12m/c. Jlns sToro paccMoTpuM cucTemy, coctosiyto u3 108 wactui. Bee
pacyeTsl OyJ1eM OCYIIECTBISATh B IPUBEIECHHBIX equHuIax. Cucrema uccieayercs Ha
nporsxennn 10 maros. Illar mo Bpemenn Gpancst 10° ¢. Basoast M/ stueiika BHIOU-
panack B (opMe kyba ¢ MEPUOJAMYECKUMH TPAHUYHBIMU YCIOBUSIMU U CTOPOHOMU
L=12.

[Iporpamma aJis BBIUMCIUTEIBHOTO 3KCIIEPUMEHTA JIaHa B npuiioxkeHuu 15. B
pe3ynbTaTe MOJAETUPOBAHUS OBLIM PACCUMTAHBI paJuaibHble (YHKLIHMH pacipeselie-
Hust POP u TepMoinHaMHUUeCKHE TapaMeTPBhI. Ha puc. 4.3 npeacraBinenst POP
g(r) . Ha cremyrommx puUCYHKax NPEICTABICHLI U3MEHEHHsS TEPMOIMHAMUYECKHX

3,5

3,0
2,0
1,0 4

0,5 o

0,0

Puc 4.3. PaguanbHast GyHKIMS pacipeaesIeHUs] B3aUMOICHCTBHUS YaCTHUIl aproHa



CBOMCTB aproda o BpCMCHCM.

1,06
7,304
1,05 i
. - . : . 7.314— .
0 50 100 0 50 100
t t
1,95 C

254

1,90+

-25

0 50 100 , , ,
t 0 100 200

Puc.4.4.
B tabnuie npuBencHbI cpeaHUE 3HAYCHUS KMHETHYCCKOW M MOTEHIIMAIbHOU
SHEPTUH, TEMIIEPATYPHI, JABJICHUS U TEIJIOEMKOCTH, TTOJIYUYEHHBIE B PE3YJIbTATE MO-
JNEMPOBAHUA B TPUBEACHHBIX equHUIAX U cucteme CH.

E, U 7 p C,
Hpusenenupie 1,056 -7.304 0,7042 | 1,0771 1,961
CANHHUIIBI
: ;
ch 12:’[(35/2“0 7273x10° | 8436 K ]7528 ]__[}Kz/fl (ifb .
MOTP JIx/MOITb P
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4.2. MeTon 6pOYHOBCKON ANHAMUKMU

Metonamu MonTe-Kapio nHorna npuHATO Ha3bIBaTh IPYIITY METOIOB PEILICHUS
JETEPMUHUPOBAHHBIX (T.€. 0€3 CIIy4altHOCTH) 33a4, B KOTOPBIX CYIIECTBEHHO MCIIOJb-
3YIOTCS 2JIEMEHTHI CIy4alHOCTH. KpoMe Toro, CymecTByeT MHOKECTBO 33Ja4, B KOTO-
PBIX CIIy4alHBIM 3JEMEHT MPUCYTCTBYET €CTECTBEHHBIM O0pa3oM. YHHBEPCAIBHOCTH
METOAA KaK METOoZa MaTeMaTH4YECKOTO MOJCIUPOBAHUS NPUKIIAJHBIX 3a7a4 Olpese-
JII€TCSI BO3MOKHOCTBIO €T0 HMCIIOb30BAaHUS B PEILICHUH 3a/1a4, HE CBSI3aHHBIX CO CIIy-
YafHOCTBIO. DTO JOCTUTAETCS IOCTPOCHUEM BCIIOMOTATENIbHBIX BEPOSITHOCTHBIX MOJIE-
JeH, Ky/la B Ka4eCTBE ITapaMEeTPOB BXOAAT IOJJIECKAIIUE ONPEICICHUIO ITOCTOSHHBIC
BEJINYMHBI.

1. Matemaru4eckass mojesab. B meToge OpOyHOBCKOM THHAMUKU CHUCTEMY
MOXHO NPEICTaBUTh B BUAE HAaOOpa 4YacTUl, JUHAMUYECKH B3aMMOJEHCTBYIOLIUX
MEXly OO0 U CTOXACTUYECKU C OKPYKAIOIIEH Cpeoi, 1eTalbHOE CTPOCHUE KOTO-
pPON HECYLIECTBEHHO, T.€. JBWKCHHE YACTHUIl B PACTBOPE WM PAaCIUIaBe CBOAUTCS K
JIBWKCHUIO YacCTUIl B HENPEPBIBHOW Bs3KOM cpene. CBOWCTBA 3TOW HENPEPBIBHON
cpeabl 3aJaroTCs CIIy4YalHOM CWIOW C 3aJaHHBIMU CTAaTUCTUYECKUMHU CBOMCTBAMM.
Meron OpOyHOBCKOM JTUHAMUKH PACCUUTHIBAET B (pa30BOM MPOCTPAHCTBE TPAEKTO-
pUH MOJIEKYJI, JBHKCHUE KAXKIOU U3 KOTOPBIX B IIOJIE CWJIbI OIIMCHIBACTCSA ypaBHE-
HueM JlanxeBeHa

do, = . : .
m dtl =F,(Ft)+ £ ) -7.5,0, (4.20a)
di(t)
;1—5) =0, (), i=12..,N, (4.200)

rae 7(z) - Habop MEXYaCTUUHBIX PACCTOSHMH, y, - KOODPUIMEHT TPEHUsS OPOYHOB-
CKHX YaCTHII B TI0JI€ OKPYKaloIeH cpenpl, £ i(¢) - caydyaiiHas cuiia JaHKeBEHOBCKO-
r0 MCTOYHMKA, F, - CHJA B3aUMOJICHCTBHUS i- 1/ YACTHUILI C OCTAILHBEIMU OGPOYHOB-

y

CKHMMH 4YaCTHUIIaMH

48 - 1 ’
—— E . O O
F, = — 7. — S

Mertox OpOYHOBCKOM JMHAMUKHM  HCIONB3YeT cCiydaiinbie cuibl f:(t). IlosTomy
JUIsL  €r0 peaylM3allid  HEeOOXOMMMO YMETh TOJIy4aTh CiydailHble BEJIMYUHBI &,
OOBIYHO pacIpe/ieNIeHHbIE IO HOPMAJILHOMY 3aKOHY ¢ Jicniepcueii d = [

1 2
Nl 2. P=1 4.22)

JIost Hartre#t 3a1aun ciyJaiiHas Cuia paBHa [ =&,

P(é:i):

Ecm AUCIICPCHUA d 3aJlaHa, TO INIOTHOCTb BEPOATHOCTH OIIPCACILACTCA KaK
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2
X

1
Wem(— YE ), (4.23)

rae x = d*&  Eciam momyctuM, 4To aucnepcusi d He HEM3BECTHA, TO OHO MOXKET OBITh
OTIpeIeNIeHO KaK CpeHee 3HaueHne <&>= d.

P(x) =

2. Aroputm MeToaa OPOyHOBCKOI JUHAMMKH

1. 3anath Ha4yaJIbHBIE KOOPAUHATHI U CKOPOCTH JABUKEHUSI.

2. Ilomy4uTh 3HaUYCHUS CITyYaHHOU CHUJIBI.

3. HHrerpupoBaTh ypaBHEHUS IBWKECHHUS JO MOMEHTA CTOJIKHOBEHHMS YacCTHII, T.€.
BBEIYHCIISTFOTCSI HOBBIC TIOJIOKEHUST YaCTUIl B MOMEHT BPEMEHH (¢ + Af) IO opMy-

—

ne F(t+At)=F @)+ 7 ()AL + Ar?

£ . MOMEHTBI CTOJIKHOBEHHMS ISl TIPO-
2m

CTOTBI MOYKHO BBIOMPATh PETYIISIPHO, Yepe3 HECKOJIBKO JIECATKOB IIAroB IO Bpe-
MEHH (B MPUHIUIE CTOJKHOBEHHME TAKXKE€ MOJAUYMUHSETCSA CIydyalHOMY 3aKOHY B
npejenax HEeKOTOPOro BPEMEHH).

4. Paccuutath MTHOBEHHBIE 3HAUCHUS (DYHKIUN JTUHAMHUYECKUX NTEPEMEHHBIX.

5. W3 pacnpenenenusi bonbliMana ¢ 3aJaHHON TeMIepaTypoil BeIOpaTh HOBBIE
CKOPOCTH IS BCEX YACTHULI.

6. BepHyTbCs K mary 2.

3. Pacyer MaKpOCKONMYECKUX MAPaAMETPOB

Bripaxkenue 11 MOTEHIHAIBHOW SHEPTUN MEXKYACTUYHOTO B3aUMOJECUCTBUS,
HMeEET BUT

U=U(), (4.24)

KI/IHCTI/ILICCKHH 3HepFI/IH CHUCTCMBI OHpeI[eHﬂeTCH KaK
1.
E = Ezrf . (4.25).
i=1
Cpennee 3HaueHUE KUHETUYECKOM CKOPOCTHU
1 N
<E, >=—> 7’ 4.2
(= le 2 (4.26)

Bocnosnb3oBaBminchk BeipaxkeHueM (4.9) u teopeMoii 0 paBHOpacHpeaeICHUN
SHEPTUU TIO CTETICHSIM CBOOOIBI MOXHO HAUTH TEMIIEPATYPY CUCTEMBI

o 2E
IAN-1)°

I[aBJ'ICHI/IC OMnpeACIACTCA C UCIIOJIB30BAHUEM TCOPCEMEBI BUpHUalla

4.27).

1
P=3 2E, —-W), (4.28)

raAc BUpHUal JaBJIICHUA PACCUHUTBIBACTCA KaK
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aU(

w=>r , (4.29)

J>1
YMeHus OlleHUBAaTh ATHU CBOﬁCTBa A0CTATOYHO JIA IIOJYUYCHHSA KaK TCpMHYC-
CKOI'0, TaK 1 KaJIOPHUICCKOI'0 YpaBHCHUA COCTOSAHUA, KOTOPBIC B CBOIO O4YCPCAb MOI'yT
CIIYXXUTD JJIA OIIPCACICHUSA JIFOOBIX IMPOU3BOAHBIX.
HaanMep, TCINIOCMKOCTh OIPCACINTCA KaK

OE dU  dE, 3 2U2 U’
cV:(_j ( J == 1+2=——1, (4.30)

oT dT  dT 2 3 NT?

Takum o6pazom, Mmetog MonTe-Kapio oTimnyaercs OT METOJa MOJIEKYJISIPHOM
JTUHAMHUKU TEM, YTO KaXJI0€ CJIECAYIONIee COOBITHE OMPEACIISIETCS. HE ITyTEM PEIICHUS
ypaBHeHU HbIOTOHA, a C HCIIOJIB30BAHUEM CIIYYAMHBIX MPOLIECCOB. BMECTO OLEHKH
CWJI, OPEAEISAIONINX BO3PACTAIOIINE ATOMHBIE JBHXKEHUSI, IPU MOJAECITUPOBAHUU MeE-
TogoM Moute-Kapio npocTo cUMyJIUpYIOT OTHOCUTEIBLHO OOJBIINE JIBUKEHUS CH-
CTEMBI U ONPEHEISAIOT, IEUCTBUTEIBHO JIU U3MEHEHHAs! CTPYKTYpa YHEPITUUYECKU BO3-
MOXHa IpU MoAenupyeMor temneparype. OIHaKO TaHHBIA METOJ HECKOJIBKO JIyd-
1€ METOJa MOJIEKYJISIPHOM TMHAMUKH JJISI pacueTa TEPMOJAMHAMHUYECKUX XapaKTepH-
CTHK MOJIEKYJI, HaIPUMED, JIJIsl pacyeTa CIEKTpa BO3MOXKHBIX COOBITUN U UX IHEPTUM.

4. 3aganus Ha MOJIeJIMPOBaHME:

I. [TocTpouThs Pa3HOCTHYIO CXEMY U PA3HOCTHBIC YPABHEHUS.
2. [IpuBecTn ypaBHEHUs K Oe3pasMEepHOMY BUIY, JIJIsL 3TOTO HUCIOJIb30BaTh 0€3-
*
pasMepHOE PaccTosHME ¥ = 1/0, XapakTepHoe BpeMs ¢ = O m/ &, CKOpOCTh

v=oc/rt=+&/m.

Hanucats anroputwm pemenus quddepeHnnansubix ypasHeHuit (4.20).

4. CocTaBUTh OJIOK-CXEMY COTJIACHO alIrOpHTMY. BBIXOIHBIEC JaHHBIC TpEACTa-
BUTH B rpaduueckoit opme. PekoMeHayeTcst ucnosib3oBaTh rpaduuecKkuii maker
ORIGIN.

S. IIpoBeCTH BBIUYMCIUTENBHBIA SKCIEPUMEHT JJIsl YACTULBI KPACKH T'YMMUIyTa

(98]

MMEIOIIEr0 CICAYIOmIe mapameTpsl, o = 3.14*10" v, p = 10° xr/m °, kg
=1.31%10%, g/ks = 200K, © = 1.82*10 %c, v =5*107 m/c, 7 = 0.5*10° m.

6. PaccunTtaTh Bce TEepMOIMHAMUYECKHE TApaMeTpbl W BBIBECTH Tpaduku s
YCPEIHEHHBIX BEJIMYUH 10 BPEMCHH.
7. [TocTpouTts (ha3oByI0 TPACKTOPUIO OPOYHOBCKOM YAaCTUIILI B OOBEME.

4. 3. AMNTaUNOHHbIN MeTo4 MoAEeNMPOBaHUs
OpPOYHOBCKUX TPaeKToOpUWn

1. TeopeTnueckoe BBeieHUue. 5poyHoGCKUM 08UdCEHUEM HA3bIBAETCSL
Habooaroweecs: N00 MUKPOCKONOM HENpepbl8HOe, XA0MU4eCKoe 08UNCEHUE METKUX
yacmuy, 836eULeHHBIX 8 HCUOKOCMU UTU 2d3e.
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XaoTU4ecKkoe JBH)KEHHE HEOOJIbIIMX YacTUl[ OOYCIIOBIEHO (DIyKTyarusMu
JABJICHUSI, IPOM3BOIMMOTO HAa YaCTHUIIBI MOJIEKYJIAMH KUJKOCTH WK Ta3a. bpoyHOB-
CKHME€ YaCTHUIbl UCTIBITHIBAIOT CPABHUTEIHHO HEOOJIBIIOE YUCIO CTOJIKHOBEHUN C MO-
JIEKyJIaMH CPEJIbl 3a €AMHUILY BPEMEHU U JICHCTBYIOIINE HA HUX CUJIbI HE YPaBHOBE-
IIMBAIOTCH.

[lepBbic HAOMIOACHHMS 32 IBY)KCHUEM YAaCTHII, B3BEIICHHBIX B KUIKOCTH, OBLITN
crenansl B 1827 rony anrimiickum 6otanukoMm P. bpoyHom. BaxuenmiMu ocoOeH-
HOCTSIMH OpPOYHOBCKOTO JIBUKEHUS SIBJISIFOTCSI:

® HEOrPaHWYEHHO JOJT0e MPOJOKEHHE JBMKEHHUS 0€3 KaKUX-IM00 BUIU-

MbIX U3MEHCHMH;
® HHTECHCUBHOCTH JIBUKEHUS 3aBUCHUT OT pa3MepOB OPOYHOBCKUX YACTHUII, HO
HE OT UX NPUPOJIBI;
® KHTECHCHUBHOCTh JBWXKECHUSI BO3PACTACT C POCTOM TEMIEPATYpPhl U yMEHb-
IIEHUEM BSI3KOCTHU KUJKOCTHU.
3aKOHOMEPHOCTH OPOYHOBCKOTO JIBIKEHHS ObUTH MOAPOOHO M3ydeHbl A. DilH-
mreiiHoM U1 M. CMmonyxoBckuM. OKazalloch, UTO CpeIHEE CMEIIEHHE OPOYHOBCKOM
YaCTHUIbl X BJOJIb MMPOM3BOJBHOIO HAIPABJICHUSA PABHO HYIO. B TO e Bpems cpen-
HsSl BEIMYMHA KBAAPAaTa CMCIICHHS [ IPOIOPLMOHAIBHA BPEMEHH { HAOIIONCHHS
HaJ YaCTHUIICH:
I>=2Dt, (4.31)
rae D - koapduruent auddy3un 6pOyHOBCKUX YAaCTHIl, KOTOPBIN ISl MIapooopas-

HOM 4aCTHULIbI PABEH

__RT_ (4.32)
67nrN ,
rae N, - yuciao ABoraapo, n - Kod(PpGUIHUEHT BA3KOCTHU KUJIKOCTH, r - PaauycC 4da-

ctuipl. [lonb3ysce popmyroit

7 RT kT

= t= t (4.33)
3znrN , 3znr

MOYKHO U3 Pe3yJIbTaTOB HAOJIIOACHUH 3a MOBEJEHNEM OPOYHOBCKOM YaCTHUIIBI OMpe-
JEIUTh MOCTOSIHHYIO0 bonbiMana u ABoraapo.

2. IlocTpoeHne MMHUTAIIMOHHOM MOJeJU. 3a7a4ya UMUTAIIMOHHOTO MOJIEIIH-
pOBaHUs ABMKEHHSI OPOYHOBCKOM YAaCTHII COCTOUT B OMPEACICHUU KBajpaTa CMe-
LICHUS 32 paBHbIC IPOMEKYTKH BPEMEHMU.

CwmernieHne GpOYHOBCKOM YaCTHUIIBI MOKHO OMPEACIIUTh Pa3HbIMU CIIOCOOaMH.
Paccmotpum camblii mpocToit u3 HUX. [IpoMexxyTok BpemeHu 7Ty, B TEUEHUE KOTOPOIO
MBI XOTUM OIPEIEIIUTh CMEILIEHUE, pa3feiauM Ha N paBHBIX 4acTeu, T.e.

0=t¢,<t <t <..... <ty=T. . (4.34)

3unauenns [(Z;) pasbIrpbIBalOT MOCIEN0BATENBHO MO GOPMYIIE

/ T,
Z(ti) = l(ti—l) + 2N§i . (4.35)
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B kaxaplii MOMEHT BpeMEHHU HaXOJuM KBajpaT [(t) n CpelHee OT KBajpara,

T.e. CPENHIOI0 BETMYMHY KBAaJpaTa CMEMmeHHs. 31ech &; HOPMANBHO pacHpeieneH-
HbIC CIIyJ9allHble BEJIUYHMHBI C JWCIIEPCHEH, PaBHOW CIWHUIE, C MaTEeMAaTHUECKUM
OXKUJIaHUEM, PABHBIM TPEM, T.€. OIIPEICIICHHBIE TI0 3aKOHY
£&)=——exp- &30
SENGY 2
bynem cumrtarh, 4TO ABMKEHHE OPOYHOBCKOW YaCTHUIBI TIPOUCXOANUT B JIBYX-
MEpPHOM TUIOCKOCTH. Tor/Ia HanpaBieHue U3MEHEHHS TPASKTOPUH MOKHO Pas3bIrpaTh
o dhopmyiie

). (4.36)

cos@ =2y, —1, (4.37)

rle J; — 3TaJOHHOE CilydaiiHoe yucio B uHTepBaie [0,1]. Posbirpsimn HampasieHus
JAeT HaM BO3MO>KHOCTb ONPEIETIEHUs AEKAPTOBBIX KOOPAUHAT OPOYHOBCKOM YacCTHU-

el X(¢,), y(%,) B xaxmplii MOMeHT BpeMeHH. KOOpAMHATHI YacTHIbI MOTYT OBIThH

OIIPEACCHBI 110 AJITOPUTMY
x, = x;, +x

7 i—1>
Y, =3, +¥;, ;-
O — 0, +o, . (4.38)

;
x, = [, cos@,,
Vv, =/, sin G,

[Tpu ycinoXHEHUH MOJENH, T.. €CIU ABMKEHHE OPOYHOBCKOW YaCTHUIIBI MPO-
UCXOIUT B TPEXMEPHOU 00JIACTH, TO MOKHO HCIOIh30BAaTh METOJUKY ONPEACIICHUS
HarpaBieHus paccessHus no naparpady 3.1.4 unu o anroputmam (1.45-1.47).

3. 3ajaHus HA MOJCJUPOBAHME:

1. CocTaBuTh MporpamMmy i OMPEAEICHUS TPACKTOPUH OPOYHOBCKOM YaCTHIIbI

2. TlocTpouTth TPAECKTOPHIO ABUKEHUSI OPOYHOBCKOM YaCTHUIIBI.
3. IIpoBecTn MOAENUpPOBAHUE JBHKEHHSI OPOYHOBCKOM YaCTUIBI B 3aBUCUMOCTH
OT peabHbIX TaPaAMETPOB CPEIbI.
4. Onpenenuts NOCTOSHHYIO boablMaHa U3 pe3ynbTaTOB MOJAEIUPOBAHHUS.
Pe3yabTarhl MOAETHPOBAHUSI TPACKTOPUM JBMXKEHHMS OpPOYHOBCKOW YaCTHUIIBI
MpeACcTaBiIeHbl Ha puc.4.5
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HPUJIOKEHUSA

IHpuiaoxenue 1

Tabauma paBHOMeEPHO pacipeieIeHHBIX CJIYYaAHBIX YnCceT

1009 73 25 33
3754204805
084226 89 53
990190 25 29
12807999 70

66 06 5747 17
310601 08 05
85269776 02
63 57332135
7379 64 57 53

76 52 01 35 86
64 89 47 42 96
19 64 50 93 03
0937670715
801573 6147

340727 68 50
4557 18 24 06
02 05 16 56 92
0532547048
0352964778

3467354876
24 80 52 40 37
2320902560
3831131165
64 03 23 66 53

3669736170
35303426 14
68 66 5748 18
90 55357548
3580834282

8095909117
2063 61 04 02
15953347 64
88 67 674397
9895116877

65 813398 85
86 7990 74 39
73 05 38 52 47
2846 828709
60 93 52 03 44

HopmanbHoe pacnipenesieHue

Ipuiaoxkenue 2

t f(t) F(t) ¢ ft) F(t)
0,0 0,398942 0,500000 2,3 0,08327 0,989276
0,1 0,396952 0,539828 2.4 0,022395 0,991802
0.2 0,391043 0,579260 2,5 0,017528 0,993790
0,3 0,381388 0,617911 2,6 0,013583 0,995339
04 0,368270 0,655422 2,7 0,010421 0,996533
0,5 0,352065 0,691462 2,8 0,007915 0,997445
0,6 0,333225 0,725747 2,9 0,005953 0,998134
0,7 0,312254 0,758036 3,0 0,004432 0,998650
0,8 0,289692 0,788145 3,1 0,003267 0,999032
0,9 0,266085 0,815940 3,2 0,002384 0,999313
1,0 0,241971 0,841345 3.3 0,001723 0,999517
1,1 0,217852 0,864334 34 0,001232 0,999663
1,2 0,194186 0,884930 3,5 0,000873 0,999767
1,3 0,171369 0,903200 3,6 0,000612 0,999841
1.4 0,149727 0,919243 3,7 0,000425 0,999892
1,5 0,129518 0,933193 3.8 0,000292 0,999928
1,6 0,110921 0,945201 3.9 0,000199 0,999952
1,7 0,094049 0,955435 4,0 0,000134 0,999968
1,8 0,078950 0,964070 4,1 0,000089 0,999979
1,9 0,065616 0,971283 4,2 0,000059 0,999987
2,0 0,053991 0,977250 4,3 0,000039 0,999991
2,1 0,043984 0,982136 4.4 0,000025 0,999995
2,2 0,035475 0,986097 4,5 0,000016 0,999997
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MukpoceyeHnsi HEKOTOPBIX BelleCTB

IHpuiaoxenue 3

Marepuan [InoTHOCTH MaccoBoe unciio | Ceuenue ymnpy- CeueHnue He-
) TOro paccesiHus, | YIpyroro pacce-
o, bapH SIHUSI, O], OapH
[Tapadun, 0.9 14 3,6 -
(CHZ)n
Bona (H,0) 1 18 3,6 -
Al 2,6 27 2 0,8
Fe 7,8 56 3,6 1,3
\\ 19,1 184 6,4 2,6
Pb 11,4 207 6 2.4

const con=100;

var i:integer;

num,x,y:real;

fil:text;
begin
randomize;

assign(fil,'c:\result.dat');

rewrite(fil);

for 1:=1 to con do

begin

num:=random,;

writeln(fil, i,” ¢, num);

writeln(i,num);

end;
close(fil);
end.

IIpuioxkenue 4

IIporpamma paGoThl ¢ TeHEPATOPOM CJHAYYAHHBIX YHCEJT

Hpuiaoxenue 5

I'enepaTop nceBaocaydyaHbIX yuces no ajaropurmy Heiimana

uses crt;
const N=7;

var i,c:integer;

yl:real;

temp:string;

fil:text;
begin
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randomize;

clrscr;

assign(fil,'c:\result.dat');

rewrite(fil);

yl:=random;

for 1:=1 to N do
begin
writeln('y1=",y1:5:10);
yl=sqr(yl);
writeln('y12=",y1:5:10);
str(y1:5:10,temp);
temp:=copy(temp,pos('.',temp)+3,3);
Insert('0.", temp, 1);
val(temp,y1,c);
writeln(y1:5:3);
writeln(fil,y1:5:3)
end;

close(fil);

readln;

end.

Ipuioxkenue 6

I'enepartop nceBaocay4yaHbIX Yynuces1 no aaropurmy Mapcaaua-3eiiMmana

uses crt,dos;

var
pos: array[0..1000] of word;
posled: array[0..1000] of word;
itog: array[0..1000] of word;
itogi: array[0..1000] of real;
1,n,k,cod kol:integer;
s:string;

procedure out;
var
f:text;
begin
assign(f,'data.txt');
rewrite(f);
for 1:=0 to round(kol/2) do writeLn(f,itog[1]);
assign(f,'datal.txt");
rewrite(f);
for 1:=0 to round(kol/2) do writeLn(f,itogi[1]:6:4);
end;
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procedure tak;

begin
for 1:=0 to round(kol/2) do
begin
itogi[i]:=itog[random(round(kol/2))]*i+sqrt(itog[random(round(kol/2))]);
end;
end;
procedure mars(sm:integer);
var
ka,tmp:integer;
begin
ka:=0;

tmp:=round(kol/2);
for 1:=tmp downto sm do
begin
itog[ka]:=posled[i-sm]+posled[i+sm];
ka:=ka+1;
writeLn(itog[ka]);
end;
end;
begin
clrscr;
kol:=1000;
pos[0]:=0;
pos[1]:=1;
randomize;
for 1:=2 to kol do
begin
pos[i]:=pos[i-1]+pos[i-2];
end;
for 1:=0 to kol do
begin
str(pos[i],s);
val(s[length(s)],posled[i],cod);
end;
writeLn;
mars(4);
tak;
out;
end.
Hpuiaoxenue 7
Iporpamma pemienust ypasuenus Jlamiaca meroaom Moure-KapJio

Program Direchle
uses crt;
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const n=500;
gr=4;
var z1,poln,polnl,i_x,1 y,shag,x,y,ch,i,j,s,naprl,napr2,napr3,napr4:integer;
fi_le:text;
mas:array [-gr..gr,-gr..gr]| of integer;
mas_height:array [-gr..gr,-gr..gr] of real;
sum:real;
begin
clrscr;
for j:=-gr to gr do
begin
writeln;
for 1:=-gr to gr do
begin
if i=-gr then mas_height[},1]:=0;
if j=gr then mas_height[j,i]:=0;
if j=-gr then
begin
mas_height[j,i]:=poln;
inc(poln);
end;
if i=gr then
begin
dec(poln);
mas_height[},1]:=poln;
end;
end;
end;
writeln;
randomize;
assign(fi_le,'c:/direchle.dat");
rewrite(fi_le);
fori x:=-gr+1 to gr-1 do
fori_y:=-gr+1 to gr-1 do
begin
ch:=0;
for 1:=1 ton do
begin
x:=-1_x;y:=1_y;shag:=0;
while (x<>gr) and (y<>gr) and (x<>-gr) and (y<>-gr) do
begin
s:=random(9);
if (s=0) or (s=4) then begin inc(y);end;
if (s=1) or (s=5) then begin inc(x);end;
if (s=2) or (s=6) then begin dec(y);end;
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if (s=3) or (s=7) then begin dec(x);end;
inc(ch);
inc(shag);
end;
mas[x,y]:=mas[x,y]+shag;
end;
for z1:=-gr+1 to gr-1 do
sum:=sum-+(mas[zl,gr]/ch*mas_height[-z1,gr]);
for z1:=gr-1 downto -gr+1 do
sum:=sum-+(mas|gr,z1]/ch*mas_height[-gr,z1]);
mas_height[i_x,1_y]:=sum,;
sum:=0;
for 1:=-gr to gr do
for j:=-gr to gr do
mas|1,j]:=0;
end;
for j:=-gr to gr do
begin
writeln(fi_le);
for i:=-gr to gr do
write(fi_le, mas_height[},1]:2:3,"");
end;
close(fi_le);
end.
Ipuiaoxkenue 8

IIporpaMmma penieHusi ypaBHEHUS TENJIONPOBOAHOCTH
meTtoaoM Monte-KapJio

program montik;

uses crt;

const
stx=0.125; {mar no nnuxe}
stt=0.01; {rmar mo BpemeHu }
mt=0.07; {Bpems }
bts=9; {HavasbHas TemMmepaTypa Ha JIEBOM KOHIIE }
tle=0; { HauanmpHas TeMIiepaTypa Ha JICBOM KOHIIC }
tpe=0; { HagaipHas TEMIEpaTypa Ha JIEBOM KOHIIE }
Ni=500; {Uucno ucnpITanmii }
1d=0.5; {namna}

var
mv:array[0..5] of real;
Mass:array[0..10,0..10] of real;
g:array[0..10,0..10] of integer;
N,M,Xx,Tt,x,t,i,vn,t1,x1:integer;

103



tv,rn,l:real;
fitext;
label Metka;

function Convert St Int(vh:real):integer;
var

vh_str:string;

err_vih,pos_s,st int:integer;
begin
str(vh:2:2,vh_str);
pos_s:=pos(".",vh_str);
vh_str:=copy(vh_str,1,pos_s-1);
val(vh_str,st int,err vih);
Convert_st_int:=st int;
end;

begin
clrscr;
assign(f,'c:\el.dat");
rewrite(f);
mv[0]:=5;
mv[1]:=ld*stt/(sqr(stx)+2*1d*stt);
mv|[2]:=(stt-1d*stt)/(sqr(stx)+2*1d*stt);
mv[3]:=(sqr(stx)-2*stt+2*1d*stt)/(sqr(stx)+2*1d *stt);
mv[4]:=(stt-stt*1d)/(sqr(stx)+2*1d*stt);
mv[5]:=stt*1d/(sqr(stx)+2*1d*stt);
N:=Convert_St_Int(1/stx);
M:=Convert St Int(mt/stt);
Xx:=1;
Tt:=1;
randomize;
for x:=0 to N do
begin
Mass[x,0]:=bts;
end;
for t:=0 to M do
begin
Mass[0,t]:=tle;
Mass[N,t]:=tpe;
end;
for t:=1 to M do
begin {Iluka mo Bpemenu}
for x:=1 to N-1 do
begin {Ilukn no qune}
for 1:=1 to Ni do
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begin {IMKJ MO UCIIBITAHUSM }
tv:=0;
rn:=random;
for vn:=1to 5 do
begin {pacueT o OIyXTaHUIM }
if (tv<rn)and(rn<(tv+mv[vn])) then goto Metka;
tv:=tv+mv[vn];
end; {konec cikla po vn}
metka:
case vn of
I Xx:=Xx-1;
2:
begin
Xx:=Xx-1;
Tt:=Tt-1;
end;
3:Tt:=Tt-1;
4:
begin
Xx:=Xx+1;
Tt:=Tt-1;
end;
5: Xx:=Xx+1;
end; {conec uslovii case}
if (Xx=0) or (Xx=N) or (Tt=0) then
begin
g[ Xx,Tt]:=g[ Xx,Tt]+1;
XX:=X;
Tt:=t;
end;
end; {konec cicla po 6myxnanusim }
for t1:=0 to t do
begin
Mass[x,t]:=Mass[x,t]+Mass[0,t1]*g[0,t1]/Ni;
Mass[x,t]:=Mass[x,t]+Mass[N,t1]*g[N,t1]/Ni
end;
for x1:=1 to N-1 do
begin
Mass[x,t]:=Mass[x,t]+Mass[x1,0]*g[x1,0]/Ni;
end;
for t1:=0 to 10 do
begin
for x1:=0 to 10 do
begin
g[x1,t1]:=0;
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end;
end;
end; {conec cicla po X}

end; {conec cicla po T}
writeln;
1:=0;
write('X=|');
for x1:=0 to N do

begin

write(' ',1:2:2,' |);

l:=l+stx;

end;
writeln;
for x1:=0 to N do

writeln;
l:=stt*M;
for t:=M downto 0 do
begin
write('T=",1:2:2,'|");
l:=1-stt;
for x:=0 to N do
begin
write(' ', Mass[x,t]:2:2,' |);
write(f,Mass[x,t]:2:2,"");
end;
writeln;
writeln(f);
end;
readln;
close(f);
end.

IIpuioxenue 9

IIporpaMmma BbIYMCJICEHUS] MHTErpajia MeTooM 30HTUKA Helimana

Uses crt;
const N=10000;
var 1,is:integer;
S,Sp,gl,g2,x,y:real;
fil:text;
begin
randomize;



assign(fil,'c:\result.dat");
rewrite(fil);
Sp:=P1/2;
for i:=1 to N do
begin
gl:=random;
g2:=random;
x:=Pi/2+Pi/2*gl,
if g2<sin(x) then is:=is+1;
end;
s:=Sp*is/N;
writeln(is,S);
close(fil);
readln;
end.
IIpunoxenue 10

HpOFpaMMbI BbIuMcjeHus 3HaueHus Ilu

Program 1 _1; { Beruncjenue uncja [lu. Meroan MonTe-KapJio |
uses crt;
var

n,i,m: Longint;

x,y,p: Real;
begin
clrscr; {ouncTka sKpaHa}
randomize;

write('Kon-Bo N="); readln(n);

m :=0;

for 1 := 0 to n do begin
x:=Random(10000)/10000;

y:= Random(10000)/10000;
if sqr(x)+sqr(y) <=1 then

m:=m+1;

end;

p = 4*m/n;

writeln('3Hadenue mm paBHo',p:3:9);
readkey;

end.

Program 1 2; { Beruucienue Ilu. MeToa nagawiieii urojaku }
uses crt;
var

n,j,l,a,k: Longint;

x1,y1,x2,y2,s,r0,p: Real;
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begin
clrscr;
randomize;
l:=1; {nnuHa uris}
a:=2;{paccTossHIEe MEXKIy PSIMBIMH }
write('Kon-Bo N=');
readln(n);
k:=0; {k0J1-BO TIEpECECUCHHUIA. }
forj :=1 to n do begin
x1:=Random(10000)/10000;
y1:=Random(10000)/10000;
x2:=Random(10000)/10000;
y2:=Random(10000)/10000;
s:=abs(y2-y1)/sqrt(sqr(y2-y1)+sqr(x2-x1));
ro:=(Random(10000)/10000)*2-1;
if abs(ro)<=s/2 then k:=k+1;
end;
p:=n/k;
writeln('3nauenue I1u paBHo',p:3:9);
readkey;
end.
Ipuiaoxkenue 11

NMutanmoHHoe MOAeJMPOBAHUE IBHKCHUS HEMTPOHOB Yepe3 IJIACTUHKY
(IByXMepHBIii cay4ai)

IIporpamma moaeupoBaHusi 6€3 yuera copra siapa.
Program berillii;
uses crt;
const a=7;
n=10000;
var mu,psi,x,e,bc,bt,p,h,gl,g2,23,04,7,70:real;
1,J,ch scvoz,ch otr,ch pogl,ch rass:integer;
mu_disable,e disable:boolean;
begin
clrscr;
randomize;
for j:==1to 5 do
begin
ch_scvoz:=0;
ch_otr:=0;
ch pogl:=0;
ch_rass:=0;
h:=3; gl:=1; z0:=0;
for 1:=1 ton do
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begin
g2:=random; g3:=random;
if not e _disable then e:=gl;
if not mu_disable then mu:=2*g3-1;
z:=70-(In(g2)*mu/e);
if z>h then
begin
inc(ch _scvoz); mu disable:=false; e disable:=false;
end;
if z<0 then
begin
inc(ch _otr); mu disable:=false; e disable:=false;
end;
if (z<=h) and (z>=0)
then
begin
1f €<0.01 then bc:=4 else bc:=4-2.2*¢l;
bt:=bc+(0.113/sqrt(gl));
p:=bc/bt;
g4:=random;
if g4<p then
begin
inc(ch_pogl);
mu_disable:=false;
e disable:=false;
end
else
begin
X:=2*pi*g2;
psi:=(1+a*mu)/sqrt(1+2*a*mu+a*a);
e:=e*(a*at2*a*mu+l)/(at+1)*(at+1);
mu:=mu*psi+cos(x)*sqrt((1-mu)*(1-psi*psi));
inc(ch_rass);
mu_disable:=true;
e disable:=true;
end;
end;
gl:=random;
end;
writeln(ch_scvoz/n*100:5:0,");
writeln(ch_otr/n*100:5:0,'nonst oTpakeHHBIX=");
writeln(ch_pogl/n*100:5:0, '[{omnst mornomeHHpIx=");
writeln(ch_rass/n*100:5:0," nomnst mpoxoasmux');
end;
end.
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IIporpamma mMoeTUpOBaHNs MPOXO:KIEHUS HEHTPOHA Yepe3 BelleCTBO
C YUeTOM cOpTa s/pa

Program born_kislota;

uses crt;

label al2,a23,a34;

var s,z,zs,e:real;
a,m,h,x,j,i,sch1,sch2,sch3,b,bl:integer;

procedure vzaimodeistvie;
var g.k,pl,p2,p3,s11,s12,s13,521,522,523,s31,532,533,pv1,pv2,pv3:real;
begin
k:=random;
s11:=1.3*(3/(0.5*e+1.49)+1/(0.5*%¢+0.073));
s12:=0;
s13:=0;
s21:=3.5;
s22:=0;
s23:=0;
s31:=4+2.2%¢;
s32:=0;
s33:=0.113/sqrt(e);
S:=s114+2*s21+s31+s12+2*s22+s32+s13+2%*s23+s33;
pl:=(s11+s12+s13)/s;
p2:=2*(s21+s22+s23)/s;
p3:=(s31+s32+s33)/s;
if k<p1 then i:=1;{Bonopon}
if (pI<k) and (k<(p1+p2)) then 1:=2; {Kucnopon}
if k>(p1+p2)then 1:=3; {bop}
case 1 of
1: write(' Bomopon');
2:write(" Kucnopon');
3:write(' bop'); end;
{end;

procedure vzaimod?2;
var g,e,s11,s12,513,s21,s22,523,s31,832,s33,pv1,pv2,pv3:real;
begin }
g:=random;
pvl:=(sl11+s21+s31)/s;
pv2:=(s12+s22+s32)/s;
pv3:=(s13+s23+s33)/s;
if g<pvl then m:=1;{ynpyroe}
if (pv2<g) and (g<(pv1+pv2)) then m:=2;{neynpyroe}
if g>(pv1+pv2) then m:=3;{3axBar}
case m of
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l:writeln(" ynpyroe");

2:writeln(' Heympyroe');

3:writeln(' 3axBat'); end;
end;

procedure dlinna_probega;
var x,g1,cos:real;

begin

x:=random,;

x:=-In(x);

gl:=random;

cos:=2*gl-1;

z:=X*Cos;

end;

{ l'onoBHas nporpamMma)

begin

clrscr;

randomize;

sch3:=0; sch1:=0; sch2:=0; h:=5; b:=0;
e:=0.001+11*random;

for a:=1 to 1000 do begin

al2:

vzaimodeistvie;

if m=3 then begin sch3:=sch3+1; goto a23; end;

if m=2 then begin sch2:=sch2+1; end;

if m=1 then begin schl:=schl+1; end;

dlinna_probega;

78:=7817;

writeln(zs);

if zs<0 then begin bl:=b1+1; goto a23; end else goto a34;
a34:

if zs>h then begin b:=b+1; goto a23; end else goto al2;
a23:

end;
writeln('yripyroe', schl, ' neynpyroe ',sch2,' 3axsart ',sch3);
writeln('3axBar ',sch3,' Otpakennbie HeUTpoHHI',bl,' [Ipoxoasiye HEUTPOHDI', b);
readln;
end.
Ipuiaoxenue 12

IIporpamma npoxoxaeHusi raMMa-u3Jay4eHus yepe3 BelecTBO

Program Gamma,;
var
x1:array[0..500] of real;
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y:array[0..500] of real;

1,),NMax,k,N3,N2,N1:word;

Sigma,Ss,Sc,CosAlfa,X,D,Lambda:real;

G3,ed,pl,p2,p3,1,Lm:real;

out:text;

z:integer;

begin

assign(out,'c:\gammal.dat');rewrite(out);
randomize;
N1:=0; N2:=0;N3:=0;
Ro:=1.5; {mnotHOCTH BemecTBa }
Nmax:=100; {Yucno ucropmii §
Ss:=0.01; {MukpoceueHnue paccesHus }
Sc:=0.005; {MuxkpoceueHue 3axpara}
Sigma:=(Ss+Sc)*ro; {mMakpoceueHue}

D:=5; {TonmuHa riacTUHKH }
1:=0; k:=0; Im:=0;

repeat {IIMKJI [0 UICTOPHSIM |
X:=0;{HavyanbpHasi KOOpAUHATA}
CosAlfa:=1; {HauanbHBI KOCUHYC yTJa}
j=1

repeat
Lambda:=-In(Random)/Sigma;
Im:=Im+lambda;
X:=X+Lambda*CosAlfa;
if x<0 then begin Inc(N1);break end;
if x>d then begin Inc(N3);break end;
if Random>Sc/(Sc+Ss) then begin Inc(N2);
break end else CosAlfa:=2*Random-1;
inc(j);
until false;

g3:=random;
if g3>0.5 then ed:=-1 else ed:=1;
x1[j]:=x1[j]+Lambda*Cosalfa;
y[j]:=y[j]+Lambda*ed*sqrt(1-cosalfa*cosalfa);

writeln('x="x1[i]," ,'y="y[i]);
Writeln(out,x1[i],' "y[1]);
inc(k);

writeln(Im:3:2);

until k>=NMax;
pl:=N1/NMax;
p2:=N2/Nmax;
p3:=N3/Nmax;
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writeln('nonsa orpaxenusix=",p1:3:2);
writeln('lomns mormomnieHubIx=",p2:3:2);
writeln('moms npomenmux=",p3:3:2);
writeln('cpennee uncio nmpoderos=",k/Nmax:3:2);
writeln('cpennss gnuHa npodera=',lm/k:3:2);
readln;

close(out);
end.

Ipunoxenune 13

IIporpamMmma moae/iIMpoBaHNs PACIPOCTPAHEHUSA
YHPYTUX BOJIH B NMOPHUCTHIX cpeax

program P_us
I * IIporpamma pacyera MpOCTPAHCTBEHHO - YHEPTETUUECKOI0 paclpeneaeHuss *
| * Mo CKBaXXMHHOTO Fe€HepaTopa YIPYruX BOJIH B TpU3a00HHON 30HE MilacTa:

! BE3 rpanuig

implicit complex(z)

implicit real(m)
integer,parameter::nm=50,nm1=500
real(8) pole(nm,nm1),pol(nm,nm1),npor(nm,nm1)
real(8) amp,ri,ro,pi,sx1,dr
real(8) m11(3),r11(3),m2(5)
real(8) k,v,w

OPEN(1,FILE='pol 0.DAT',STATUS='REPLACE")
OPEN(15,FILE="TR.DAT',STATUS="REPLACE")
OPEN(16,FILE="TR 25.DAT'.STATUS='REPLACE")
! Yutaem crektp ¢ ¢aiina
I [TapameTppl HOPUCTON CPEBI
Print*,'Begin program '
1=3 ! Unnekcel cpen
=2
pi=3.14159265358979323846264
pi_2=acos(0.)

Eimp=20000. ! DHeprus B BaTTax Ha KB. M

111=0
112=0

print*,'To insert depth, h (m)'

read*,h

h=h*100.
print*,'Oscillation frequency f (hertz)'
read*,fr

print*,'imput NISA (istoriy)'
read*,NISA
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klet=nm
'11 continue
k1=-1
ns=1
ni=0
w=2%pi*fr
h1=h/klet
dr=h1%*.72
n2=1
nss=10
nii=100
li=nm
lj=nm1
'Obnuleni rab. massiva
pole=0.
pol=0.
npor=0.

'Hayano po3bIrpbllia HCTOPUM aKyCTUYECKUX KBAaHTOB

m2(j)=2.16

ro=2.16

r11(j)=233406. !ckopocThb
sx1=m2(j)*r11(j)

k p ml11(j)=1.8e-6 ! korddunment
v=rl1(j)

k=w/v
' p12=fr/r11(j)
'p12=0.
print*,'m11()',m11()," fr=\1r
D e e
Anul=sqrt(Eimp/(w**2*v*ro))
print* 'anul=",anul
print*,) m2(j)=",m2(j)

print*,' v=",v

print*, m11(j)=",m11(j)
print*,' fr="fr/(2*pi)
read*,rrrrr
7 ni=ni+1

n2=1

! PO3BIrphII TapaMeTpOB UCTOYHUKA KBaHTOB !!!!

nl=nm/2

x1=nl

amp=Anul
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hh2=(klet-n1)*h1
hh1=h-hh2
[F(ni.GE.nii*ns) GOTO 15
! PO3BITpHINI yIiTa BEUIETAa KBAHTA U3 UCTOYHUKA
124 Call RanDom_ Number(bd)
al1=pi*bd
amin=.8*Atan(1./klet)
amax=pi-amin
if(all.Le.amin.or.all.ge.amax) goto 124
k1=1.
r1=0.5*h/ABS(COS(all))
IF(all.GT.p1_2) then
kl1=-1
r1=hh1/ABS(COS(all)) ! nis ypaBHUBaHUS IIAHCOB MOMAJaHUS B IPOTUBO-
MOJIOKHBIE TPAHUIIBI
! cneayeT moJI0KUTh
endif
11=0.
r5=ABS(COS(all))/h1
r6=SIN(all)/h1
r2=h/ABS(COS(all))
! Hayano TpaekTopuu Jiyueil KBAHTOB
5 ri=ri+dr
[F(ri.GT.r1) GOTO 7
! Usmenen GE na GT
13=NINT(r1*r5)
11=n1+k1%*13
14=NINT(r1*r6)
12=n2+14
1f(12.gt.nm1) print* 14 112=200
'VcnoBue muis 00s13aTeIbHOTO0 M3MEHEHUS, TIepexo/1a
! B HOBYIO PACUETHYIO KJIETKY
[F(111.EQ.I1.AND.112.EQ.12) GOTO 5

pol(11,12)=pol(11,12)+(amp/(r1))*cos(w*1.-k*r1) *exp(-m11(j)*r1)
npor(11,12)=npor(11,12)+1.
11=l11
112=12
IF((12-1j).LT.0) goto 5
goto 7
15 ns=ns+1
WRITE(*,85) ni
85 FORMAT(Ix," ',16," ")
[F(n1.LT.nisa) GOTO 7
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print*,'Out of random process'
IS! * Beixoa u3 po3bIrphliilia UCTOPUi™

! BerunciieHre TUIOTHOCTH TIOTOKA YHEPTHH 10 BEKTOPY Y MOBa
! pa3MepHOCTH: TUIOTHOCTh PHEPTHH B BT/KB.M, CMEIIIEHUS B M, IJIOTHOCThH B I/Ky0.CM
I CKOpOCTH BOJIH B CM/CEK.
DO i=1,li
DO i1=1,]
if(npor(i,il).gt.0.) then
t pole=(((pol(i,il)))/nisa)**2
pole(i,i1)=0.5*t pole*fr**2*sx1
else
pole(i,i1)=0.
endif
enddo
enddo
do 11=1,nml
do ji=1,nm
if(pole(j1,11)>0.0) then
write(15,%) 11, 'j1*5," 'Jlogl0((pole(ji,ii)))
else
write(15,%) 11, 'ji*5," ',-10.
endif
enddo
enddo
jj=nm/2
DO ii=1,nml1
if(pole(jj,11)>0.0) then
write(16,*) 11,' ',log10(pole(jj,ii))
else
write(16,*) i1,' ',-18.0
endif
ENDDO
do 11=1,nml
do ji=1,nm
if(pole(ji,ii1)>0.0) then
pole(ji,i1)=log10(pole(ji,i1))

else
pole(ji,i1)=-10
endif
enddo
enddo
DO il1=1,];
WRITE(1,31) (pole(i,il),i=1,li)
Enddo
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31 FORMAT(",50(E10.3,"))
310 FORMAT(",50(E10.3,"))
120 FORMAT(1X,13,1x,50(A1))
28 FORMAT(/1X,' '/10(E10.3,1X)/)
STOP
END program P_us

IIpunoxenne 14

IIporpaMmma moe TMPOBAHUS CIIOHTAHHOTO U3JIy4YeHUs
uses crt;
const n=50;
a21=100;
var t,p:array[l..n] of real;
result:array[1..n] of integer;
temp,g,max:real;
ch,i,j:integer;
fitext;
begin
clrscr;
randomize;
assign(f,'pokesh.dat');
rewrite(f);
for i:=1 ton do
begin
g:=random;
t[i]:=-In(g)/a21;
writeln(t[1]:5:5);
end;
writeln;
for j:=1 ton do
for 1:=1 ton do
if t[1]>t[j] then
begin
temp:=t[j];t[j]:=t[1];t[1]:=temp;
end;
forj>=1tondo
writeln(t[j]:5:5);
for i:=1 ton do
pli]:=a21*exp(-a21*t[i]);
writeln;
for j:==1 ton do
writeln(f,t[j],' ,p[j]:5:5);
close(f);
end.
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IIpuno:xenue 15
IIporpamma mMoJeTUPOBAaHNS METOI0M MOJIEKYJIAPHOI TUHAMHKH

IIporpamma Hanmcana Ha s3bIke PopTpan

PROGRAM md
DIMENSION x(2000),y(2000),z(2000),vx(2000),vy(2000),vz(2000)
DIMENSION ax(2000),ay(2000),az(2000)
character cnfile*30
data dt3 /0/
write(*,'(" enter end data file name ")')
read (*,'(A)') cnfile
open(2,file = cnfile,status = 'unknown')
CALL start(x,y,z,vx,vy,vz,N,Sx,Sy,Sz,dt,dt2,nsnap,ntime)
CALL accel(x,y,z,ax,ay,az,N,Sx,Sy,Sz,virial,zpe)
virial =0.0
zpe =0.0
DO 100 isnap = 1,nsnap
DO 10 itime = 1,ntime
CALL
move(X,y,z,VX,Vy,vz,ax,ay,az,N,Sx,Sy,Sz,dt,dt2,flx,fly,flz,virial,zke,zpe)
10 CONTINUE
dt3 =dt3 +dt
CALL output(flx,fly,flz,virial,zke,zpe,Sx,Sy,Sz,dt,N,ntime, dt3)
100 CONTINUE
close(2)
STOP
END
! noanporpamma
SUBROUTINE start(x,y,z,vx,vy,vz,N,Sx,Sy,Sz,dt,dt2,nsnap,ntime)
DIMENSION x(2000),y(2000),z(2000),vx(2000),vy(2000),vz(2000)
WRITE(6,*) 'Input number of particles'!'BBeuTe unciio yactuir'
READ(5,*) N
WRITE(6,*) 'Input box lenght: Sx, Sy, Sz'!'BBegute pazmeps! suka’
READ(S,*) Sx,Sy,Sz
WRITE(6,*) 'Input time step: dt'!'BBeaute mar no BpemeHu’
READ(5,*) dt
dt2 = dt*dt
WRITE(6,*) 'Input max. velocity: vmax'!'BBeiuTe MaKCUMaJIbHOE 3HaYEHUE
CKOpoCTH'
READ(5,*) vmax
WRITE(6,*) 'Input number of snapshots and number of steps between their:
nsnap and ntime'!'BBe1uTE YMUCIO CHUMKOB M YUCJIO IIIATOB MEXKy HUMH'
READ(5,*) nsnap,ntime
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WRITE(6,*) 'Input random negative number: iseed'!'BBenute oTpumarensHoe
Cllyd9aifHOEe HadaIbHOE YHCIIO’
READ(5,*) 1seed
WRITE(6,*) 'Input number of configation: 1=old, 2=hot, 3=could'!'BBeuTe
KoH(purypanuro: 1=crapas, 2=ropsiyas, 3=xomnoHas’
READ(5,%*) icf
IF (icf.eq.1) then
! YTEHHE CTapOi KOHPUTYpaLuu
DO 10 i=1,N
READ(8,12) x(1),y(1),z(1),vx(1),vy(i),vz(i)
12 FORMAT(4(2x,f10.5))
10 CONTINUE
ELSEIF (icf.eq.3) then
! yHOpsI04YeHHAs (X0JI0AHAs ) HauajdbHask KOH(Urypanms
areal = Sx*Sy*Sz/N
ys = 0.5%sqrt(3.0)
a = sqrt(areal/ys)
Ly =2*int(0.5*(1.0 + Sy/(a*ys)))
Lz =2*mnt(0.5%(1.0 + Sy/(a*ys)))
Lx = N/(Ly*Lz)
DO 301x=1,Lx
DO 201y=1,Ly
do19iz=1,Lz
z(1) = (iz - 0.5)*a*ys
1=(1y - 1)*Ly +ix
y(@) = (iy - 0.5)*a*ys
IF (mod(iy,2).eq.0) then
x(1) = (ix - 0.25)*a
ELSE
x(1) = (ix - 0.75)*a
END IF
vx(1) = vmax*(2*ran(iseed) - 1)
vy(1) = vmax*(2*ran(iseed) - 1)
vz(1) = vmax*(2*ran(iseed) - 1)
19 continue
20 CONTINUE
30 CONTINUE

ELSE
I ciyualinad (ropsiyasi) KOHGUTYypanus
DO401=1N

x(1) = Sx*ran(iseed)

y(1) = Sy*ran(iseed)

z(1) = Sz*ran(iseed)

vx(1) = vmax*(2*ran(iseed) - 1)

vy(1) = vmax*(2*ran(iseed) - 1)
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vz(i)= vmax*(2*ran(iseed) - 1)

40 CONTINUE
ENDIF
DO50i=1,N
vxcum = vxcum + vx(i)
vycum = vycum + vy(i)
vzcum = vzeum + vz(i)
50 CONTINUE
vxcum = vxcum/N
vycum = vycum/N
vzcum = vzeum/N
DO 60i=1N
vx(1) = vx(1) - vxcum
vy(1) = vy(i) - vycum
vz(i) = vz(i) - vzcum
60 CONTINUE
RETURN
END

[Toamporpamma MOVE
SUBROUTINE move

(x,y,z,vX,vy,vz,ax,ay,az,N,Sx,Sy,Sz,dt,dt2,fIx,fly,flz,virial ,zke,zpe)
DIMENSION x(2000),y(2000),z(2000),vx(2000),vy(2000),vz(2000)
DIMENSION ax(2000),ay(2000),az(2000)

DO 10i=1,N

xnew = x(1) + vx(1)*dt + 0.5*ax(1)*dt2
ynew = y(1) + vy(1)*dt + 0.5*ay(1)*dt2
znew = z(1) + vz(1)*dt + 0.5*az(1)*dt2
CALL cellp(xnew,ynew,znew,vx(1),vy(1),vz(1),Sx,Sy,Sz,f1x,fly,f1z)

x(1) = xnew

y(i) = ynew
z(1) = znew

vx(1) = vx(1) + 0.5*ax(1)*dt
vy(1) = vy(1) + 0.5*ay(i)*dt
vz(i) = vz(i) + 0.5*az(1)*dt

10 CONTINUE

CALL accel(x,y,z,ax,ay,az,N,Sx,Sy,SZ,virial,zpe)

DO20i=1n

vx(1) = vx(1) + 0.5*dt*ax(1)
vy(1) = vy(1) + 0.5*dt*ay(i)
vz(1) = vz(1) + 0.5*dt*az(1)
zke = zke + vx(1)*vx(1) + vy(1)*vy(i) + vz(1)*vz(1)
virial = virial + ax(1)*x(1) + ay(1)*y(1) + az(1)*z(1)

20 CONTINUE
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RETURN
END
[Togmporpamma ACCEL

SUBROUTINE accel(x,y,z,ax,ay,az,N,Sx,Sy,Sz,virial,zpe)
DIMENSION x(2000),y(2000),z(2000),ax(2000),ay(2000),az(2000)
DOli=1n
ax(i) =0.0
ay(i) =0.0
az(i) =0.0
1 CONTINUE
DO 201=1,(n-1)
DO 10j=(i+1),n
dx =x(1) - x(j)
dy =y(@) - y(§)
dz =z(1) - z(j)
CALL sep(dx,dy,dz,Sx,Sy,Sz)
r = sqrt(dx*dx + dy*dy + dz*dz)
CALL FandU(r,force,pot)
ax(1) = ax(1) + force*dx
ay(i) = ay(1) + force*dy
az(1) = az(1) + force*dz
virial = virial + force*r*r
zpe = zpe + pot
! ompeneneHue CUIIbI, ICUCTBYIONIECH HAa YacTHUILy ] 10 3-My 3akoHy HbroToHa
ax(j) = ax(j) - force*dx
ay(j) = ay(j) - force*dy
az(j) = az(j) - force*dz
10 CONTINUE
20 CONTINUE
RETURN
END

[Togmporpamma FANDU

SUBROUTINE FandU(r,force,pot)
rn=1/r

113 = ri*ri*r

116 = r13*r13

1112 = ri6*ri6

g = 24*1r1*r16*(2*r16 - 1)

force = g*ri

pot = 4*(r112 - ri6)

RETURN

END
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SUBROUTINE sep(dx,dy,dz,Sx,Sy,Sz)

IF (abs(dx).gt.0.5*Sx) dx = dx - sign(Sx,dx)
IF (abs(dy).gt.0.5*Sy) dy = dy - sign(Sy,dy)
IF (abs(dz).gt.0.5*Sz) dz = dz - sign(Sz,dz)

RETURN

END

SUBROUTINE cell(xnew,ynew,znew,Sx,Sy,Sz)
IF (xnew.1t.0) xnew = xnew + Sx

IF (xnew.gt.Sx) xnew = xnew - Sx

IF (ynew.1t.0) ynew = ynew + Sy

IF (ynew.gt.Sy) ynew = ynew - Sy

IF (znew.1t.0) znew = znew + Sz

IF (znew.gt.Sz) znew = znew - Sz

RETURN

END

SUBROUTINE cellp(xnew,ynew,znew,vx,vy,vz,Sx,Sy,Sz.flx,fly,flz)
IF (xnew.1t.0) then
Xnew = xnew + Sx

flx = flx - vx

END IF

IF (xnew.gt.Sx) then
XNewW = XNnew - SxX
flx = fIx + vx

END IF

IF (ynew.1t.0) then
ynew = ynew + Sy
fly=fly - vy

END IF

IF (ynew.gt.Sy) then
ynew = ynew - Sy
fly = fly + vy

END IF
I[F (znew.1t.0) then
Znew = znew + Sz
flz=1lz - vz

END IF

IF (znew.gt.Sz) then
ZNew = Znew - Sz
flz=1flz + vz

END IF

RETURN

END

SUBROUTINE output(flx,fly,flz,virial,zke,zpe,Sx,Sy,Sz,dt,N,ntime,dt3)
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data iff /0/
IF (iff.eq.0) then
iff =1
write(6,*) ke  pe tot pflux pvirial  pideal'
END IF
pflux = ((flx/Sx) + (fly/Sy) + (f1z/Sz))/(3*dt*ntime)
zke = 0.5*zke/ntime
zpe = zpe/ntime
tot = zke + zpe
pideal = zke/(Sx*Sy*Sz)
pvirial = pideal + (0.5/(Sx*Sy*Sz))*virial/ntime
write(6,13) zke,zpe,tot,pflux, pvirial, pideal
write(2,14) dt3,zpe
13 format(6(1x,e12.4))
14  format(6(1x,e11.4))
zke =0
zpe =0
fly=0
flx=0
flz=0
virial = 0
RETURN
END
Ipuioxkenue 16
bBpoyHoBckue TpaeKkTopuu

Program brountraectoria;
uses crt;
var
x:array[0..200] of real;
y:array[0..200] of real,
J,N,t:word;
S.,Mr,CosAlfa,Lambda:real;
gl,g2,¢3,ed,L:real;
bro:text;
begin
clrscr;
assign(bro,'c:\gth2-1.dat");rewrite(bro);
randomize;
N:=50;
S:=1;
x[0]:=0;
y[0]:=0;
t:=0; 1:=0; j:==1;
repeat
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gl:=random;
Lambda:=-In(gl);
L:=L+Lambda;
g2:=random;
CosAlfa:=2*g2-1;
g3:=random;
if 23>0.5 then ed:=-1 else ed:=1;
x[j]:=x[j]+Lambda*Cosalfa;
y[j]:=y[j]+Lambda*ed*sqrt(1-cosalfa*cosalfa);
writeln(x="x[j],’ ,'y="y[i]);
Writeln(bro,x[j]," ,y[j]);
inc(t,));
writeln(1:3:2);

until t>=N;
writeln('srednaja dlina=',L/t:3:2);
readln;
close(bro);

end.
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